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Ergüt

Firat University and Namik Kemal University, Turkey

Abstract. In this paper, we introduce the factorable surfaces in the
pseudo-Galilean space G1

3 and completely classify such surfaces with null
Gaussian and mean curvature. Also, in a special case, we investigate the
factorable surfaces which fulfill the condition that the ratio of the Gaussian
curvature and the mean curvature is constant in G1

3.

1. Introduction

The geometry of Galilean Relativity acts like a “bridge” from Euclidean
geometry to Special Relativity. The Galilean space which can be defined in
three-dimensional projective space P3 (R) is the space of Galilean Relativity.
The geometries of Galilean space and pseudo-Galilean space have similarities,
but, of course, are different. In the Galilean and the pseudo Galilean space,
surfaces of revolution, ruled surfaces, translation surfaces and tubular surfaces
have been studied in [3–5, 10, 11, 13–15, 17, 20]. For further study of surfaces
in the pseudo Galilean space, we refer the reader to Šipuš and Divjak’s paper
[15].

One of the main problems in classical differential geometry of surfaces
is to classify ones with null curvature. In particular, a surface is said to be
developable if it has null Gaussian curvature (NGC). In this case the surface
can be flattened onto a plane without distortion. We remark that cylinders
and cones are examples of developable surfaces.

There exist remarkable applications of the results obtained on the surfaces
of null curvature in different fields, for example in microeconomics. When
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the graphs of production functions in microeconomics have NGC, one can
realize a “good” analysis of isoquants by projections, without losing essential
information about their geometry (see [1,19]). By motivating these, we target
to study the factorable surfaces in the pseudo Galilean space G1

3.
In this paper, we classify the factorable surfaces with NGC and minimal

ones in G1
3. Then, in a special case, we obtain a non-existence result for

the factorable surfaces satisfying the condition that the ratio of the Gaussian
curvature and the mean curvature is constant in G1

3.

2. Preliminaries

The pseudo-Galilean space G1
3 is one of the Cayley-Klein spaces with

absolute figure that consists of the ordered triple {ω, f, I}, where ω is the
absolute plane in the three dimensional real projective space P3 (R), f the
absolute line in ω and I the fixed hyperbolic involution of points of f .

Homogenous coordinates of G1
3 can be given in the following way: The

absolute plane ω is given by x0 = 0, the absolute line f by x0 = x1 = 0 and the
hyperbolic involution by (0 : 0 : x2 : x3) 7−→ (0 : 0 : x3 : x2) , which is equiva-
lent to the requirement that the conic x2

2 − x2
3 = 0 is the absolute conic. The

metric connections in G1
3 are introduced with respect to the absolute figure. In

terms of the affine coordinates given by (x0 : x1 : x2 : x3) = (1 : x : y : z) , the
distance between the points X = (x1, x2, x3) and Y = (y1, y2, y3) is defined
by (see [15, 20])

d (X,Y ) =







|y1 − x1| , if x1 6= y1,
√

∣

∣

∣
(y2 − x2)

2
− (y3 − x3)

2
∣

∣

∣
, if x1 = y1.

The pseudo-Galilean scalar product of the vectors X = (x1, x2, x3) and Y =
(y1, y2, y3) is defined by

X · Y =

{

x1y1, if x1 6= 0 or y1 6= 0,
x2y2 − x3y3, if x1 = 0 and y1 = 0.

In this sense, the pseudo-Galilean norm of a vector X is ‖X‖ =
√

|X ·X |. A
vector X = (x1, x2, x3) is called isotropic (non-isotropic) if x1 = 0 (x1 6= 0).
All unit non-isotropic vectors are of the form (1, x2, x3) . The isotropic vector
X = (0, x2, x3) is called spacelike, timelike and lightlike if x2

2−x2
3 > 0, x2

2−x2
3 <

0 and x2 = ±x3, respectively. The pseudo-Galilean cross product of X and Y
on G

1
3 is given by

X × Y =

∣

∣

∣

∣

∣

∣

0 −e2 e3
x1 x2 x3

y1 y2 y3

∣

∣

∣

∣

∣

∣

,

where ei = (δi1, δi2, δi3) , i = 2, 3.
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Let M2 be a surface in the pseudo-Galilean space G1
3 parametrized by

r (u1, u2) = (r1 (u1, u2) , r2 (u1, u2) , r3 (u1, u2)) .

Denote (ri)uj
= ∂ri/∂uj and (ri)ujuk

= ∂2ri/∂uj∂uk, i = 1, 2, 3 and j, k =

1, 2. Then such a surface is admissible if and only if (r1)uj
= ∂r1/∂uj 6= 0 for

some j = 1, 2. The coefficients of the first fundamental form of M2 are

gi = (r1)ui
and hij =

(

0, (r2)ui
, (r3)ui

)

·
(

0, (r2)uj
, (r3)uj

)

, i, j = 1, 2,

and, in matrix form, it can be written as

ds2 =

(

ds21 0
0 ds22

)

,

where ds21 = (g1du1 + g2du2)
2
and ds22 = h11du

2
1 + 2h12du1du2 + h22du

2
2.

Let us define the function W as

W =

√

∣

∣

∣

(

(r1)u1
(r2)u2

− (r1)u2
(r2)u1

)2
−
(

(r1)u1
(r3)u2

− (r1)u2
(r3)u1

)2
∣

∣

∣
.

Then the normal vector field N of M2 is given by

N =
1

W

(

0, (r1)u1
(r3)u2

− (r1)u2
(r3)u1

, (r1)u1
(r2)u2

− (r1)u2
(r2)u1

)

,

where N · N = ε = ±1. Hence, two types of admissible surfaces can be
distinguished: spacelike surfaces having timelike unit normals (ǫ = −1) and
timelike ones having spacelike unit normals (ǫ = 1) .

The coefficients of the second fundamental form of M2 are

Lij = ε
1

g1

(

g1

(

0, (r2)uiuj
, (r3)uiuj

)

− (gi)uj

(

0, (r2)u1
, (r3)u1

)

)

·N

= ε
1

g2

(

g2

(

0, (r2)uiuj
, (r3)uiuj

)

− (gi)uj

(

0, (r2)u2
, (r3)u2

)

)

·N.

The Gaussian curvature and the mean curvature of M2 are respectively
defined by

K = −ε
L11L22 − L2

12

W 2

and

H = −ε
g22L11 − 2g1g2L12 + g21L22

2W 2
.

A surface in G1
3 is said to be minimal if its mean curvature vanishes.
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3. Factorable surfaces with NGC in G1
3

A surfaceM2 in the pseudo-Galilean spaceG1
3 is called a factorable surface

if it can be locally written as

(3.1) r (u1, u2) := (u1, u2, f1 (u1) f2 (u2)) ,

or

(3.2) r (u1, u3) := (u1, f1 (u1) f3 (u3) , u3) ,

or

(3.3) r (u2, u3) := (f2 (u2) f3 (u3) , u2, u3) ,

where fi are smooth functions of one variable, for all i ∈ {1, 2, 3} . We call
the surfaces given by (3.1) , (3.2) and (3.3) the factorable surfaces of the first
type, the second type and the third type, respectively. The factorable surfaces
in the Euclidean space, the pseudo-Euclidean space and the Heisenberg group
have been studied in [2, 12, 18, 21].

The following result provides a complete classification of the factorable
surfaces having NGC in G1

3.

Theorem 3.1. Let M2 be a factorable surface with NGC in G1
3. If M

2 is
a factorable surface of the first type (respectively the second type and the third
type), then either

(a) at least one of f1, f2 (respectively f1, f3 and f2, f3) is a constant func-
tion, or

(b) fi (ui) = γie
βiui , where βi, γi ∈ R\ {0} , i ∈ {1, 2} , (respectively i ∈

{1, 3} and i ∈ {2, 3}) or

(c) fi (ui) = [(1− αi) ζiui + λi]
1

1−αi , where αi 6= 0, 1, αi ∈ R and αiαj =
1, ζi ∈ R\ {0} and λi ∈ R, i ∈ {1, 2} (respectively i ∈ {1, 3} and
i ∈ {2, 3}).

Conversely, the factorable surfaces satisfying the conditions in cases (a)-(c)
have NGC.

Proof. It is only proved for the factorable surfaces of the first type since
one can be verified by using the following way for the factorable surfaces of
the second and the third types.

LetM2 be a factorable surface of the first type inG1
3. Then the coefficients

of the first and the second fundamental forms of M2 are

(3.4)

g1 = 1, g2 = 0,

h11 = − (f ′

1f2)
2
, h12 = − (f1f2) f

′

1f
′

2, h22 = 1− (f1f
′

2)
2
,

N =
(0, f1f

′

2, 1)

W
,

L11 =
−ε

W
(f ′′

1 f2) , L12 =
−ε

W
(f ′

1f
′

2) , L22 =
−ε

W
(f1f

′′

2 ) ,
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where f ′

i = dfi
dui

, f ′′

i = d2fi
du2

i

, i ∈ {1, 2} , and W =

√

∣

∣

∣
1− (f1f ′

2)
2
∣

∣

∣
. It can be

easily seen that the Gaussian curvature of M2 is

(3.5) K =
−ε

W 4

[

(f ′′

1 f
′′

2 ) f1f2 − (f ′

1f
′

2)
2
]

.

Now, let us assume that M2 has NGC. It immediately implies that f1 or
f2 is a constant function which gives case (a). If f1 and f2 are non-constant
functions, then by (3.5) , we get

(3.6) (f ′′

1 f
′′

2 ) f1f2 − (f ′

1f
′

2)
2
= 0.

Since f ′′

i , i ∈ {1, 2} , cannot be zero, the equation (3.6) can be written as

(3.7)
f ′′

1 f1

(f ′

1)
2
−

(f ′

2)
2

f ′′

2 f2
= 0.

Thus equation (3.7) yields the following ordinary differential equation (ODE)

(3.8)
f ′′

i fi

(f ′

i)
2
= αi, i ∈ {1, 2}

for αi ∈ R\ {0} and αiαj = 1. Equation (3.8) can be reduced to the following
Bernoulli ODE

(3.9) f ′

i − βif
αi

i = 0, βi ∈ R\ {0} , i ∈ {1, 2} .

For αi = 1, i ∈ {1, 2} , after solving the ODE (3.9) , we get

fi (ui) = γie
βiui , γi ∈ R\ {0} , i ∈ {1, 2} ,

which gives case (b). If αi 6= 1, i ∈ {1, 2} , then by solving the ODE (3.9) , we
obtain

fi (ui) = [(1− αi) ζiui + λi]
1

1−αi ,

where αi ∈ R\ {0} and αiαj = 1, ζi ∈ R\ {0} and λi ∈ R, for i ∈ {1, 2} ,
which proves case (c).

Conversely, it is direct to verify that all of the factorable surfaces given
by in cases (a)-(c) have NGC.

Example 3.2. Let M2 be a factorable surface of the first type hav-
ing NGC in G1

3. Taking the parametrizations u3 = 0.5 (u1)
0.5, u3 =

1.5 exp (u1 + u2) − 5 and u3 = −0.25 (u1)
−1

(u2)
2
defined as in three cases

of Theorem 3.1, then we respectively draw those as in Figure 1, Figure 2,
Figure 3.
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Figure 1. The factorable surface having NGC with u3 = 0.5 (u1)
0.5.

Figure 2. The factorable surface having NGC with u3 =
1.5 exp (u1 + u2)− 5.

Figure 3. The factorable surface having NGC with u3 = −0.25 (u1)
−1

(u2)
2
.

4. Minimal factorable surfaces in G1
3

Next theorem provides a classification for minimal factorable surfaces in
G1

3.
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Theorem 4.1. Let M2 be a factorable surface in G1
3. Then M2 is minimal

if and only if one of the following statements holds:

(a) when M2 is of the first type, f2 is a linear function;
(b) when M2 is of the second type, f3 is a linear function;
(c) when M2 is of the third type, either

(c.i) at least one of f2 and f3 is a constant function, or
(c.ii) fi (ui) = γie

βiui , where βi, γi ∈ R\ {0} , i ∈ {2, 3} , or

(c.iii) fi (ui) = [(1− αi) ζiui + λi]
1

1−αi , where αi 6= 1, αi ∈ R and
α2 + α3 = 2, ζi ∈ R\ {0} and λi ∈ R, i ∈ {2, 3} .

Proof. Let M2 be a factorable surface of the first type, i.e. it is
parametrized by (3.1) . It follows from (3.4) that the mean curvature of M2

is

(4.1) H =
1

2W 3
[f1f

′′

2 ] .

Equation (4.1) implies that M2 is minimal if and only if f2 is a linear function.
Similarly, it is not hard to prove that f3 is a linear function when the factorable
surface of the second type is minimal. This proves case (a) and case (b).

Now, let M2 be a factorable surface of the third type. Then the coeffi-
cients of first and second fundamental forms of M2 are

(4.2)

g1 = f ′

2f3, g2 = f2f
′

3, h11 = 1, h12 = 0, h22 = −1,

N =
(0, f ′

2f3,−f2f
′

3)

W
,

L11 =
−ε

W
(f ′′

2 f3) , L12 =
−ε

W
(f ′

2f
′

3) , L22 =
−ε

W
(f2f

′′

3 ) ,

where W =

√

∣

∣

∣
(f ′

2f3)
2
− (f2f ′

3)
2
∣

∣

∣
. From (4.2) , the mean curvature of M2 is

(4.3) H =
1

2W 3

[

(f2f
′

3)
2
f ′′

2 f3 − 2 (f ′

2f
′

3)
2
(f2f3) + (f ′

2f3)
2
f2f

′′

3

]

.

If M2 is minimal, then (4.3) implies that

(f2f
′

3)
2
f ′′

2 f3 − 2 (f ′

2f
′

3)
2
(f2f3) + (f ′

2f3)
2
f2f

′′

3 = 0.

If one of the f2, f3 is a constant function, then the previous formula holds.
This gives the proof of case (c.i). Otherwise, we conclude

(4.4)
f ′′

2 f2

(f ′

2)
2
+

f ′′

3 f3

(f ′

3)
2
= 2.

We divide the rest part of proof into two cases:

Case (1): f ′′

i fi/ (f
′

i)
2
= 1 for i ∈ {2, 3} . Then it is easily seen that

fi (ui) = γie
βiui for βi, γi ∈ R\ {0} , i ∈ {2, 3} , which gives case (c.ii).
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Case (2): f ′′

i fi/ (f
′

i)
2
6= 1 for i ∈ {2, 3} . From (4.4) , we get

(4.5)
f ′′

i fi

(f ′

i)
2
= αi, αi ∈ R, αi 6= 1, i ∈ {2, 3} ,

such that α2 + α3 = 2. After solving the ODE (4.5) , we derive

fi (ui) = [(1− αi) ζiui + λi]
1

1−αi ,

where ζi ∈ R\ {0} and λi ∈ R, i ∈ {2, 3} . This completes to prove the case
(c.iii).

Conversely, it is easy to verify that all of the factorable surfaces given by
in cases (a)-(c.iii) are minimal.

Example 4.2. Let M2 be a minimal factorable surface in G1
3. Choosing

u3 = cos (u1) (u2 + 1), u2 = sin (u1) (u3 + 1) and u1 = (2u2)
0.5

(−2u3)
−0.5

given as in case (a), case (b) and case (c.iii) of Theorem 4.1, we respectively
draw ones as in Figure 4, Figure 5, Figure 6.

Figure 4. The minimal factorable surface of the first type
with u3 = cos (u1) (u2 + 1).

On the other hand, the authors in [8] introduced a new kind of curvature
for the hypersurfaces of Euclidean (n + 1)−spaces, called by amalgamatic
curvature and explored its geometric meaning by proving an inequality related
to the absolute mean curvature of the hypersurface. In three dimensional
case, the amalgamatic curvature is indeed the harmonic ratio of the principal
curvatures of any given surface, i.e., the ratio of the Gaussian curvature and
the mean curvature.

Therefore, in the special case that f1 is a linear function, we are able
to analyze the factorable surfaces of first and second type having the ratio
K/H = const. 6= 0. For this purpose, let M2 be a factorable surfaces of the
first type. Take f1 (u1) = α1u1 + β1. Because of the Theorem 4.1, f2 cannot
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Figure 5. The minimal factorable surface of the second type
with u2 = sin (u1) (u3 + 1).

Figure 6. The minimal factorable surface of the third type

with u1 = (2u2)
0.5

(−2u3)
−0.5

.

be linear function. Then from (3.5) and (4.1) , the ratio of the Gaussian
curvature and the mean curvature of M2 is

K

H
=

1

2W

α2
1 (f

′

2)
2

(α1u1 + β1) f ′′

2

.

Suppose that K
H

= λ = const. Then we get

(4.6)
1

2W

α2
1 (f

′

2)
2

(α1u1 + β1) f ′′

2

= λ.

Taking the partial derivative of (4.6) with respect to u1, we derive

(4.7)
∣

∣

∣
1− (f1f

′

2)
2
∣

∣

∣
− (f1f

′

2)
2
= 0.
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If M2 is timelike, then (f1f
′

2)
2
− 1 < 0, which yields a contradiction. Other-

wise, (4.7) implies that

(4.8) (α1u1 + β1)
2
(f ′

2)
2
=

1

2
.

Again by taking partial derivative of (4.8) with respect to u1, we obtain

α1 (α1u1 + β1) (f
′

2)
2
= 0,

which is not possible. This implies that there does not exist a factorable
surface of the first type fulfilling the ratio K/H = const. 6= 0 in G1

3. Similarly,
one can also be shown for the factorable surfaces of the second type.

Therefore, we have proved the following.

Corollary 4.3. Let f1 be a linear function. Then there does not exist
a factorable surface of the first and the second type fulfilling the ratio K/H =
const. 6= 0 in G1

3.
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[10] I. Kamenarović, Existence theorems for ruled surfaces in the Galilean space G3, Rad

Hrvatske Akad. Znan. Umjet. No. 456 (1991), 183–196.
[11] M. K. Karacan and Y. Tuncer, Tubular surfaces of Weingarten types in Galilean and

pseudo-Galilean, Bull. Math. Anal. Appl. 5 (2013), 87–100.
[12] H. Meng and H. Liu, Factorable surfaces in 3-Minkowski space, Bull. Korean Math.

Soc. 46 (2009), 155–169.
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