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Abstract. We investigate some Diophantine approximation con-
stants related to the simultaneous approximation of (ζ, ζ2, . . . , ζk) for Li-
ouville numbers ζ. For a certain class of Liouville numbers including the
famous representative

∑
n≥1 10

−n! and numbers in the Cantor set, we ex-

plicitly determine all approximation constants simultaneously for all k ≥ 1.

1. Definition and basic properties of λk,j , λ̂k,j

1.1. One dimensional approximation. We begin with the definition of the
irrationality exponent. For a real number ζ it is denoted by µ(ζ) and defined
as the supremum of η ∈ R for which

(1.1)
∣∣∣ζ − y

x

∣∣∣ ≤ x−η

has infinitely many solutions in rational numbers y/x. It follows from Dirich-
let’s Theorem, [29, Corollary 2], that µ(ζ) ≥ 2 for all ζ ∈ R \Q, whereas
obviously µ(ζ) = 1 for ζ ∈ Q. Capelli showed that actually µ(ζ) = 2 for
Lebesgue almost all ζ ∈ R, which was generalized first by Khintchine and
later by Beresnevich, Dickinson and Velani ([1]). Roth’s Theorem ([13]) as-
serts µ(ζ) = 2 for all algebraic irrational real numbers ζ. Real numbers ζ
with µ(ζ) = ∞ are called Liouville numbers. Liouville’s first example of a
transcendental number

(1.2) L :=
∑

n≥1

10−n! = 10−1 + 10−2 + 10−6 + 10−24 + · · ·
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is easily verified to be a Liouville number.

1.2. Simultaneous approximation: The Q-linear independent case. Gen-
eralizing this concept for simultaneous approximation of ζ = (ζ1, . . . , ζk) ∈ Rk,

for 1 ≤ j ≤ k+1 define λk,j(ζ) resp. λ̂k,j(ζ) the supremum of η ∈ R for which
the system

|x| ≤ X(1.3)

max
1≤j≤k

|ζjx− yj | ≤ X−η(1.4)

has (at least) j linearly independent solutions (x, y1, y2, . . . , yk) ∈ Zk+1 for
arbitrarily large real X resp. for all X ≥ X0. Note that for k = 1, ζ = ζ /∈ Q

the identity λ1,1(ζ) + 1 = µ(ζ) holds. Clearly, for all ζ ∈ Rk the inequalities

λk,1(ζ) ≥ λk,2(ζ) ≥ · · · ≥ λk,k+1(ζ) ≥ 0,(1.5)

λ̂k,1(ζ) ≥ λ̂k,2(ζ) ≥ · · · ≥ λ̂k,k+1(ζ) ≥ 0,(1.6)

and
λk,j(ζ) ≥ λ̂k,j(ζ), 1 ≤ j ≤ k + 1

hold. Furthermore, a generalization of Dirichlet’s Theorem asserts

(1.7) λk,1(ζ) ≥ λ̂k,1(ζ) ≥
1

k

for all ζ ∈ Rk. This can be found in [29, page 19, Chapter 2.4]. Again,
there is actually equality in both inequalities in (1.7) for Lebesgue almost all

ζ ∈ Rk, such as for all algebraic ζ ∈ Q
k
for which {1, ζ1, . . . , ζk} is Q-linearly

independent. The first assertion was established by Khintchine, the latter is
a consequence of Schmidt’s Subspace Theorem ([23]). Define

(1.8)
χk,1 = χk,2 =

1

k
, χk,3 = χk,4 = · · · = χk,k+1 = 0,

φk,1 =
1

k
, φk,2 = φk,3 = · · · = φk,k+1 = 0.

For ζ ∈ Rk that satisfies the Q-linear independence property above, see [19,

(14)-(19)] (where ωj corresponds to the present λk,j(ζ)) translate into

χk,j ≤ λk,j(ζ) ≤ 1

j − 1
, 1 ≤ j ≤ k + 1,(1.9)

φk,j ≤ λ̂k,j(ζ) ≤ 1

j
, 1 ≤ j ≤ k,(1.10)

φk,k+1 ≤ λ̂k,k+1(ζ) ≤ 1

k
.(1.11)

Here we have put 1/0 = ∞ and we agree on this such as 1/∞ = 0 any-
where it appears. Individually, these bounds are best possible, as deduced in
[19, Corollary 9]. In fact, the linear independence property is required only in
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(1.10). Several other restrictions concerning the joint spectrum of the quanti-

ties λk,j resp. λ̂k,j are known, mostly inferred via Minkowski’s second lattice
point Theorem ([12], see also [24, 25]).

We want to make some notational remarks. If we would demand the
maximum in (1.4) to be strictly larger than 0, as for the related constants
λk(ζ) defined in [4], the identity λ1,1(ζ) + 1 = µ(ζ) would hold for ζ ∈ Q too.
Moreover, the condition λ1,1(ζ) = ∞ would imply that ζ is a Liouville number
without the additional condition that ζ is irrational. However, inconvenient
inconsistencies with results from Schmidt and Summerer ([24,25]) would arise,
who do not require the additional condition. We should mention that their

notation, used for example in [24], for λk,1(ζ) resp. λ̂k,1(ζ) is ω resp. ω̂,
where the vector ζ is considered fixed and its dimension is omitted in the
notation. There is no actual standard notation for the generalized constants
where j ≥ 2, in [19] the notation ωj resp. ω̂j is used. We use the present
notation because it allows convenient relation to the successive power case we
will introduce in Section 1.3.

1.3. Simultaneous approximation: The successive power case. An inter-
esting heavily studied special case is that ζ as in Section 1.2 consists of the

first successive powers of a real number ζ, i.e. ζ = (ζ, ζ2, . . . , ζk). We will
mostly deal with this case in the sequel, so for simplicity for any pair of
positive integers k, j with 1 ≤ j ≤ k + 1 we will write

λk,j(ζ) := λk,j(ζ, ζ
2, . . . , ζk), λ̂k,j(ζ) := λ̂k,j(ζ, ζ

2, . . . , ζk).

Throughout, we assume the Q-linear independence condition from the pre-
vious Section 1.2 to hold, which has the natural interpretation that ζ is not
algebraic of degree≤ k. We remark that again our definition of λk,1(ζ) slightly
differs from the quantity λk(ζ) defined in [4] due to not asking for the maxi-
mum in (1.4) to be positive, however the inconsistency appears for rational ζ
only.

Lebesgue almost all ζ satisfy λk,j(ζ) = λ̂k,j(ζ) = 1/k for all pairs j, k
with 1 ≤ j ≤ k + 1. This was established by Sprindẑuk ([27]) for j = 1,
combination with Minkowski’s second lattice point Theorem readily yields the
general assertion. Generalizations of this metric result for ζ = (ζ1, ζ2, . . . , ζk)

belonging to a wider class of algebraic curves in Rk can be found in [8].
Clearly all inequalities and bounds established in Section 1.2 hold for

the special case of successive powers as well. However, the bounds (1.9)-
(1.11) are in general not optimal, particularly those related to the uniform
approximation constants (with the ”hat”) differ significantly. Indeed, the
upper bound

(1.12) λ̂k,1(ζ) ≤
⌈
k

2

⌉−1
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valid for all ζ not algebraic of degree ≤ ⌈k/2⌉ is due to Davenport, Schmidt
and Laurent ([9]). Here as usual ⌈α⌉ denotes the smallest integer greater or

equal to α ∈ R. Indeed ⌈k/2⌉−1 sharpens the bound 1 for λ̂k,1(ζ) arising from
(1.10) vastly, and (1.6) further implies sharper restrictions on the spectrum

of λ̂k,j(ζ) at least for some indices 2 ≤ j ≤ k + 1 too.
The spectrum of λk,j(ζ) among all real numbers ζ in dependence of k has

been studied as well, mostly for j = 1. Bugeaud proved in [3, Theorem 2]
that the spectrum of λk,1 contains [1,∞], a generalization due to the author
is given in [22]. The natural conjecture already quoted in [3] is the following.

Conjecture 1.1. Let k be a positive integer. The spectrum of λk,1(ζ)
among all real numbers ζ not algebraic of degree ≤ k is [1/k,∞].

Apart from k = 1 this is only known for k = 2 thanks to Beresnevich,
Dickinson, Vaughan and Velani ([2, 28]). For further problems and results in

this manner (see also [3]). We will return to the spectrum of λk,j(ζ), λ̂k,j(ζ)
for fixed k in Section 2.

It follows from their definition that for fixed ζ and j ≥ 1, the quanti-

ties λk,j(ζ), λ̂k,j(ζ) are non-increasing as k increases, i.e. (with λ0,1(ζ) :=

∞, λ̂0,1(ζ) := ∞)

λj−1,j(ζ) ≥ λj,j(ζ) ≥ λj+1,j(ζ) ≥ · · · , j ≥ 1,(1.13)

λ̂j−1,j(ζ) ≥ λ̂j,j(ζ) ≥ λ̂j+1,j(ζ) ≥ · · · , j ≥ 1.(1.14)

For j = 1, [3, Lemma 1] by Bugeaud states a result somehow reverse to (1.13),
which in our notation says the following.

Theorem 1.2 (Bugeaud). For any positive integers k and n, and any
transcendental real number ζ we have

λkn,1(ζ) ≥
λn,1(ζ) − k + 1

k
.

There is actually equality in case of λkn,1(ζ) > 1, as established by the
author ([21]). If we put n = 1 in Theorem 1.2 and let ζ be a Liouville number,
we obtain [3, Corollary 2].

Corollary 1.3 (Bugeaud). Let ζ be an irrational real number. We have
λk,1(ζ) = ∞ for all positive integers k if and only if λ1,1(ζ) = ∞, i.e. ζ is a
Liouville number.

We shall utilize Corollary 1.3 in the proof of Theorem 3.1.

2. The spectrum of λk,j(ζ), λ̂k,j(ζ): known facts

In this section we quote facts on the individual such as the joint spec-

trum of the quantities λk,j(ζ), λ̂k,j(ζ). Let us restrict to j = 1 first. The
restriction (1.12) shows that for not too small values of λk,1(ζ), there are far
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more stringent restrictions for the joint spectrum of (λk,1(ζ), λ̂k,1(ζ)) than
(1.7). Another result that affirms this arises from the following observation,
which is basically [21, Theorem 1.12 ] due to the author. Due to the deviant
definitions of the present λk,1 and λk in [4] for ζ ∈ Q, we need to restrict to
irrational ζ in the present formulation. The same will apply to Corollary 2.2.

Theorem 2.1 (S, 2014). Let ζ ∈ R \Q. For any positive integer k, we
have

λ̂k,1(ζ) ≤ max

{
1

λ1,1(ζ)
,
1

k

}
.

We are again particularly interested in the consequences for Liouville
numbers. The following corollary is basically contained in [21, Corollary 5.2].

Corollary 2.2. Let k be a positive integer. Let ζ ∈ R \Q such that
λ1,1(ζ) ≥ k, which is in particular true if λk,1(ζ) > 1. Then

λ̂k,1(ζ) =
1

k
.

In particular, if ζ is a Liouville number, then λ̂k,1(ζ) = 1/k simultaneously
for all k.

Proof. Combining (1.7) and Theorem 2.1 and observation subsequent to
Theorem 1.2, for λk,1(ζ) > 1 we obtain λ1,1(ζ) = kλk,1(ζ)+k−1 > 2k−1 ≥ k.

We should mention that for k = 2, the maximum value of λ̂2,1(ζ) among
all ζ not algebraic of degree ≤ 2 is known. It is attained for so called extremal

numbers ζ, which satisfy λ2,1(ζ) = 1, λ̂2,1(ζ) = γ := (
√
5 − 1)/2, see [14].

Besides, extremal numbers provide explicit vectors ζ = (ζ, ζ2) where equality
holds in inequality [25, (1.21)] for k = 2, which is in our notation

(2.1) λk,1(ζ) ≥
λ̂k,1(ζ)

2 + (k − 2)λ̂k,1(ζ)

(k − 1)(1− λ̂k,1(ζ))
.

Note that (2.1) is valid for any k ≥ 2 and ζ ∈ Rk which is Q-linearly indepen-
dent together with 1. More generally, an extremal number induces a certain
geometric pattern which Summerer and Schmidt call a regular graph, see [26].
See also their papers [24,25] such as Roy’s recent papers [16–18] for the (joint)

spectrum of λk,j(ζ), λ̂k,j(ζ) in the Q-linearly independent case of Section 1.2.
Observe that for k = 2 the estimate (1.12) would only yield the trivial

upper bound 1 from (1.10), that only requires the linear independence as-
sumption on ζ, which is significantly larger than γ ≈ 0.6180. For k = 3,
the bound 1/2 from (1.12) was improved as well by Roy ([15]), however the
best value remains unknown. For k ≥ 4, no improvements concerning the

spectrum of the constants λk,1(ζ), λ̂k,1(ζ) in this spirit have been made.
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The quantities λk,j(ζ), λ̂k,j(ζ) for 2 ≤ j ≤ k + 1 remain very poorly
studied. The remainder of this paper is devoted to this question in the special
case of Liouville numbers ζ. It will turn out in Theorem 3.1 that for Liouville

numbers all uniform constants λ̂k,j(ζ) can be explicitly determined. Moreover,
Theorem 3.2 will suggest Conjecture 5.6 on the (individual) spectrum of each
λk,j(ζ) for ζ not algebraic of degree ≤ k.

3. Formulation of the main results

3.1. The general case. The concern of the first theorem is to deter-
mine/bound the classic approximation constants for arbitrary Liouville num-
bers.

Theorem 3.1. Let ζ be a Liouville number. For any positive integer k,
we have

λk,1(ζ) = ∞,(3.1)

1

k
≤ λk,j(ζ) ≤ 1

j − 1
, 2 ≤ j ≤ k + 1,(3.2)

λ̂k,1(ζ) =
1

k
,(3.3)

λ̂k,j(ζ) = 0, 2 ≤ j ≤ k + 1.(3.4)

3.2. A special class of Liouville numbers. We provide a class of Liouville

numbers ζ, for which all approximation constants λk,j(ζ), λ̂k,j(ζ) can be de-
termined explicitly simultaneously for all k. The weakest assumptions on ζ
for our methods to work will be those in Theorem 3.2. Various specializations
will be given in Section 5.2.

Theorem 3.2. Let k be a positive integer. Further let q1, q2, . . . be positive
integers such that ql|ql+1 and ql < ql+1 for all l ≥ 1. Suppose that for a
positive integer k and all C > 0 there exists n = n(C) such that

(3.5)
log qn+1

log qn
> C,

log qn+2

log qn+1
> k + 1.

Further set

ζ =
∑

l≥1

1

ql
.

Then we have

λk,j(ζ) =
1

j − 1
, 1 ≤ j ≤ k + 1,

λ̂k,1(ζ) =
1

k
,

λ̂k,j(ζ) = 0, 2 ≤ j ≤ k + 1.
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We will prove both Theorems 3.1 and 3.2 and give some remarks in Sec-
tion 5.1. Further, we will discuss some consequences in Section 5.2.

4. Preparatory results for the proofs

Parts of the proofs of the main new results in Section 3 can be generalized,
so we will state the more general versions in form of Lemmas 4.1 and 4.2. The
proofs of those lemmas are basically a consequence of Minkowski’s second
lattice point Theorem, hidden in the results from [24, 25] we utilize.

We introduce the functions ψk,j and the derived quantities ψ
k,j
, ψk,j de-

fined in [24] with a slightly different notation (subindex k omitted). For fixed
ζ = (ζ1, . . . , ζk) ∈ Rk and a real parameter Q > 1, for 1 ≤ j ≤ k + 1 define

ψk,j(Q) as the supremum of all values of ν ∈ R such that the system

|x| ≤ Q1+ν ,

max
1≤j≤k

|ζjx− yj | ≤ Q− 1

k
+ν

has (at least) j linearly independent solutions (x, y1, . . . , yk) ∈ Zk+1. Further,
let

ψ
k,j

= lim inf
Q→∞

ψk,j(Q), ψk,j = lim sup
Q→∞

ψk,j(Q).

The quantities obviously have the properties ψ
k,j

≤ ψk,j and

−1 ≤ ψ
k,1

≤ ψ
k,2

≤ · · · ≤ ψ
k,k+1

≤ 1/k,(4.1)

−1 ≤ ψk,1 ≤ ψk,2 ≤ · · · ≤ ψk,k+1 ≤ 1/k.(4.2)

Minkowski’s first lattice point Theorem (or Dirichlet’s Theorem) further im-
plies

(4.3) ψk,1 ≤ 0.

Moreover, the generalization [19, (13)] of [24, (1.9)] for arbitrary j, shows that

ψ
k,j

and λk,j = λk,j(ζ) such as ψk,j and λ̂k,j = λ̂k,j(ζ) are closely connected.

In our notation the correspondence is given by

(4.4) (1 + λk,j)(1 + ψ
k,j

) = (1 + λ̂k,j)(1 + ψk,j) =
k + 1

k
, 1 ≤ j ≤ k+ 1.

We will use (4.4) frequently in the proof of the following Lemmas 4.1, 4.2.
Moreover, we will utilize [25, (1.10)], which in the notation of the present
Section 4 states

jψ
k,1

+ (k + 1− j)ψk,j+1 ≤ 0, 0 ≤ j ≤ k,(4.5)

jψk,1 + (k + 1− j)ψ
k,j+1

≤ 0, 0 ≤ j ≤ k.(4.6)

Further we need

(4.7) ψk,1 + kψ
k,k+1

≥ 0,
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which is the right estimate in [25, (1.13)]. Finally we need inequality [24,
(1.6a)] for i = 1, which is in the present notation

(4.8) ψ
k,1

+ ψk,2 + ψk,3 + · · ·+ ψk,k+1 ≥ 0.

Before we state and prove the lemmas, we should add that the functions
ψk,j(Q) and thus the derived values ψ

k,j
, ψk,j have a natural geometric in-

terpretation as successive minima of special convex bodies with respect to a
lattice. However, we will not explicitly use the geometric view for our ap-
proaches and refer to [24] for details.

Lemma 4.1. For any positive integer k and any ζ ∈ Rk we have the
equivalence

(4.9) λk,1(ζ) = ∞ ⇐⇒ λ̂k,2(ζ) = λ̂k,3(ζ) = · · · = λ̂k,k+1(ζ) = 0.

Proof. Actually, the author basically deduces the left to right implica-
tion of (4.9) in the last part of the proof of [19, Theorem 1] with the aid of

the quantities ψ
k,j
, ψk,j . We want to prove it again rigorously, however. With

(4.4) one can reinterpret λk,1(ζ) = ∞ as ψ
k,1

= −1. Together with inequal-

ity (4.8) and noting ψj ≤ 1/k for all 1 ≤ j ≤ k + 1 by (4.2), we conclude

ψk,2 = · · · = ψk,k+1 = 1/k. Again reinterpreting this using (4.4), the right
hand side of (4.9) follows. We prove the other direction in (4.9). First note
that (4.4) with j = 2 and the right hand side of (4.9) yields ψk,2 = 1/k.

Applying (4.5) for j = 1 further gives ψ
k,1

+ 1 = ψ
k,1

+ kψk,2 ≤ 0. Hence

(4.1) implies ψ
k,1

= −1, and again with (4.4) for j = 1 finally λk,1(ζ) = ∞.

Lemma 4.2. Let k be a positive integer and ζ ∈ Rk arbitrary. Then

λ̂k,1(ζ) =
1

k
⇐⇒ λk,2(ζ) ≥ λk,3(ζ) ≥ · · · ≥ λk,k+1(ζ) =

1

k
.

Proof. First note that by (1.5), it remains to show the equivalence of the
left hand side to the last equality on the right hand side. The implication left

to right of the lemma is a consequence of (4.6). By (4.4) we know λ̂k,1(ζ) =

1/k is equivalent to ψk,1 = 0, hence (4.6) implies ψ
k,j

≤ 0 for all 1 ≤ j ≤ k+1,

and again with (4.4) we conclude λk,k+1(ζ) ≥ 1/k. The reverse inequality
λk,k+1(ζ) ≤ 1/k is by (4.4) equivalent to ψ

k,k+1
≥ 0, but (4.7) and (4.3)

indeed imply

(4.10) ψ
k,k+1

≥ − 1

k
ψk,1 ≥ 0.

We turn to the implication right to left. Suppose λk,k+1(ζ) = 1/k, which
by (4.4) is equivalent to ψ

k,k+1
= 0. On the other hand, by virtue of (4.4),
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the assertion λ̂k,1(ζ) = 1/k is equivalent to ψk,1 = 0. However, this is a
consequence of ψ

k,k+1
= 0, (4.3) and (4.10).

5. Proofs of Theorems 3.1, 3.2 and consequences

5.1. Proofs. Theorem 3.1 is readily inferred by combining the results of
Section 2 with the results we have established in Section 4.

Proof of Theorem 3.1. Corollary 1.3 yields (3.1) and Lemma 4.1 im-
plies (3.4). The upper bounds in (3.2) are due to (1.9), since the Q-linear
independence condition is certainly satisfied as Liouville numbers are tran-
scendental by Roth’s Theorem, see Section 1.1. The lower bounds in (3.2) are
due to Lemma 4.2. Finally Corollary 2.2 gives (3.3).

We turn to the more technical proof of Theorem 3.2.

Proof of Theorem 3.2. The conditions on the sequence (ql)l≥1 imply
ql+1 ≥ 2ql and thus the sum converges and ζ as in the theorem is well-defined.
It is further easily checked by means of (3.5) that ζ is a Liouville number. In
view of Theorem 3.1, it suffices to prove

(5.1) λk,j(ζ) ≥
1

j − 1
, 2 ≤ j ≤ k + 1.

Suppose that for each C > 0 there exists a large index n = n(C) for which
(3.5) is satisfied. We consider the pair C, n fixed in the sequel. Define the
integers

U = qn, V = qn+1, A = qn

n∑

l=1

1

ql
.

For each pair (j,m) ∈ {1, 2, . . . , k + 1}2 denote Ej,m the closest integer to
UkV j−1ζm−1 and let

Ej = (Ej,1, . . . , Ej,k+1), 1 ≤ j ≤ k + 1.

In view of the condition log qn+2/ log qn+1 > k+1, we see that ζ is very close
to U−1A+ V −1, more precisely

(5.2) |ζ − (U−1A+ V −1)| ≪ V −k−1.

From (5.2) it follows that actually

(5.3) |ζm − (U−1A+ V −1)m| ≪ V −k−1, 1 ≤ m ≤ k.

Hence, for any pair (j,m) ∈ {1, 2, . . . , k + 1}2, one checks that Ej,m is also
the closest integer to UkV j−1(U−1A+ V −1)m−1. This further implies

(5.4) Ej,m = UkV j−1

min{m−1,j−1}∑

i=0

(
m− 1

i

)(
A

U

)m−1−i(
1

V

)i

,
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as the right hand side is an integer and the omitted terms in the expansion
of UkV j−1(U−1A+V −1)m−1 sum up to a very small number, clearly smaller
than 1/2. More precisely, from the definition of Ej,m and (5.4), we deduce

(5.5) |Ej,m −UkV j−1ζm−1|≪UkV j−1V −j = UkV −1, 1 ≤ j,m ≤ k+1.

Observe that Ej,1 = UkV j−1 ≥ V j−1 and moreover (3.5) implies UkV −1 ≪
V k/C−1. Hence (5.5) further yields

(5.6) max
1≤i≤k

− log ‖Ej,1ζ
i‖

logEj,1
≥

1− k
C + D

log V

j − 1
=: Hj,C ,

with a constant D = D(k, ζ) independent from C, n. Moreover, since

E1,1 < E2,1 < · · · < Ek+1,1,

for any 1 ≤ j ≤ k + 1 the first coordinate of any of the first j integer vectors
{E1, E2, . . . , Ej} is bounded above by Ej,1. We conclude from (5.6) that the
system (1.3),(1.4) with respect to this value X := Ej,1 and the j vectors
(x, y1, . . . , yk) := Ei for 1 ≤ i ≤ j, will be satisfied for a value η ≥ Hj,C . Now
observe that Hj,C will be arbitrarily close to 1/(j− 1) if we let C → ∞, since
then both k/C and D/ logV tend to 0.

It remains to prove the linear independence of E1, E2, . . . , Ek+1 to deduce
(5.1). This is equivalent to the regularity of the matrix (Ej,m)1≤j,m≤k+1.
However, by virtue of (5.4) the reduction of (Ej,m)1≤j,m≤k+1 modulo V leads
to an upper triangular matrix with Uk everywhere on the diagonal, conse-
quently its determinant in Z/V Z equals Uk(k+1). Provided that C > k(k+1)
we have 0 < Uk(k+1) < V such that this determinant does not vanish, so
clearly the determinant of (Ej,m)1≤j,m≤k+1 is non-zero as well.

Remark 5.1. For j > 1 the quantities λk,j(ζ) need not equal the upper
bound 1/(j−1) for any Liouville number ζ (not of the form as in Theorem 3.2).
This will most likely be wrong for many Liouville numbers that are normal to
any base b ≥ 2, whose existence was established in [5]. Theorem 3.2 suggests
that there should be equality for some Liouville numbers normal to any base,
though, because for generic choices of the ql there is no reason for the resulting
Liouville number not to be normal in any base.

Remark 5.2. Roughly speaking, the approximation functions ψk,j(Q)
introduced in Section 4, related to (ζ, ζ2, . . . , ζk) with ζ as in Theorem 3.2,
all have the maximum possible range, that is (−1, 0) for j = 1 and
((j− k− 1)/kj, 1/k) for 2 ≤ j ≤ k+1, in any interval (Q0,∞). This case was
already constructed in [19, Corollary 3] for ζ ∈ Rk that satisfy the Q-linear in-
dependence property, however Theorem 3.2 provides examples for the special
case ζ = (ζ, ζ2, . . . , ζk).
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5.2. Specifications. The most obvious way to specify Theorem 3.2 is to
put ql = bal for some fixed integer b ≥ 2.

Corollary 5.3. Let (al)l≥1 be a strictly increasing sequence of positive
integers with the property

(5.7) lim sup
n→∞

min

{
an+1

an
,
an+2

an+1

}
= ∞.

Let b ≥ 2 be an integer and let ζ =
∑

l≥1 b
−al . Then the quantities

λk,j(ζ), λ̂k,j(ζ) are given as in Theorem 3.2 for any positive integer k.

Proof. Apply Theorem 3.2 with ql := bal and note that (3.5) follows
from (5.7).

The condition (5.7) of Corollary 5.3 is in particular satisfied if

(5.8) lim
n→∞

an+1

an
= ∞.

which allows to specify Corollary 5.3 further in two ways.

Corollary 5.4. Let L be as in (1.2). Then for any positive integer k

and 1 ≤ j ≤ k+1 the quantities λk,j(L), λ̂k,j(L) are given as in Theorem 3.2.

Proof. Let b = 10 and al = l! in Corollary 5.3 and observe that (5.8)
holds.

Recall the Cantor middle third set is the set of numbers in [0, 1] which
can be written without the digit 1 in the 3-adic expansion.

Corollary 5.5. The number ζ = 2 ·
∑

l≥1 3
−l! is an element of the

Cantor middle third set, whose approximation constants λk,j(ζ), λ̂k,j(ζ) are
given as in Theorem 3.2 for any positive integer k.

Proof. Let b = 3 and al = l!, then (5.8) holds and we may apply Corol-
lary 5.3 to ζ/2. Finally rational transformations do not affect the quantities

λk,j(ζ), λ̂k,j(ζ).

Recall χk,j from (1.8). Theorem 3.2, Corollary 5.5 and the bounds of
λk,j(ζ) from (1.9) suggest the following generalizations of Conjecture 1.1.

Conjecture 5.6 (Weak). Let k be a positive integer and 1 ≤ j ≤ k + 1.
The (individual) spectrum of λk,j(ζ) among all real ζ not algebraic of degree
≤ k is [χk,j , 1/(j − 1)].

Conjecture 5.7 (Strong). Let k be a positive integer and 1 ≤ j ≤ k+1.
The (individual) spectrum of λk,j(ζ) among irrational ζ in the Cantor set is
[χk,j , 1/(j − 1)].
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Recall that the analogue of the conjectures for the uniform constants

λ̂k,j(ζ) with the bounds from (1.10),(1.11) fails heavily due to (1.12).
At this point we want to add that unmentioned there, similar to Corol-

lary 5.5 one can choose numbers in the Cantor middle third set satisfying
the results in [19, Section 2] by small rearrangements. A concrete example is
changing the base from 2 to 3 and replacing each ζj by 2ζj in [19, Corollary
7].

Eventually, we want to point out that the results in Section 3 have
an equivalent interpretation in a linear form problem. Define wk,j(ζ) resp.
ŵk,j(ζ) as the supremum of real ν such that the system

|x0| ≤ X, |x0 + ζx1 + · · ·+ ζkxk| ≤ X−ν

has (at least) j linearly independent solutions (x0, . . . , xk) ∈ Zk+1 for arbi-
trarily large X resp. for all sufficiently large X . Then, the identities

wk,j(ζ) =
1

λ̂k,k+2−j(ζ)
, ŵk,j(ζ) =

1

λk,k+2−j(ζ)

hold for 1 ≤ j ≤ k+1, see [20, (1.24)]. Thus, the constants wk,j(ζ), ŵk,j(ζ) can
be readily determined for Liouville numbers ζ involved in Section 3. Observe
that wk,1(ζ) resp. ŵk,1(ζ) coincide with the well-studied constants wk(ζ) resp.
ŵk(ζ) (at least for ζ not algebraic of degree ≤ k) introduced by Mahler ([10,
11]) in 1932.
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