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ABSTRACT. In this paper, we introduce the factorable surfaces in the
pseudo-Galilean space Gé and completely classify such surfaces with null
Gaussian and mean curvature. Also, in a special case, we investigate the
factorable surfaces which fulfill the condition that the ratio of the Gaussian
curvature and the mean curvature is constant in G%.

1. INTRODUCTION

The geometry of Galilean Relativity acts like a “bridge” from Euclidean
geometry to Special Relativity. The Galilean space which can be defined in
three-dimensional projective space Ps (R) is the space of Galilean Relativity.
The geometries of Galilean space and pseudo-Galilean space have similarities,
but, of course, are different. In the Galilean and the pseudo Galilean space,
surfaces of revolution, ruled surfaces, translation surfaces and tubular surfaces
have been studied in [3-5,10,11,13-15,17,20]. For further study of surfaces
in the pseudo Galilean space, we refer the reader to Sipus and Divjak’s paper
[15].

One of the main problems in classical differential geometry of surfaces
is to classify ones with null curvature. In particular, a surface is said to be
developable if it has null Gaussian curvature (NGC). In this case the surface
can be flattened onto a plane without distortion. We remark that cylinders
and cones are examples of developable surfaces.

There exist remarkable applications of the results obtained on the surfaces
of null curvature in different fields, for example in microeconomics. When
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the graphs of production functions in microeconomics have NGC, one can
realize a “good” analysis of isoquants by projections, without losing essential
information about their geometry (see [1,19]). By motivating these, we target
to study the factorable surfaces in the pseudo Galilean space G3.

In this paper, we classify the factorable surfaces with NGC and minimal
ones in G}. Then, in a special case, we obtain a non-existence result for
the factorable surfaces satisfying the condition that the ratio of the Gaussian
curvature and the mean curvature is constant in Gj.

2. PRELIMINARIES

The pseudo-Galilean space G1 is one of the Cayley-Klein spaces with
absolute figure that consists of the ordered triple {w, f, I}, where w is the
absolute plane in the three dimensional real projective space Ps(R), f the
absolute line in w and I the fixed hyperbolic involution of points of f.

Homogenous coordinates of G} can be given in the following way: The
absolute plane w is given by xg = 0, the absolute line f by 2o = 1 = 0 and the
hyperbolic involution by (0:0: a2 : z3) — (0: 0 : 23 : x2), which is equiva-
lent to the requirement that the conic 23 — 2% = 0 is the absolute conic. The
metric connections in G} are introduced with respect to the absolute figure. In
terms of the affine coordinates given by (x¢ : 21 : @9 1 23) = (1: 2 :y: 2), the
distance between the points X = (x1,x2,23) and Y = (y1,y2,ys3) is defined
by (see [15,20])

lyr — 1], if 21 # y1,
d(X,Y) = .
( ) \/‘(Z/z —2)? — (y3 — x3)°], if 1 = y1.

The pseudo-Galilean scalar product of the vectors X = (z1,22,23) and ¥ =
(y1,Y2,y3) is defined by

Y.y -l mwn if 1 #0 or y1 # 0,
| moye — w3Ys, ifzy =0 and y; = 0.

In this sense, the pseudo-Galilean norm of a vector X is || X|| = /|X - X|. A
vector X = (1,22, x3) is called isotropic (non-isotropic) if 1 = 0 (z1 # 0).
All unit non-isotropic vectors are of the form (1, x2,x3) . The isotropic vector
X = (0,z2, x3) is called spacelike, timelike and lightlike if z3—x3 > 0, 23 —22 <
0 and zo = +x3, respectively. The pseudo-Galilean cross product of X and Y
on G} is given by

0 —ey e3
XxY=|ry x2 3],
Yy Y2 Y3

where €; — ((Sﬂ, 5i2, 513) 5 1= 2, 3.
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Let M? be a surface in the pseudo-Galilean space G} parametrized by

(w1, uz) = (11 (w1, uz), 72 (u1,u2) , 73 (U1, u2)) .

Denote (7;) L= Or;/0u; and (r;)

L= 0?r;/Ou;0uy, i = 1,2,3 and j, k =
1,2. Then such a surface is admissible if and only if (rl)uj = 0r1/0u; # 0 for
some j = 1,2. The coefficients of the first fundamental form of M? are

gi = (1), and hij = (0,(r2),, 5 (r5),,.) - (0, (r2),, (7a),,, ) 625 = 1,2,

and, in matrix form, it can be written as

2 dS% 0
ds _(0 ds3)’

where ds% = (g1duy + ggclug)2 and ds% = hndu% + 2h1aduidus + hggdu%.
Let us define the function W as

2

W= (00 02y~ (1), (120, = (0, 09, — (), 03),)

|
Then the normal vector field N of M? is given by

N = % (0, (1), (13) 0y = (P11, (73), 5 (71, (72), = (1), (72)4,) 5

where N - N = ¢ = +1. Hence, two types of admissible surfaces can be
distinguished: spacelike surfaces having timelike unit normals (¢ = —1) and
timelike ones having spacelike unit normals (e = 1).

The coefficients of the second fundamental form of M? are

e (31 (0. 02D, (0)) = (90, (0. C2), (0),,)) - N
e (92 (0.2, (0),) = (@0, (0.072),  (2),)) - .

The Gaussian curvature and the mean curvature of M? are respectively
defined by
oo _ Lule—L3
=z
and

_EggLn —2g192L12 + g3 Las
2W2 '

A surface in G} is said to be minimal if its mean curvature vanishes.

H =
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3. FACTORABLE SURFACES WITH NGC IN G}

A surface M? in the pseudo-Galilean space G} is called a factorable surface
if it can be locally written as

(3.1) 7 (u1,ug) := (u1,ug, fi (w1) f2 (uz)),
(3.2) r(u1,uz) := (u, f1 (u1) f3 (u3),us3),
(3.3) r(uz,uz) := (f2 (u2) f3 (us),uz,us3),

where f; are smooth functions of one variable, for all ¢ € {1,2,3}. We call
the surfaces given by (3.1), (3.2) and (3.3) the factorable surfaces of the first
type, the second type and the third type, respectively. The factorable surfaces
in the Euclidean space, the pseudo-Euclidean space and the Heisenberg group
have been studied in [2,12,18,21].

The following result provides a complete classification of the factorable
surfaces having NGC in Gi.

THEOREM 3.1. Let M? be a factorable surface with NGC in G. If M? is
a factorable surface of the first type (respectively the second type and the third
type), then either

(a) at least one of f1, fo (respectively f1, fs and fa, f3) is a constant func-
tion, or
(b) fi (wi) = vl where B, v; € R\ {0}, i € {1,2}, (respectively i €
{1,3} and i €{2,3}) or
(c) filu) =[(1—a;)Gu; + )\i]l%ai , where o;; # 0,1, a; € R and oy =
1, ¢ € R\{0} and \; € R, i € {1,2} (respectively i € {1,3} and
i€{2,3}).
Conversely, the factorable surfaces satisfying the conditions in cases (a)-(c)
have NGC.

PROOF. It is only proved for the factorable surfaces of the first type since
one can be verified by using the following way for the factorable surfaces of
the second and the third types.

Let M? be a factorable surface of the first type in Gi. Then the coefficients
of the first and the second fundamental forms of M? are

g1 = 1) g2 = 07
hiv=—(fif2)?, ma=—(fif2) fifs, hoo=1—(f1f3),

_ (Oaflféal)
N =

Ly = %( 1f2), Lia= % (fifs), Loz = % (f1fs),

(3.4)
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where f/ = %, = %, i€ {1,2},and W = ‘1 - (flfé)Q‘ It can be

easily seen that the Gaussian curvature of M? is

€

(3.5) K === [ 58) fufa = (53]

Now, let us assume that M? has NGC. It immediately implies that f; or
f2 is a constant function which gives case (a). If f; and fo are non-constant
functions, then by (3.5), we get

(3.6) (FY ) fufa — (FLF2)° = 0.

Since f/’, i € {1,2}, cannot be zero, the equation (3.6) can be written as

2
(37) {Ifl _ (fé) _

(1) i
Thus equation (3.7) yields the following ordinary differential equation (ODE)
fi'fi
()"

for a; € R\ {0} and «a;a; = 1. Equation (3.8) can be reduced to the following
Bernoulli ODE

(3.9) fi = Bif{" =0, Bi e R\ {0}, i e {1,2}.
For a; =1, i € {1,2}, after solving the ODE (3.9), we get
fi (i) = vie? ™, v e R\{0},i € {1,2},

which gives case (b). If a;; # 1, i € {1,2}, then by solving the ODE (3.9) , we
obtain

(3.8) =0, i€ {1,2}

Fi (i) = [(1 = o) Gug + AT

where a; € R\ {0} and a;c; = 1, ¢; € R\ {0} and \; € R, for i € {1,2},
which proves case (c).

Conversely, it is direct to verify that all of the factorable surfaces given
by in cases (a)-(c) have NGC. O

EXAMPLE 3.2. Let M? be a factorable surface of the first type hav-
ing NGC in G). Taking the parametrizations uz = 0.5(u1)0'5, ug =
1.5exp (u1 +u2) — 5 and uz = —0.25 (ul)_1 (U2)2 defined as in three cases
of Theorem 3.1, then we respectively draw those as in Figure 1, Figure 2,
Figure 3.
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A

A )

FIGURE 1. The factorable surface having NGC with ug = 0.5 (u1)"®.

A

A}

FIGURE 2. The factorable surface having NGC with ug =
1.5exp (u1 + uz) — 5.

FIGURE 3. The factorable surface having NGC with us = —0.25 (u) ™" (u2)”.

4. MINIMAL FACTORABLE SURFACES IN G}

Next theorem provides a classification for minimal factorable surfaces in

Gl
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THEOREM 4.1. Let M? be a factorable surface in Gi. Then M? is minimal
if and only if one of the following statements holds:
(a) when M? is of the first type, fo is a linear function;
(b) when M? is of the second type, f3 is a linear function;
(c) when M? is of the third type, either
(c.i) at least one of fo and f5 is a constant function, or
(cii) fi(us) = v, where B;, v; € R\ {0}, i € {2,3}, or
(cdii) fi(u;) = [(1 — ;) Gus + N] 7% , where a; # 1, a; € R and
ag +as =2, €R\{0} and \; € R, i € {2,3}.

PROOF. Let M? be a factorable surface of the first type, ie. it is
parametrized by (3.1). It follows from (3.4) that the mean curvature of M?
is

1
(4.1) H =0 [f1f2]-
Equation (4.1) implies that M? is minimal if and only if f5 is a linear function.
Similarly, it is not hard to prove that f3 is a linear function when the factorable
surface of the second type is minimal. This proves case (a) and case (b).
Now, let M? be a factorable surface of the third type. Then the coeffi-
cients of first and second fundamental forms of M? are

g1 = fofs, g2=fofs, hi1=1, hia=0, hyp=—1,
(0, fo.f3, —f2f3)
N = D J2/3 7J2)3)
(4.2) % )

Liv= = (Bfs), L= (S5, Lo == (f2f3).,

where W = \/‘(féf3)2 - (foé)Q‘. From (4.2), the mean curvature of M? is

s [0 FE s — 2 G487 (o) + (o) ot

If M? is minimal, then (4.3) implies that

(Fof5)? 13 3 — 2 (F515)% (fafs) + (fafs)” fofy = 0.

If one of the fs5, f3 is a constant function, then the previous formula holds.
This gives the proof of case (c.i). Otherwise, we conclude

2 f2 i 3f3
p) 3=
(f3)" (f5)
We divide the rest part of proof into two cases:

Case (1): f/'fi/ (f1)* = 1 for i € {2,3}. Then it is easily seen that
fi (ui) = yiePivi for B;, vi € R\ {0}, i € {2,3}, which gives case (c.ii).

(4.3) H=

(4.4)
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CASE (2): fI'fi) (f1)* # 1 for i € {2,3}. From (4.4), we get
1
()
such that ap + ag = 2. After solving the ODE (4.5), we derive
1
fi(ui) = [(1 — i) Gui + Ng] 7o

where ¢; € R\ {0} and A\; € R, ¢ € {2,3}. This completes to prove the case
(c.iii).

Conversely, it is easy to verify that all of the factorable surfaces given by
in cases (a)-(c.iii) are minimal. O

(4.5)

= Qy, aiER; 041%1,26{2,3},

EXAMPLE 4.2. Let M? be a minimal factorable surface in Gi. Choosing
us = cos (uy) (uz + 1), ug = sin (u1) (uz + 1) and uy = (2u2)*’ (—2usg)”"°
given as in case (a), case (b) and case (c.iii) of Theorem 4.1, we respectively
draw ones as in Figure 4, Figure 5, Figure 6.

A

FIGURE 4. The minimal factorable surface of the first type
with uz = cos (u1) (uz + 1).

On the other hand, the authors in [8] introduced a new kind of curvature
for the hypersurfaces of Euclidean (n 4+ 1)—spaces, called by amalgamatic
curvature and explored its geometric meaning by proving an inequality related
to the absolute mean curvature of the hypersurface. In three dimensional
case, the amalgamatic curvature is indeed the harmonic ratio of the principal
curvatures of any given surface, i.e., the ratio of the Gaussian curvature and
the mean curvature.

Therefore, in the special case that f; is a linear function, we are able
to analyze the factorable surfaces of first and second type having the ratio
K/H = const. # 0. For this purpose, let M? be a factorable surfaces of the
first type. Take f1 (u1) = aqu; + f1. Because of the Theorem 4.1, fo cannot
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A

»

F1GURE 5. The minimal factorable surface of the second type
with ug = sin (u1) (ug + 1).

|

FI1GURE 6. The minimal factorable surface of the third type
. 0.5 0.5
with uq = (2ug) ° (—2us)” .

be linear function. Then from (3.5) and (4.1), the ratio of the Gaussian
curvature and the mean curvature of M2 is

K_ 1 _ oy

H  2W (1w + B) f5

Suppose that % = )\ = const. Then we get

LA
(46) W larm < B

Taking the partial derivative of (4.6) with respect to u1, we derive

(4.7) L= (8| = (hp)* =0
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If M2 is timelike, then (f1f5)* —1 < 0, which yields a contradiction. Other-
wise, (4.7) implies that

1
(48) (arwa +51)° (f3) = 5
Again by taking partial derivative of (4.8) with respect to w1, we obtain
2

a1 (qur + B1) (f3)” =0,

which is not possible. This implies that there does not exist a factorable

surface of the first type fulfilling the ratio K/H = const. # 0 in G4. Similarly,

one can also be shown for the factorable surfaces of the second type.
Therefore, we have proved the following.

COROLLARY 4.3. Let f; be a linear function. Then there does not exist
a factorable surface of the first and the second type fulfilling the ratio K/H =
const. # 0 in G}.
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