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DERIVATION OF THE REYNOLDS TYPE EQUATION
WITH MEMORY EFFECTS, GOVERNING TRANSIENT
FLOW OF LUBRICANT

ANTONIJA DUVNJAK
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ABSTRACT. In this paper we derive the Reynolds type lubrication
equation with memory effects for lubrication of a rotating shaft. Starting
from the nonstationary Stokes equations and using the asymptotic expan-
sion we obtain a law that is nonlocal in time and gives a linear connection
between velocity and pressure gradient. Our law tends to the classical
Reynolds equation when time tends to infinity.

We prove a convergence theorem for velocity and pressure in appro-
priate functional space.

1. INTRODUCTION

We consider the lubrication process of journal bearings. A circular shaft
of radius R and length L rotates on a lubricated support with angular velocity
w. Between the shaft and the support there is a thin domain completely filled
with a viscous incompressible lubricant injected by some prescribed velocity.
The flow regime is assumed to be laminar, and heating effects are neglected.

Let the length scale in the ”plane” of the film be denoted by L. (as L.
we can choose L or 2Rw), and let [ be the film thickness; for conventional
bearing geometries [/L,, = O(1073). We use these length scales to normalize
the equations of motion. Nondimensional coordinates, denoted by overbar,

we define as follows I
06,2,

{F7 @? E} = LS(;Z

Let U, represent the characteristic velocity in the ”plane” of the film.
The equation of continuity then requires U, LL to be the velocity scale across
o=
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the film, and we arrive the following definition for normalized velocity:

_ . 1 L,
u= {Uruusauuz} = U_{Twu“u#”uzh

where the overbar again denotes normalized, i.e. O(1), nondimensional quan-
tity. The nondimensional pressure and time are chosen to be
D l -

——{—1}Re, t
pUE { Lth }
Here () is the characteristic frequency of the flow, and the Reynolds number
has the definition Re = [U.,/v.

Substituting into the Navier-Stokes equations and neglecting terms of

order (+-)2, we obtain

Qt.

]3:

L,
. Oy — o 10p 0*u,
Q 5 +Re™u-Vu, = R8<p+372’
o7 — o op 0%,
Q 5 + Re*u-Vu, = 2T o

Here O* = FTQ and Re* = Re% are the reduced frequency and the reduced
Reynolds number, respectively, and p = p(p, 2).

Contrary to [4] where, starting from the full Navier-Stokes equations, we
derived rigorously the classical Reynolds equation for lubrication of a rotating
shaft, in this paper we consider temporal inertia limit of the Navier-Stokes
equations, which is characterized by Re* — 0,Q* > 1, and derive a law which
is nonlocal in time and properly describes the transient effects.

According to Szeri [10], when one of the bearing surfaces undergoes rapid
small-amplitude oscillation, the condition 2* >> Re* is approximately sat-
isfied. In this case, we retain the temporal inertia terms but drop the terms
representing convective inertia. Expressed in primitive variables, the equation
of motion have now the reduced form

dug _ Lop, O,
ot ROy or?’
ou, _@ L 0%u,
ot 0z H or?’

From the asymptotic analysis point of view, these are equations for the lowest
approximation of the velocity u. For the above-described situation the fluid
flow in a thin film is described by the nonstationary Stokes system where the
term with Au is equal pe?.

Starting from nonstationary Stokes system and performing asymptotic
analysis of this perturbed problem we study the behavior of the flow as ¢ — 0.

At the limit, we find the Reynolds equation with memory effects governing
the 2-dimensional macroscopic flow, as an approximation of the Stokes system
in thin 3-dimensional domain. The law is nonlocal in time and gives a linear
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connection between velocity and the pressure gradient. According to the
described physical situation, memory effects appear only for short period of
time. We prove that our law tends to the ordinary Reynolds equation when
time tends to infinity.

To achieve these results we use some properties of the Laplace transform
in a similar way it has been done in [8], where the Darcy type law with memory
effects was derived governing transient flow through porous media.

The mathematical justification of the Reynolds equation from the funda-
mental hydrodynamic equations has been subject of a lot papers.

The derivation of the classical Reynolds equations for a flow between two
plain surfaces was given in [1] und [9]. A precise study of asymptotic behavior
of the Newtonian flow in a thin domain between a rotating shaft and lubricated
support was given in [4] and the difference between the solution of the Navier-
Stokes system in thin domain and the solution of the Reynolds equation in
terms of the domain thickness was estimated.

In [2] we considered lubrication of a rotating shaft with non-Newtonian
fluid and starting from Navier-Stokes (Stokes) equations with nonlinear vis-
cosity, being a power of the shear rate (power law), we derived non-linear
Reynolds lubrication equation.

2. DESCRIPTION OF THE e-PROBLEM
We consider the nonstationary Newtonian flow through a thin cylinder
C.={27 r,p,2) eR®; ¢ €]0,2n[,2 €]0,L[,R < r < R+¢ch(p,2)}.

Function h :])0,27[x]0, L[— R* is of class C!, 27-periodic in variable ¢, and
0<B1 <h(p,z) < B2, ¢€l0,2n], z€]0,L]
The flow in cylinder C. is described by the nonstationary Stokes system

ou’ 9 .
o ~Me Au®+Vp* =0 inC. x (0,7T),

divu® =0 inC. x (0,T),
u®(z,0) =w’(p,2) inC,

(2.1) u® =0, forr=R+ch(p,z),
u® =w(t)é,, forr=R,
v =g o 1), forz=0, t€OT),

u® = gr( o,t), for z=1,

E )
where p® and u® are the pressure and the velocity, respectively. In or-
der to have a well-posed problem we suppose that the functions g, €
W20, 00, HY(S,)), a = 0, L, Sa = {(p,¢); p €0, h(p, )], ¢ €]0,2x[}, are

loc
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continuous in variables p and ¢. They are 27-periodic in variable ¢ and for
all ¢ > 0 satisfy the hypothesis

27 rh(p,0) 2m  ph(p,L)
(Hl)/ / pe- - go(p, @, t)dpdp = / / pe- - gr(p, p, t)dpdp,

27 (¢,0) 27
(H2) / / €x - go(p, ¢, t)dpdp = / / gL (p, p, t)dpdep,

(H3) ga(h(@),#:t) =0, ga(0,¢,t) = w(t)é, , =0, L.
We suppose that w € VVI{);’O(O o), w® € L3(Q) is 2m-periodic in variable ¢
and div,, ,w® = 88—“;) + R 5~ =0, where Q =]0, 27| x ]0, L.
Under the assumptions

|90 (t) — 9 |1 (s0) — 0, for a=0,L,
|w(t) —w™| =0,

when t — co, we want to investigate the behavior of the limit problem when
time tends to infinity.

Lemma 6.1 gives the existence of a solenoidal vector valued function
¢= € Wy (0,00; HY(C2)) such that 65,0 = uf -

Classical theory (see Temam [11]) gives the existence of a unique weak
solution u® € L?(0,T; H'(C.)), p° € H~1(0,T; L3(C.)) such that u® — ¢¢ €
L?(0,T;Ve), u® € L>(0,T; L*(C.)) and ‘9( — ¢°) € LY3(0,T;V®), where
Ve is the functional space given by

Ve ={ue H}(C.), divu=0 uC.}
and T > 0.

3. STATEMENT OF THE MAIN RESULTS

Let us now state the main results of this paper whose proofs will be
found in the following sections. The first theorem shows that the Reynolds
type equation with memory effects is an approximation of the Stokes system.
We recall that Q =|0, 27[x]0, L.

THEOREM 3.1. Let (u®,p) be a solution of the nonstationary Stokes prob-
lem (2.1). Let p be a solution of the nonstationary Reynolds problem

%%(—6*g—iﬁw&)wﬁ(—s*@w@)——n*wm@x]o,m
] [
- *_+ = %5 ez ) t)d )
(3.1) [ § §w go(p, s, t)dp
[5*—+§ } :—/ e - gL(p, ¢, t)dp,
z=L
p is 2mw-periodic in variable @,
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and let u be given by

U, =G * [—}%g—p] +ng+g*w,
(3.2) v

uy =G * 9p + Gu?.
0z
Then

1 R+€h h
—/ u® 4/ u weakly in L*(Q x (0,T)),
€JRr 0
1 R+€h
- / p° — p weakly in H™1(0,T; L3(Q)).
€JRr

This theorem is a direct consequence of the Propositions 7.1 and 7.2 whose
proof will be found in Section 7.

REMARK 3.2. The existence and uniqueness of the problem (3.1) is given
in Section 5, while the functions &, n, g and G are defined in Section 4.

The following theorems establish the connection between the nonlocal
Reynolds-type problem (3.1) and the ordinary Reynolds problem from [4].

THEOREM 3.3. Let (u,p) be a solution of the problem (3.1)-(5.2). Let
p> € HY(Q) N L(Q) be a solution of the problem

R&P(h 3@)+R32(h P )—Gawuw in Q,
Op> 12 (MO
(3.3) 9z~ B3(p,0) /0 & - 95°(p, )dp, for z =0,
Ip> 12p  [MeD
0z - _hg((p L) /0 €z 9L (pa QD)d/L fO?" z = L7
p™° is 2w-periodic in @,

and let u> be defined by

w_ 1 op> P
(3.4)

2 2 P P oz
Then

p(t) = p* in H'(Q) 0 L{(Q),
u(t) — u™ in L*(C),

when t — oo.
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THEOREM 3.4. Let p>,u® be a solution of the problem (3.3)-(5.4). Un-
der assumptions

(3.5) |9a(t) = 95" [m1(s.) < Cexp(=Ait), fora=0,L,
(3.6) |w(t) — w™| < Cexp(—Ait),

for some A1 > 0, we have

p(t) — p a1 (@)nrz) < Cexp(—At),
| / - / udpla(e) < Cexp(~A),

fort >ty and A < min{\, %2‘}
2

Therefore, when time tends to infinity the nonlocal Reynolds equation
(3.1) tends to the ordinary Reynolds equation that is valid for stabilized flow.
That stabilization occurs in a very short time when data satisfy (3.5)—(3.6).

4. ASYMPTOTIC EXPANSION

Due to the geometry of the domain, we work in the cylindrical coordinate
system. We read the Stokes equations in cylindrical coordinate system and
try to find an ansatz that fits the system and the boundary conditions on
r =R, R+ ch. We seek expansions for u* and p° in the form

(4.1) u ~ul(p, @, z,t) +eul(p, @, 2,t) +
(4.2) P~ (oo 2 t) +ept(p, 0, 2,t) +

where p = =£_ Substituting these expansions into the Stokes equations and
collecting equal powers of ¢ leads to the lowest terms in the form
1 op°

- — =0
€ dp ’

9 0?u?  op'
T e
ot op ap
o o Pl 1
ot ¥ 0p2 R Oy
9 0*u?  op°

207

:O’

z
—U, — — =0.
ot P e T as
From the incompressibility equation we get
1 oul 0.
€ dp
oul 0
e 24 2+ ul =0
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First we conclude that u? = 0, p® = p°(p, 2) and p* = p'(p, z). We compute
only the first term in the asymptotic expansion and we further denote that
term by (u, p) instead of (u”,p"). So, the first term (u,p) in the asymptotic
expansion is a solution of the following linear problem

duy _anu@ 1op _
ot dp2 ROy
Ou, 0%u, Op B

0,

ot Mo o Y
(4.3) Ouy | pOus _ o
oo T, T

u, =0, for p=0, u,=w(t), for p=nh,
u, =0, for p=0, h,

u(-,0) = w°

To solve this problem we use the Laplace transform. Here @ denotes the
Laplace transform of function u in variable .

Extending functions u and p by zero for ¢ < 0 and using the Laplace
transform in variable ¢t we get the system

) 0%, 1 0p
0 G
Tlp — Wy, — [ 92 R s 0,
2 A~ A
Tﬂz—wo—,uauz 9% _
z 0p% 0Oz ’
(4.4) o, o
—~2+R—==0
Op 0z ’

i, =0, for p=0, a,=w(r), for p=h,

i, =0, for p=0, h.

We can compute i, and i, as

) . 1 9p . )
Up = G(p7 QO,Z,T) |:_§£ +w?a:| +g(p7 9072:77—)“]7
. A M . o

Uy = G(p7 QO,Z,T) |: 9z +wz:| )

where (@ and § are complex functions of three real variables (p, ¢, z) and a
complex variable 7:

R 1+ etVT/e _ glh=p)\/T/1 _ opy/T/n

(4.5) G(p,p,2,7) = -
(1+e"VTiyr/n
R e(h*p)\/f/u(_l + e2PV /1y
i(p,p,2,7) = .

—1 4 e2hT/n
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We define the functions é and 7 as follows:

1—ehvr/n h

~ h(ﬁavz) R
§(p, 2,7) =/ G(p,p,2,T)dp =2 + —
' (U V) sz T

and
P 2"V Bh
VR, T) = ———————— —.
(1+6h T/H)Q a(p

Let us note that é and 7 are analytic functions in the half plane Re T > — % w
2

Integrating the equation
Oty Ou, 0
dp 0z

with respect to p over )0, h(yp, z)[, we get the equation

. 0 . 0, - op
gm0 + &) + Ry (=€, 2,m) 5+ Eul) = —ilip, 2,7)o()

10
ROy

in Q=|0,2x[ x ]0,L].
Using the inverse Laplace transform we come back to the domain ¢ > 0

and find function u in the form

0
uw—G*[—Eé]—l—ng—l—g*w,
uz:G*@—Fng,

0z

where G = G(p,p,z,t) is the inverse Laplace transform of G and ¢
g(p, v, z,t) is the inverse Laplace transform of §. The pressure p satisfies

Reynolds equation

190 0 0 0
E%(_g*£+gwg)+}z%(_5*a—i+gwg) = prw (ae) in Qx0T
where & = £(¢, z,t) is the inverse Laplace transform of € and 1 = n(y, 2, )
is the inverse Laplace transform of 7. One boundary condition for p is 27-
periodicity with respect to ¢. The other boundary condition follows from

h((p,a) h(cp,a)
gz : / U(Pa ¥, Q, t)dp = / gz : ga(pa ®s t)dp7 for a = 07 L7
0 0

and should be of the form
ap h(p,a)
R [—f * 5, + §wg] = / €. gal(p,p,t)dp, for a=0,L.
0

Z=x
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5. SOLVABILITY OF THE REYNOLDS EQUATION

Now, we study the solvability of the Reynolds-type equation (3.1) which
determines the effective flow. Function G given by (4.5) satisfies the equations

. 0%G
TG — M6—p2 = 1,
G(O7QO,Z,T) = 07
é(h,(p,z,r) =0.

From these equations we get that
h h ho oA
= A oG
/ Gdp = T/ |G|2dp+u/ 551

0 0 0 P

B oA

oG

> M/ |6_ ?
0 P

for RetT > 0, as well as the estimate

oG
v<etr ey [ 12
o Op
As Re& = Re foh Edp7 for Rer > 0 we have the estimate
A C
Re& > ——,
AR (R
where C' > 0 is a constant. Therefore, for every 7 € C, ReT > 0, the bilinear
form

a(u,v) = ; £V, .uV, vdpdz,

is continuous and elliptic on [H'(Q)/R] x [H'(Q)/R]. Note that [,7 = 0.
For every 7 € C, ReT > 0, the compatibility condition

27 ph(p,0) 27w ph(p,L)
/0/0 €Z-Qo(p,%7)dpd<p:/0/o € - gr(p, o, T)dpdyp

is satisfied. Functions §o(.,7) and gr,(.,7) are in H*/2(S;). Thus the problem

19 AaﬁAo 8A8ﬁAo,M~

0P h(sa 0)
[ op + éu? ] = —/ €, - Jodp,
0z

20 (2.L)
[ p—i—{w] :—/ €, - grdp,
0z

p is 2m-periodic in Varlable ©,

(5.1)




86 A. DUVNJAK

has a unique solution p(7) € H2(Q)NLE(Q) for all 7 € C, Re > 0. Applying
the isomorphism theorem 2.1. in [7], pages 99-100 (for details see [3]), we get
the existence of the unique solution p € D/, (t, H'(2) N L3(£2)) of the problem
(3.1). For every 7 € C, ReT > 0, p(1) € H*(Q2) N L3() thus we can conclude
that the problem (3.1) has the unique solution p € H?(Q) N L3(Q) for (a.e.)
t €]0, 7.

Let us now study the regularity in time. We introduce the function

t
P(p,2,t) =/ p(p, z,0)dé.
0

Using the Laplace transform we get a pAroblem for the Laplace transform
P(¢, z,7) of the function P (instead of P(yp,z,7) we use abbreviated form
P(7)) :

0P ., o, 0P .,

(—75% + &w,,) + R&(—Tfa +&wy)) = —hHw inQ,
1 h(tp,o) N .

= R\/O< (5% 'godp7

z=0
1 [hel)
- = ¢, gudp,
R/O €z grLap

19
ROy

%0
0z

%0
0z

z=L

P is 27-periodic in .

This problem has a unique solution P(r) € H2(Q) N L&(Q) for every T € C,
Ret > 0. R )
Note that 7¢ is the analytic function in variable 7 € C for ReT > —Zy pu.
2

Let \/%:a+ib,whereReﬁ:a2—b2>O. As

. h, 1
T§ = —2th(\/7_'§)m+h
_ 9 shah Y sin bh a—1b ‘h
B chah + cosbh chah + cosbh | a2 + b2 ’

the real part of Té is equal

ashah + bsin bh

Reté = —2
e (a? + b2)(ch ah + cosbh)

We have

d ., shZ?ah —sin®bh
%(Re ) = (ch ah + cos bh)? >0
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and Reté = 0 for h = 0, therefore Reté > 0 for Re? = a? — b > 0.

Furthermore,

ash a1 + bsinbf 3
(a® + b?)(chafBy + cosbBy) '

(5.3) = ¢(B1,7) > 0.

Reté > Reté(fy) = —2

We notice that for Ret > 0, if |7| is large enough, instead of a constant
¢(B1,7) in (5.3) we can take a constant C7 which does not depend on 7. For
ReT > 0, |7| close to 0, a constant ¢(f1,7) depends on 7 and is of the form
0(51,7') = C2|T|, Cy > 0.

We need to know the behavior of P(7) when 7 — co. We have £ = O(ﬁ)

and 7 = O(Fll) for a large |7|. It is easy to see that

lim 7€ = £(0) =h in L=(Q),
lim 77 =n(0) =0 in L*(Q),
lim 7@ = w(0) =0,

lim 7§ = go(0) in HY2(S,), for a=0,L.

Let P(0) be a solution of the problem

divy .(=hV, P(0) +w’) =0
oP(0 1 [0
[—h% + wg] = E/ €. - go(p, v, 0)dp,
(5.4) o =0 o)
aP(0 1 ;
—h——+ wg] = —/ €. - gr(p,,0)dp,
|: 82 =L R 0
P(0) is 27m-periodic in .

We have P(0) € H*(Q) N L(2). Note that P(0) = 0 if and only if
h(p,a)
/ . - ga(p,,0)dp = w2(p,a), for a=0,L.
0

For the difference V,, .(P(7) — @) we have the following estimate:

LEMMA 5.1.
P(0 C
ORI

z P -
’V% (Pr) Y £1¢9)) |7]
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PROOF. From (5.2) and (5.4) we get a problem for the difference P(7) —
P(0).

(5.5)

dive.: [69,..(P(r) - 2]
= dive,. [%nw + %(Té —h) wTO + %(h —76) Ve.:P(0)
9eab - 2 - i Lo £
i(h— 7¢) M)] ‘v= %(Ba - B“T(O)), for a=0,L
P(r) — Pio) is 2m-periodic in ¢,

|V¢,Z(P(T) - P(O)

Ne2) <

(|T77W|L2(sz + 1€ = Bluagay + 1l = 7€] 20|V, P(0) 2y
+|90(0) — 7gol iz (se) + 191(0) = TGl m1/2(s5))

< Wa

and in that case we have the result. For a large || we have the estimate

P(0

Voa () = 2O <

c ;o X R
(5.6) < T (|7’77W|L2(Q) + 7€ = hlr2) + |h = 7€|12(0) |V, P(0) | L2(0)

+190(0) — T§0|H1/2(so +19:(0) = TGl s, )) -
Note that |T§ h|L2(Q < |T|

for other terms on the right side of the inequality (5.6). Therefore the claim
of Lemma 5.1 follows for every 7, ReT > 0. O

for a large |7|. Analogous estimates are verified

For every 7, Ret > 0, 7P(1) — P(0) is the element of the vector space
L3(%2), therefore

|TP(r) - P(0)| 1) < C|V,.(TP(1) - P(0))|L2(0)-
From this inequality and Lemma 5.1 we have

lim TP(r) = P(0) in HY(Q).
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P(r)— @ is the Laplace transform of the function P(¢t)— P(0). Accord-
ing to Lemma 5.1 |7 P(7) — P(0)| 1) < % and the representation formula
for the inverse Laplace transform implies that P is a continuous function

in variable t. Furthermore, P € C([0,T]; H2(2) N L(2)) and consequently
p="5%; € H1(0,T; H*(Q) N L§()).
6. A PRIORI ESTIMATES

LEMMA 6.1. Let ¢°(t) € H'(C.), for (a.e.) t > 0, be a solution of the

problem

div ¢°(t) =0
¢°(t) = w(t)e,, for r=R,
¢°(t) =0, for r=R+ch,

¢€()—90( Ra@v ) fm’ z=0,

7907t)a fOT z=1L.

Then we have

167 ()] cc. %ugo( iz + 90O irags,) + [w(®)])

and
o c .0 ) )
aéf) )y < ﬁﬂago(mm/z(so) + |§90(t)|H1/2(SL) + |§W(t)|)-

PRrROOF. As compatibility conditions are satisfied, conclusion follows from
Lemma 4 in [2] and continuous dependence of solution on given data.
Furthermore, ¢ € W,2>(0, 0o; H'(C.)). O

loc

PROPOSITION 6.2. Let u® be a weak solution for (2.1). Then we have

[u|L2(@.r) < CVE,
C
(61) |vu€|L2(QsT) < %7
[u®| Lo 0,102(c.) < OVE,
where Qer = C. x (0,T).
PROOF. Let ¢° be a function from Lemma 6.1 and v¢ = u® — ¢*. Then
(v, p°) is a solution of the problem
ov®
ot
(6.2) dive® =0 in Q.r,
v (z,0) = w’(z) — ¢°(2,0) in Ce,
v*=0 on 9C. x (0,T).

0¢°
ot

AT 4+ Vp© = — 2A¢° in Qer,
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The energy inequality that corresponds to this problem (see Temam [11], page

201) is
/CE = (1) 2 +2u52/0t/cs Ve |2
s/ |v€<o>|2+2/t/ ad

for (a.e.) t € [0,T]. The inequalities

€ c t
// G [ Greeg [ [
2 0 JCe
1 t
2#//52A¢5v5§2€2u// Vol e [ [ 9
o Je. o Je. 2 o Je.

and the energy inequality give

t
[ weopspe [ v
Ce 0 Ce
t 8@65 t
s/ Iv5(0)|2+2//|—|2+2u62//|V¢5|2-
c. o Je. Ot o Je.

Backward substitution, u® = v + ¢, implies the following inequality for u®

/CE |u€(t)|2+,l£52/0t/cs Ve |2 g/ |ua(0)|2+/ |¢8(0)|2+/ o
+2// |8¢E|2+35// IV6°)2.

We use estimates for ¢° given in Lemma 6.1 and conclude that

t
/ |u8(t)|2+,u€2/ / Vu|? < Ce
Ce 0 Ce

for (a.e.) t € [0,T]. The conclusion follows. O

€2|A(J56|2)1}5

In the next step we introduce the pressure. Following the idea from
Temam [11], page 307, we introduce the function

Us(t) = /Ot u®(s)ds.

Let u® be a weak solution of the problem (2.1), then U¢ € C([0,T], H'(C.)),
div U® = 0. According to De Rham’s lemma (see Temam [11]), there exists
Pe e C(|0,T), L3(C.)), VP € C([0,T], H*(C.)), such that

(6.3) VP(t) +uf(t) —w’ — pe?AUS(t) =0 in H(C.),
for every t € [0,T].
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LEMMA 6.3. P¢ satisfies the following estimate
(6.4) |P#leo.1).L3c0y) < Ce'/2.

PROOF. We suppose that fc Pe(t) = 0. Let z. be a solution of the
problem

div z. = P*(t) in C.,
ze =0 on OC..

From Lemma 6.1 follows
C
|ze| ey < ;|P5(t)|L2(cg)-

We take z. as a test function in (6.3) and get

|P5(t)|2L2(CE) —ueQ/C VUE(t)st—/C us(t)zs+/c w2z,

€

< C(pe?|Vus |2 (qury + elu® ()| p2(c.) + el p2c.)) | Vel L2 (e
< CeY2PE(t) |12 (c.)-
0

To prove a convergence it is convenient for sequences of functions
u®,U¢®, P¢ defined on C. to introduce rescaling functions

U(E) (p7 <p7 Z’ t) = ua (T7 <P7 Z? t)?
U(s)(p7 (p’ Z’ t) = UE(”’?(p? Z7t)’
P(e)(p,p, 2,t) = P*(r, p, 2,1),

where p = Functions u(e), U(e) and P(e) are defined on a domain
Q1 = C x (0,T) which does not depend on ¢, where C = {(p,p,z) € R* ¢ €
10,27[,z €]0, L[,0 < p < h(p, z)}. The following estimates are obtained from
Proposition 6.2 and preceding lemma by simply changing the variable.

r—R

LEMMA 6.4. For u(e) we have the following estimates

lu(e)|r2(@r) < C,
[u(e)| Lo 0,1;22(c)) < C,

Ou(e)
| ap |L2(QT) S O’

IVE2u(e) 2 (qqr) < Ce™h
|8uT(5)
dp

|L2(Qr) < Cb,
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where
1 Quyr Ouy,
R+ep ( 664/) u‘P) 88Z
©,Z, 1 Uy Uy
Vé‘ U= R+€p( ) + U’T) Oz
1 Ouy Ou
R+ep O¢ Oz

LEMMA 6.5. Function U(e) satisfies the following estimates

lU(e)leqom,2c) < C,
|8U(5)
dp
IVE2U ()l oo,y < Ce

oU, (e
(6.5) | 6p( )|C([O,T]7L2(c)) < Ce.

leo,m,2¢)) < C,

LEMMA 6.6. Function P(e) satisfies estimates

[P()le o020 < C
VE*PEloqr.atey <

OP(e)
(6.6) | op leom.m-1(0)) < Ce.
where
1_9P(e)
V:’"“P(s)—l“é%(s?“’ ]

7. CONVERGENCE

We introduce functional spaces

Wr = {9 € 1Qr)? : 52 € 12(@r)),
I
and
Yr = {6 € C(0.T), I(C)?) - g—f € C(0,T], I3(C)%)}.

In the following, for any function u = (u,, Uy, u,) we denote by & = (u,, us).

PROPOSITION 7.1. There exist subsequences of u(e), U(e) and P(e)
(again denoted by u(e), U(e) and P(g)) and functions v € Wy, U € Y,
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P e L>*0,T;L(C)) andp = 2P € H(0,T; L3(C)), such that

NN ou(e) N ou S
i(e) ~u & o9 o weakly in L*(Qr),
Ju,(¢) .12
ur(e) =0 & 5, 0 weakly in L*(QT),
0

h(ﬁavz) h(ga,z)
/ (e)(p, @, 2)dp — / u(p, ¢, 2)dp weakly in L*((0,T) x ),
0 0

~ oU(e) oU

U, (g)
dp

P(¢) — P weak* in L>=(0,T; L3(Q)),

%P(E) — p weakly in H™'(0,T; L3(2)),

weak* in L>(0,T; L*(C)),

Ue) =0 & — 0 weak* in L>(0,T; L*(C)),

where Q = {(p,2) € R? ¢ €]0,2r[,z €]0, L[}. Further, P = P(yp,z,t) and
p =p(p,2z,t). For (a.e.) t € (0,T), function u satisfies the equations

h(p,z)
div%z/ u(p,,2,t)dp =0 in Q,
0
h(,0) h(,0) .
1/-/ u(p, @,07t)dp=/ €z - go(p, p, t)dp,
0 0

h(p,L) h(e,L) .
V~/ U(p,<p7L7t)dp:/ €. - gr(p, e, t)dp,
0 0

uw(0,p,z,t) =w(t)e,, u(h,p,zt)=0,

u is 2m-periodic in variable ¢.

Function U satisfies the equations

h(p,z)
div%z/ Up,p,z,t)dp=0 in Q,
0

h(e,0) he0) gt
V'/ Ulp, <p,07t)dp:/ ez~/ 90(p, ¢, s)dsdp,
0 0 0

(7.2) h(e,L) h(p,L) ¢
V-/ U(p7<p,L,t)dp=/ €z-/ gr(p, ¢, s)dsdp,
0 0 0

t
(0,2, 1) = / W(O)dtE,, Ulhyp, 1) =0,
0

U is 2m-periodic in variable o,

93
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for every t € [0,T] and

(7.3) U(t):/0 u(p, p, 2, 8)ds.

Proor. Weak convergence is a direct consequence, according to the weak
compactness, of the estimates given by the previous lemmas. The estimate
(6.6) implies that the pressure P is independent of variable p. From (6.5)
we deduce % = 0. To prove that U, = 0, we choose the test function
q = 0(t,p,z)p in diveU(e) = 0, where € D((0,T) x (0,L); Dper(0,27)).
Using the Green formula, the boundary conditions on 9C imply

/oT /c Ve(0(t,p,2)p) - Ule) = 0.
/oT/CHUT(a) = _sfoT/C(ﬁwg_zU“’(EH%Uz(f))-

When ¢ tends to zero we get fOT J 0U, = 0. This implies U, = 0.

It is easy to get (7.3). As & = u € L*(Qr), U is an element of the space
Yr.

On the other side,

T h(p,z)
/ / 0div. U / / / dive U(e)dp dpdzdt
Q

// /W)dww b(e) + (pgp()) Ijﬁlgp()

+5pa[g;z()]dp dodzdt.

We get

o
I

Due to the boundary conditions on U (g),

h(p,z)
/ / 0 div,, Z/ Ule)dp dpdzdt =
h(e, Z)
= —6/ / / e)dp dpdzdt,
Q
thus we have

h(e, Z)
/ / Vo,.0 U Ydpdpdzdt = 5/ / / e)dp dpdzdt.
o0

In the limit, when ¢ tends to zero, we get

T
/ / V.20 Udpdpdzdt = 0,
0o Je
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T h(p,z)
/ / bdiv, .. / Udp = 0.
0o Ja 0

From this we deduce that div, . foh(%z) Ul(p,p,z,t)dp =0 for every t € [0, T].

which implies

h(e,z) _
dives [ OEpp 20
0
is a bounded sequence in C([0,T], L?(£2)) and

h(e,z) _
/ U(e)(p, s, 2, t)dp
0

is a bounded sequence in C([0,T], L?(f2)), therefore

h(p,z) _
v / U(e)(p, p,2,t)dp,  for z=0,L
0

are bounded sequences in C([0, T], H~'/2(0,2x)). Taking a limit when ¢ tends
to zero we get v - foh(%a) Ulp,p,a,t)dp = Oh(%a) €, - fot 9a(p, @, s)dsdp for
a = 0,L. In the same way, working with the spaces L2((0,T) x Q) and
L?(0,T; H-'/2(0,27)) instead of C([0,T], L?(Q)) and C([0,T], H~/2(0, 27)),
we can see that u satisfies (7.1). O

PROPOSITION 7.2. Let uw and p be defined in previous lemma. Then u
verifies (3.2) and p is a solution of the Reynolds equation (3.1).

ProOOF. Multiplying the equation
V.P(e) +u(e) —w’ — ue?AU(e) =0 in H Y(C)
with ¢ € C§°(Qr) we get

usQ/OT/CVEU(E)VsdH—/(JT/CU(5)¢+/OT/Cwogb+/0T/cP(s)divs¢_0.

As U, = 0 and u, = 0, we can take ¢ = (0, ¢). Taking a limit when ¢ tends
to zero gives

[ L3 [ oo [ o [ [
2

and then

—,Ua—pz —+ u + ’LUO = —thyzp.
Deriving this equation with respect to ¢ gives the following equations for w:
Ju 0%u

(7.4) 5 M8—p2 = —V..p,

(7.5) u(0) = w°.
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Solving these equations under conditions
u(0, ¢, z,t) =w(t)e,, ul(h,¢,z,t)=0, u is2m-periodic u ¢

we find that u as a function of V, .p is given by (3.2). The other equations
of (7.1) lead to the Reynolds equation (3.1) for p. O

REMARK 7.3. Theorem 3.1 is a direct consequnce of Propositions 7.1
and 7.2. It is easy to see that these results hold true if the initial condition
u®(x,0) = w(¢p, ) in the problem (2.1) is replaced by

r—R )
b 727
B ¥

u®(2,0) = w’ = w’(

where w® € H'(C) is 2m-periodic function in variable ¢. In that case the
function w is given by (3.2) and p is the solution of the problem

19 op o 0 dp 0y _
Ropl ¢ g, X)) R (e ot X)) = mew
P 1 [h(e0) .
(7.6) {—5 * 8—5 + x(wg)} = E/o €. - go(p, @, t)dp,
. z=0
8p 1 h(e,L) R
{—5 * ot X(wg)} = R/o . - gr(p, e, t)dp,
z=L
p is 2m-periodic in ¢,
where
o h(p,z) 0
(7.7) x(wg) = / G(p, ¢, 2, t)wy (p, ¢, 2)dp,
0
h(p,z) 0
(7.8) x(w3) = /O G(p, p, 2, t)w;(p, ¢, z)dp.

8. PROOFS OF THEOREMS 3.3 AND 3.4

In this section we prove theorems characterizing the behaviour of problem
2.1 for large t.

PROOF OF THEOREM 3.3. If lim,_,o 7p exists, it is equal lim;—, o p(¢). In
the same way, lim, o 70, = limy—. o uy,(¢) and lim; o 78, = limy— o u,(¢) if
these limits exist.

We use the equations
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and the problem for p

L0p - o, 0p - :
A e 4 0 A e 4 0 — A0
SD( 3 S0+§vuvg,)+RaZ( 5. TEw;) =—iw in Q

1 [h(e,0)
=2 / &, - Godp,
= 0

~ 8]3 ~ 0 1 /h(ﬂavL) . .
Y - — . d ,

p is 2m-periodic in ¢.

Let us first show that lim,_,o7p = p*. The difference 7 = @ — p is the
solution of the problem

. 5 . . 1. 1 o0 ~ .. 10h w*=
dive,. [gvga,zﬂ} =divy,. {;(5 - Ehg)vga,zp - gwo] +nw — 5% —
69— LG Ve | v = (B - 20, a0,

7 is 2m-periodic in .
The estimate

) 1.1 - .
Vo 7|2 < C(|;(§ - Eh?’)v%zp 22(0) + €00 12 (0
10h w*>®

.. .90
+[Nw — 5%/17&2(9) + 190 — TlHl/Q(So)

. 9T
+lgr — T|H1/2(SL))'

is valid for 7. From the last result we see that for 77 = p> — 7p holds the
estimate

. o1 - i
Ve Tl2) < C(I(€— EhB)V%zP lz2(0) + [7€w°|r2(q)

o 1on L
+|riw — 30,1 lL2(0) + 1790 — 96" | /2 (s0)

+rgr — 97 12 (s,))-

12
lim, oV, .(7p — p>®) = 0 in L*(Q). This implies that lim; .. p(t) = p*
in H(Q) N L3(Q).

We consider now the difference |Ti, —uy[L2(c). Aslim, o G= $(p—h)p
and lim,; .o = 1— % u L*(C), we can conclude that lim; o u(t) = u> in
L?(C). O

As lim, o€ = Lh3 and lim,_o7) = %%,u in L>®(Q), we get that

PROOF OF THEOREM 3.4. We consider the difference m between p> and
p(t), m = p> — p(t). From the proof of the previous theorem for # = 2= —p
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we have the following estimate

) 1.1 N .
Vo 7|2 < C(|;(§—Eh3)va |22(0) + €00 r2(0)

. 10h w . 96°
+nw — 56_90MT|L2(Q) + |90 — T|H1/2(SU)

. 9z
+lgr — %|H1/2(SL))'
As
Reé _ _bh + bh cosbh ;I2sinbh > _bﬁl + b0 cosbﬁlb— 2 sin bB4 o
203 cos % 2b3 cos %

0,

for 7 = —b2 > — b € R, we can conclude that p(T — A) is defined for 7

2
close to 0 and

o0

. 0o . . p
tli{go exp(/\t”v«p,z(p(t) -Pp )|L2(Q) = TE}%LT V«p,z(p(T - >‘) - F_ )\)

L2(9)

A
Q
g
\]

1. 1 =
( :(5(7 —A) - Eh?’)v%zp |22(0)

10h w*>

+HE(T — M|z @) + AT = Na(r — A) — 29,5 :lL%Q)

1 .
A) — Ehg)h?(ﬂ) + 76T = N2

IN

Q

=

=
N
! ‘

~

—

2

|

. . 10h w™
+7|(T = Nt = A) —/\|L2(Q))

BT
+C lim exp(At) (I90(t) — 95° I mrr2(s) + 192(t) = 92 172 (5,))
= O7
for A < Aq, g—zu. This proves the assertion of Theorem 3.4. O
2

At the end we give a regularity result for the limit problem.

8.1. Regularity in time. The regularity in time for the limit velocity and the
limit pressure is given by the following theorem.

THEOREM 8.1. Let (u,p) be a solution to the problem (3.1)- (3.2). Then
we have
(8:2) tp € C([0,T); H' () N L§(2)),
(8.3) tu € C([0,T]; L*(C)).



DERIVATION OF THE REYNOLDS TYPE EQUATION 99

Moreover,
}EI}JHPUNHI(Q)ng(Q) = }5% tlu(t)|2(q) = 0.

PRrooOF. Using the finite difference in 7, from the problem (5.5) we get

the problem for a%(1’—:’ - @). Multiplying that problem by a%(ff’ - @)

after integrating over po {2, for a large |7| we get the estimate

3

0 P(0
|Vsoza (P - ( ))|L2(Q) <
3 . P(0
<o <|<s 4oV n(P - T
T
9 .. g0(0) 9 .. gc(0)
+|E(90 - T)|H1/2(So) + |8_(9L - T)|H1/2(SL)
1 -~ P(0 Bg L9 0
<0 (Z3190nP - Ty +1%2 + 2D s

39L QL(O)
Ho o+l

1 1 C
<O(— + )< —.
SCTE ) S
For 7 < 0o, we have the estimate
d  ~ P(0)
|V¢,ZE(P— N2 <
¢ ¢ : 39 L9
<o (|<5+r Ve P = P ey 41220 4 20,

59L gl( )
+Hoo |2 (s)

c /1 1 5940 1 5001
< m(mz 1722 4 0Oy + 17 + 92 Ol
<C
|T[*
As % P+ T%—lj =P- PS_O) + Ta%(ﬁ - Pio)), for % we can infer the
following estimate
op C
|v§02 p|L2 Q) —_ | |2

% is the Laplace transform of ¢p. Using the representation formula for the
-

inverse Laplace transform we can conclude that tp € C([0,7]; H*(Q)NL3(2)).
As
ou G op 0 [ gw
a- = z G z a_ )
or = oy Ve T V“"a+ar[0]
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1

9G _ O(rp) and L(go) = O(pz) for alarge |7|, with the same argument,

we get the assertion (8.3). O

pis
a =

(1]

[9]
[10]
[11]

[12]

Roughly speaking this theorem says that p is singular at ¢t = 0. For ¢t > 0,

regular in time, with the space regularity depending on the functions g,
0,L.
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