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ON RECTANGULAR INVERSE SYSTEMS OF
TOPOLOGICAL SPACES
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ABSTRACT. For every cofinite inverse system of compact Hausdorff
spaces X = (X, paar; ), there exists a cofinite inverse system of compact
polyhedra Z = (Z;',r;;i,A x T) and there are mappings u}: X\ — Z7,

’ ’

(A7) € A X T, such that uipyy = ri},uj,, for A < X, and {7 u] =
ul, for 7 < 7/. Moreover, for every A € A, the mapping uy: X, —
Zy = (Z;,T;;’,T), given by the mappings u}, 7 € T, is a limit of Z.
If mappings py: X — X, form a limit p: X — X, then the mappings
v] = uipr: X — ZJ form a limit v: X — Z. An analogous result
holds for cofinite inverse systems of topological spaces and ANR-resolutions
(polyhedral resolutions).

1. INTRODUCTION

By a rectangular or double inverse system we mean an inverse system
Z = (Zy,ru, N), whose index set N = A x T is the product of two directed
sets A and T'. By definition, A x T is ordered by the product ordering, i.e.,
A7) < (N,7), provided A < XN and 7 < 7. f v = (\,7) € A x T, we
denote Z, = Z() ;) by Z]. Similarly, if v = (A\,7) < (X, 7') = v/, we denote
Tuwt = T(ar) (V) DY TK: If 7 = 7/ or A\ = )\, we use shorter notation
riy and TKT/, respectively. We will refer to r],, and T;T/ as to horizontal and
vertical bonding mappings of Z, respectively. Clearly, if (A, 7) < (X, 7'), then
A7) <(V,1) < (V,7) and (A7) < (A7) < (N, 7). Consequently,

’ ’ ’ ’
(11) 'l";)\/'l";;r = TKX/ = T;T T;A/,
2000 Mathematics Subject Classification. 54B35.
Key words and phrases. Inverse system, rectangular inverse system, inverse limit, it-

erated inverse limit, compact Hausdorff space, compact metric space, polyhedron, ANR.

155



156 S. MARDESIC

which shows that the horizontal and the vertical bonding mappings determine
all bonding mappings in a rectangular system. For any fixed A € A, Z) =
(Z3, ’I”;T,, T) is an inverse system, called the vertical system of Z at level \.
The mappings 73,,: Z3, — Z3, 7 € T, form a level mapping rax: Zx — Z).
For A < N < )\H, TANTAN! = TAN- Similarly, for any fixed T € T, 7" =
(Z7,r3\, ) is an inverse system, called the horizontal system of Z at level 7.
The mappings T’KT/ : Z/(/ — Z3, A € A, form a level mapping P ZT 77

For 7 < 7' < 7", P e T T
If X = (Xx,pan,A) is an inverse system of spaces and u}: X — Z7 are
mappings such that

(1.2) ulpan = rivul, A <N,

then the mappings u}, A € A, form a level mapping u”: X — Z7. If

(1.3) Tl =}, T <7,

then the mappings u}: Xy — Z3, 7 € T, form a mapping ux: Xy — Z. If

both (1.2) and (1.3) hold, then wxpax = raxux and T
Assuming (1.2) and (1.3), every mapping p: X — X, which consists of

mappings py: X — X, induces a mapping v: X — Z, which consists of
mappings v} : X — Z7, where

(1.4) v} = uipa.

To see that the mappings v} do form a mapping of X to Z, one has to show
that, for (A, 7) < (N, 77),

(1.5) il = vy
Because of (1.1), the verification of (1.5) reduces to the verification of
T;;\,U;:’ =7 an/d Tl = v;. Howev/er7 by (1.4) and (1.2), r{y v} =
TX)\;u;//p,\/ = u/g pavpy = ulpn = v} . Similarly, by (1.4) and (1.3),
YT VY =TY Ul P = uipx = v;.

The purpose of the present paper is to prove the following results.

THEOREM 1.1. Let X = (Xx,pan,A) be a cofinite inverse system of
compact Hausdorff spaces. Then there exists a cofinite rectangular inverse
system of compact polyhedra Z = (Z}:,TH:,A x T) and there exist limits
uy: Xy — Zy of vertical systems of Z, A € A, such that wxpx' = Ty Uy,
for X< N,

REMARK 1.2. For a cofinite directed set A, denote by C, the category,
whose objects are inverse systems of compact Hausdorff spaces indexed by A
and whose morphisms are level mappings between such systems. Then the
horizontal systems Z7, 7 € T, of a cofinite rectangular system Z of compact
Hausdorff spaces and the level mappings r™™ : Z™ — Z7, 7 < 7', between
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horizontal systems of Z form an inverse system Z* in Cx. By Theorem 1.1,
the mappings u”: X — Z7, 7 € T, form a limit u*: X — Z* of Z* in Cj.

COROLLARY 1.3. Let X = (X,,, pnns, N) be an inverse sequence of metric
compacta. Then there exists a rectangular inverse system of compact polyhe-
dra Z = (Z,T,T,Tn’?,,N x N) and there exist limits w,: X, — Z, of vertical

sequences of Z, n € N, such that w,ppn = Tpp Uy, forn < n'.

REMARK 1.4. If X = (X,,, pnn’, N) is an inverse sequence of metric com-
pacta, Z, = (Z", r:fm/,N), n € N, are inverse sequences of compact polyhe-
dra and u, = (u'): X,, — Z, are limits, then it is not always possible to
define horizontal mappings 7., : Z,7 — Z]* and obtain a rectangular inverse
system Z = (Z™™, r,’frﬁl/, NxN) such that w,ppn = Ppp s, forn <n'. A sim-
ple example is obtained as follows (see [8], pages 363-364). Let X; = I = [0, 1],
let Xo = C be the Cantor set and let p12: C' — [0, 1] be the well-known Cantor
mapping. Let Z; consists of copies of I with identities as bonding mappings
and let uy: X3 — Z; be given also by identity mappings. Let us: Xo — Zo
be the standard expansion of C into an inverse sequence of finite sets. Then
there is no level mapping r12: Zo — Z1 such that wipi2 = ri2us. Indeed,
D12 is surjective and thus, p12 = r5usy’ would imply that also r{5: Z3* — I is
surjective, which is not the case, because r74(Z5") is a finite set.

THEOREM 1.5. Let X, Z and uy, X\ € A, have all the properties stated in
Theorem 1.1. If p= (pr): X — X is a limit of X, then the induced mapping
v: X — Z is a limit of Z.

The following corollary is an immediate consequence of Theorems 1.1 and
1.5.

COROLLARY 1.6. Let X = (X, pax, ) be a cofinite inverse system of
compact Hausdorff spaces with limit space X. Then there exists a cofinite
rectangular inverse system of compact polyhedra Z = (Z7, TK:,A x T) such
that, for every A € A, the limit space of the vertical system Z is X and the
limit space of Z is X.

THEOREM 1.7. Let X = (Xx,pan,A) be a cofinite inverse system of
topological spaces. Then there exists a cofinite rectangular inverse system of
ANRs for metric spaces (of polyhedra) Z = (Z;:,T;;:,A x T) and there exist
resolutions uy: Xy — Zx, A € A, such that uxpry = raxuy, for X < N,

REMARK 1.8. For a cofinite directed set A, denote by Sp the category,
whose objects are inverse systems of topological spaces indexed by A and
whose morphisms are level mappings between such systems. Then the hori-
zontal systems Z7, 7 € T, of a cofinite rectangular system Z of topological
spaces and the level mappings P ZT Z"7, T < 7/, between horizontal
systems of Z form an inverse system Z* in Sy. Moreover, the mappings
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u™: X — Z7, 7 €T, form a mapping u*: X — Z* in S;. By Theorem 1.7,
u* can be viewed as a resolution of X.

THEOREM 1.9. Let X, Z and uy, A € A, have all the properties stated in
Theorem 1.7. If p: X — X s a resolution of X, then the induced mapping
v: X — Z is also a resolution of X.

Corollary 1.6 was conjectured at the 1998 Dubrovnik topology conference
by Yu.T. Lisitsa (see [1]). The result was also quoted in Lisitsa’s recent
paper on strong shape of compact Hausdorff spaces ([2], Theorem 1). For
the proof he refers to [6]. However, in [6] (and also in [7]) only a weaker
assertion was proved, because the systems Z constructed in those papers
were not rectangular. More precisely, the index set of Z was the disjoint
union [, T of a family of (possibly different) cofinite sets Tx. A weaker
version of Corollary 1.6 appears in [3] as Theorem 4. In that version strict
commutativity of some of the diagrams is replaced by commutativity up to
homotopy. Theorems 1.7 and 1.9 generalize Theorems 1.1 and 1.5 to arbitrary
topological spaces. It is well known that in non-compact situations inverse
limits must be replaced by resolutions (see [5] and [4]).

The author wishes to thank the referee for suggesting that methods de-
veloped in this paper and a result of N. Uglesié¢ [7] could be used to obtain
the polyhedral version of Theorem 1.7.

2. SOME FACTS ON LIMITS AND RESOLUTIONS

In this section we recall some facts concerning inverse systems of topo-
logical spaces. We consider systems X = (X, pax,A), indexed by directed
ordered sets A. If the index set A is cofinite, i.e., every element has only
finitely many predecessors, we speak of a cofinite inverse system. A mapping
f=(f,fu): X =Y between inverse systems X and Y = (Y},, ¢uv, M) con-
sists of a function f: M — A and of mappings f,,: Xy, — Y, p € M, such
that, for u < ', there exists a A > f(u), f(u') such that

(2.1) JuPr(x = Quw FuPpuna-
A mapping f = (f, f.) is called special if f is increasing and

(2.2) Jubsao ) = Qo fur-

A special mappig, where f is the identity function, is called a level mapping
and is denoted by f = (f\). Composition h = gf of mappings f and g =
(9,9.): Y — Z = (Z,, 7y, N) consists of the function h = fg: M — A and
of the mappings h, = g, fy(): Xn() — Zy. The identity mapping 1y : Y —
Y consists of the identity function 157: M — M and of the identity mappings
1,:Y, =Y,

A mapping f = (f.): X — Y of a space X to a system Y consists of
mappings f,: X — Y, p € M, such that g, f,r = fu, for p < p/. A limit of
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a system Y is a mapping g = (g,): Y — Y, which has the following universal
property: for any mapping f: X — Y, there exists a unique mapping f: X —
Y such that qf = f. Limits always exist and are unique up to natural
isomorphism. If in a system Y all terms Y, are compact Hausdorff spaces,
then so is the limit space Y. Every compact Hausdorff space is the limit space
of an inverse system of compact polyhedra.

Resolutions of a space X are mappings p = (py): X — X = (X, pan, A),
which satisfy two additional conditions (see [5], 1,6.1, or [4], I1,6):

(B1) For every normal (numerable) covering U of X, there is a A € A and
there is a normal covering Uy of X such that the covering p}l(L{A)

refines U.
(B2) For every A € A and every normal covering Uy of X, there isa A’ > A
such that
(2.3) P (X)) € St(pa(X),Un).

If all X are normal spaces, condition (B2) can be replaced by the equivalent
condition:

(B2)" For every A € A and every open neighborhood U of the closure py(X)
in X, there is a A’ > X such that

(24) p)\)\/(X)\/) g U.

It is well known that, for X, Tychonoff and X topologically complete
(e.g., for X paracompact), every resolution p: X — X is an inverse limit.
Furthermore, if X and X, are compact Hausdorff spaces, also the converse
holds, i.e., if p: X — X is an inverse limit, then p is a resolution. It is also
known that every topological space X admits an ANR-resolution (a polyhedral
resolution) p : X — X, i.e., a resolution such that all X are ANR’s for metric
spaces (are polyhedra with the CW-topology). For the proofs of these results
see, e.g., [5] or [4].

The following cofinality lemma will prove useful in the next section.

LEMMA 2.1. Let X = (Xx,pan,A) and Y = (Y, quu, M) be inverse
systems of topological spaces and let f = (f, fu): X — Y be a special mapping
of systems such that the function f: M — A is cofinal and every f,,: Xy, —
Y., n € M, is a homeomorphism. If p: X — X is a resolution, then the
composition q = fp: X —'Y is also a resolution.

PrROOF. If p consists of mappings py: X — X, A € A, g consists of
mappings q, = fupsu): X — Yu, p € M. Let U be a normal covering of
X. Since p is a resolution, there exist a A € A and a normal covering U of
X such that (py)~!(Uy) refines U. Since f is cofinal, there exists a p € M
such that X < f(u). Since f,,: Xy(,) — Y, is a homeomorphism, there exists
a normal covering V), of Y, such that f,° v, = p;;(#) (Uy). Consequently,
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0 Vi) = Prnli ' Vu) = piiapijon M) = py'(Us) refines U, which is
property (B1) for q.

To verify property (B2), consider 1 € M and a normal covering V,, of Y),.
Then consider the normal covering fu_l (V) of Xy (). By property (B2) for p,
there exists an index X > f(u) such that pg(,)x(Xx) C St(psu) (X), £, (V).
Since f is inceasing and cofinal, there exists a p' > p such that f(u’) > A.
Moreover, quu fur = fuPsu) ), because f is a special mapping. Since f,
is a homeomorphism, Y, = f./(Xy(.)). Therefore, taking into account the
fact that q, = f.ps(u), one concludes that

G Ypr) = Qe o (Xf(u’)) = fupf(u)f(u’)(Xf(u’))

(2:5) = JuPraPar) (X pen) € Juppna(X3)
C Su(St(pr( (X), [ (Vi) = St(qu(X), Vi),
which establishes property (B2) for q. O

3. PROOF OF THEOREM 1.7 IN THE ANR CASE

The proof consists of the proof of Theorem 2 in [6], enriched by additional
arguments. We give here the entire proof divided in eight steps, referring only
for some details in some of the steps to the corresponding parts of [6].

STEP 1. Consider the family (X, A € A) of all terms of X. For every
A € A, choose an ANR-resolution ey = (€3): Xy — Y = (Y7, €5, Ay). Let
M = ] ca Ax be the product of the ordered sets Ay, i.e., elements of M
are functions p with domain A and values p(A\) € Ay, for all A € A. Put
u < p’ whenever p(A) < p/(A), for all A € A. Note that M is a directed
ordered set. Now put X{ = YA”()‘), p’)f“/ = e‘)f()‘)“l()‘) and ph = ei(A). Then
X, = (Xﬁf,p’)f“/,M) is an inverse system and the mappings py: Xy — X/
form a mapping py: X, — X. Let f: Yy — X, be the special mapping
give by the increasing function f: M — Ay, where f(u) = pu()), and by the
identity mappings f*: Y/\f(”) = Y)\“(A) — Y)\“(A) = X!'. Note that f is cofinal,
because, for any 6 € Ay, any function p such that p(\) = ¢ and p(N) €
Ay, for N € A, belongs to M and has the property that f(u) = 6. Since
ex: X) — Y, is a resolution, Lemma 2.1 implies that also fey: Yy — X, is
a resolution. However, fey consists of mappings f”ef\c(“) = e’;()‘) = ph, which
shows that fex = p, and thus, p, is a resolution. Note that all systems X,
A € A, are indexed by the same set M.

SteEP 2. For (A\,u) € A x M, consider the product Yy = [].., X{.
Since A is cofinite, every set {¢ € A|¢ < A} is finite and therefore,_Y/\” is
an ANR. Also consider the mappings qﬁf“/ = HCSApQL“/: YA“/ — Y}, defined
for p < /. Then Y = (Y/\“,qf\‘”,,M) is an inverse system. Moreover, the
mappings p;pca: Xx — Xy, ¢ < A, into factors of Y}, determine mappings
¢y : X» — Y}, which form a mapping ¢g,: X — Y. We claim that g,
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has property (B1) (see Lemma 5 in [6]). Indeed, If U/ is a normal covering
of X, by property (B1) for p,, there exists an index y € M and an open
covering V of X} such that (p§)~'(V) refines &{. Consider the open covering
W of Y{', consisting of the sets W = ([],_, X{') x V, where V' € V. Clearly,
(X)~TOW) = (p})~1(V) and thus, it refines U.

STEP 3. Order A x M by putting v = (A, ) < (N, /) = v/, whenever
A < XN and g < p'. Define a rectangular inverse system of ANR's Y =
(Yo, v, A x M) as follows. Put Y, =Y} and for v < v/, let g, : Y, — Y
be the composition of two mappings. The first one is the natural projection
Vi = [lean X¢ = [lecn X¢ =YY" and the second one is the mapping
A" Y] — Y] Note that

(3.1) G d’y = "pax.

This is so lljec:ause, for ¢ < )\, the ¢-coordinate mapping of the left side of (3.1)
equals pi ¢’ pex = pjpex s while the (-coordinate mapping of the right side
of (3.1) equals p/pcapar = pipen- Also note that, for A = X, g = qf\‘“,.

STEP 4. For A € A, let Ty be the set of all pairs v = (u, G), where
p € M and G is an open neighborhood of the closure ¢§(X») in Y{". Since
Y)\“ is an ANR, so is G. Order Ty by putting v < 4/ = (¢, G’"), whenever
p < p/ and ¢§* (G') € G. Put S = G and define s]” : S} — SY, v <4/,
as the restriction ¢\ |G': G' — G of ¢§"" . Then Sy = (S7,s)” ,I')) is an
inverse system of ANRs. The restrictions of the mappings ¢: X\ — Y
to the codomains G are mappings s): X\ — S}, which form a mapping
sx: Xx — Si. Moreover, sy is a resolution (see Lemma 2 in [6] or Lemma
6.24 of [4]). Indeed, if U is a normal covering of X, then (B1) for ¢, yields a
p € M and anormal covering V of Y} such that (¢}) ~' (V) refines . However,
the pair v = (p,Y}") belongs to I'y, S = Y{" and s} = ¢§. Therefore, V is
an open covering of S} and (s})~'(V) refines U, which proves (B1) for s,.
Now assume that v = (u,G) € Ty and U is an open neighborhood of the
closure of s] (X)) in S} = G. Clearly, this closure coincides with the closure
of ¢§(X)) in Y}. Therefore, v/ = (u,U) also belongs to I'y and v < 7/,
because ¢\ (U) = U C G. However, Y/\'Y/ = U and s}’yl (Y/\'yl) ="(U)="U,
which shows that s, also has property (B2)'.

STEP 5. Consider the disjoint union I' = [, ., I'x and order it by putting
v =(g,G) < (W,G) =4+, for v € Ty, v/ € Ty, whenever v = (\,u) <
(N,p) =7 in A x M and ¢,,-(G') C G. Note that the restriction of this
ordering to I') coincides with the previously defined ordering on I'y. Also
note that for every v € T'y and every X > )\ there exists a v/ € 'y, such
that v < ' in T'. Indeed, if v = (u, G), then G is an open neighborhood of
¢y (Xx) in Y and v/ = (N, ) > v = (A, ). Since, by (3.1), ¢\pax = @ dh,
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we see that g, (qy (X)) € qur (g3 (Xx)) = g (pan (X)) € ay(Xx) € G.
Consequently, there exists an open neighborhood G’ of ¢}, (X)) in Y}, such
that ¢,/ (G') € G. This means that v = (u,G') € T'y has the property
that v < 4/ in I. It is now easy to see that I' is directed. Indeed, if v; =
(i, Gi) € Ty, for i = 1,2, and we choose A > A1, A\, then there exist
elements 71,74 € 'y such that v; </, ¢ = 1,2. Since 'y is directed, there
exists an element 7' € Ty, such that v} < +/, ¢ = 1,2, and thus, v; < v/,
i=1,2.

We now define an inverse system S = (S, s,,/,I"), consisting of ANRs,
as follows. If v = (4, G) € T'y, we put Sy, = S =G and if v/ = (/,G’) € L',
v < 4/, we define sy : Sy — Sy as the restriction G |G G — G of
Qoo Y/\‘f, — Y. Note that, for A = X, sy, = s]7, because S'W is the
restriction of ¢,/ to the domain G’ and the codomaln G, while s7 A is the

corresponding restriction of ¢\** " However, for A = X, q,,» = ¢)" ", Also note
that (3.1) implies

/

(32) Syy/Sx = SAPAN-

In the special case when A = )\, (3.2) becomes swfs}/ =s].

STEP 6. Let T be the set of all functions 7: A — T' such that 7(\) € Ty,
for A € A. Order T by putting 7 < 7/, whenever 7(\) < 7/()\), for all A € A.
The subset T C T, consisting of all increasing functions 7, is cofinal in T, ie.,
for an arbitrary 79 € T, there exists an increasing function 7: A — I' such
that 7(A) € T'y and 79(A) < 7(A), for all A € A. Indeed, we can construct such
a function 7, defining 7(\), by induction on the number of predecessors of .
This number is finite, because A is cofinite. If the number of predecessors of
Ais 1, we put 7(\) = 79(\). Now assume that Aq,..., A, are all predecessors
of X\ and that we have already defined 7(\;) € Ty, so that 7o(X;) < 7(\;),
for i € {1,...,n}. Since \; < A, by Step 5, there are elements ~; € Ty such
that 7(A;) < «; in T. Now put 7(\) = ~, where v € T’y and v > ~;, for
ie{l,...,n}, and v > 79(A). Such a v exists because Ty is directed. It is
now easy to conclude that the set T is directed. Indeed, T is directed, because
the sets I'y are directed. Therefore, if 7,7 € T C T there exists a function
70 € T such that 71,7 < 79. By cofinality of T" in T, there is a function 7 € T
such that 79 < 7 and thus, 7,7 < 7.

We now define an inverse system Z = (Z7,75%,A x T), whose index
set A x T is the product of directed sets A and T. For (\,7) € A x T,
put Z{ = S-( and for (A\,7) < (N, 7'), put TK: = S;(\)r(v)- Note that
7(A) < 7'(N), because 7 < 7/, and 7'(A\) < 7/(N'), because 7' is an increasing
function. Consequently, 7(A) < 7/(\) and the mapping s,y (n) is well
defined. It readily follows that (1.1) is fulfilled and thus, Z is a rectangular
inverse system of ANRs.
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STEP 7. For a fixed A € A, consider the system Sy = (57, s}v/,l",\) and
the resolution sy: X\ — S. Also consider the function f: T — Ty, defined
by f(7) = 7(A). This function is increasing and cofinal. Indeed, 7 < 7/ implies
7(A) < 7/(A) and for an arbitrary element v € T'y, there exists a function
70 € T such that 79(\) = v. Consequently, by Step 5, there also existsa T € T
such that 7 > 79 and thus, f(7) = 7(A\) > 79(\) = . Now consider the special
mapping f = (f, f7): Sx — Z, to the vertical system Z, = (Z;,’I”;T,,T) of
Z at level A\, where f7: S{m = S’;(A) — S;(A) = 8-\ = ZJ is the identity
mapping. That f is indeed a special mapping follows from fTsﬁ(T)f ™ =
sTITN — Sryrny =1y = 1{7 f7, for T < 7. The composition uy =
fsx: X\ — Z) consists of mappings u} = fTsf\(T) = S;\(A): X, — S;(A) =
Z3. An application of Lemma 2.1 shows that uy: Xy — Z) is a resolution.
The mappings u] satisfy condition (1.3), because uy: Xy — Z) is a mapping.

They also satisfy condition (1.2), because it assumes the form S;\(A)p)\x =

sT(A)T(A/)s;,(X), which is a special case of (3.2).

We have thus, constructed all objects and proved all properties required
by Theorem 1.7 with one exception, A X T' need not be cofinite. We will obtain
this last property by applying to the already obtained construction a known

procedure which converts arbitrary systems to cofinite systems (see Lemma
6.31 of [4]).

STEP 8. Let Z* = (Z3*,13%%,A x T*) be a new rectangular system
defined as follows. T™* is the set of all finite subsets o of T' (endowed with
the ordering inherited from T') such that « has a terminal element @ € T.
Because of anti-symmetry, @ is uniquely determined by a. The ordering <
of T™ is given by the inclusion C. Clearly, T™* is cofinite. Note that a1 < as
implies @; < @. Put Z3* = Z% and 735 = 135/, Also define mappings
uy®: Xy — Z3% = Z9 by putting uf® = u§. Note that the analogues of
(1.2) and (1.3) hold. Indeed, (1.2) assumes the form u}*pry = r3Sui’,
which is equivalent to u§pyy = r§,u$,. Similarly, (1.3) assumes the form
ri‘m/ u’/{o‘/ = u}®, which is equivalent to 7§ r¢" = uf. /

It remains to prove that the mapping uy: X — Z3 = (Z3*, 7% ,T%),
formed by the mappings u}®, is a resolution. Consider the special map-
ping f = (f, f*): Zx — Z}, where f: T* — T is given by f(a) = @ and
for Z;((a) = Z¥ — Z{ = Z3 is the identity mapping. That f: Z\ — Z3
is a special mapping follows from the fact that f increases and forgy =
rfﬁ‘,’ = Tﬁ?‘/ o Moreover, f is cofinal, because, for every 7 € T, the ele-
ment o = {7} € T* has the property that f(a) = {7} = 7. Note that the
composition fuy: X\ — Z3 consists of mappings f*u® = u§ = u}* and
thus, coincides with 3. Since uy: X\ — Z) is a resolution, an application
of Lemma 2.1 yields the desired conclusion that also u} is a resolution. O
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4. PROOF OF THEOREM 1.7 IN THE POLYHEDRAL CASE

The proof of Theorem 1.7 in the ANR case does not apply to the polyhe-
dral case, because the Cartesian product of two (infinite) polyhedra need not
be a polyhedron (CW-topology). Therefore, we give a different proof. It con-
sists of a result of N. Uglesi¢ (see[7], Theorem 2), here stated as Proposition
4.1, and of additional arguments, which we will describe in details and which
are similar to some arguments used in the ANR case.

PROPOSITION 4.1. Let X = (X, par, A) be a cofinite inverse system of
topological spaces. Then there exist cofinite polyhedral resolutions qy: X\ —
Y\, A € A, and there exist mappings van: Y — Y, A < X, such that
g \Pxx' = Uxxqgy- MOT’EO’UBT‘, VANV N = VN7, fm’ A S )\/ S /\//, and
Vi — id.

The assertion that the polyhedral resolutions g, : Xy — Y are cofinite
is not included in the statement of Theorem 2 of [7]. However, this follows
from the proof of that theorem (see e.g., Remark 2 and a remark in the

proof of Lemma 2 of [7]). Let Y, = (Yf,q’;“/,M,\) and let g, be given
by mappings ¢ : Xx — Y{', p € M. Let the mappings vy be given by
functions vy : My — M) and by mappings vf,, : Y;,“'(“) — Y} such that,
for p, ' € My, p < 1, there exists an index v € My, v > van (1), vax (1),
for which

(4.1) vf\‘/\,qz}\?”(ﬂ)u =g\ vf\ﬂ\/qif*'(“ ».

Note that whenever (4.1) holds for some v, then it also holds for every v’ > v.
To see this it suffices to compose (4.1) on the right with qKV/.

Following the proof of Theorem 3 in [7], we now consider the coproduct
M = [],ca Mx on which we define an ordering < as follows. If u € My,
w € My, we put u < g’ provided A < X and for every pu* € My, p* < u, one
has vy (u*) < @/ (in particular, vy (@) < p') and
(42) Ué\t;lq;’\/A/\/(#*)#l — qﬁ\t*#vé\t)\lqi;\xl(#)#,.
If A = X, vy is the identity mapping and thus, condition vyy (p*) < g
becomes p* < p (in particular, g < p'), while (4.1) assumes the form qf\‘*“l =
q‘;*“ " /, which always holds. Consequently, the new ordering, restricted to
M, coincides with the original ordering on M. This implies antisymmetry
of < on M. Indeed, if u € My, ' € My, p < g/ and p/ < p, then X < N
and N < X and thus, A = ). Since < on M, is antisymmetric, it follows
that p = p/. To prove transitivity of <, assume that p < p/, ¢/ < p” and
@* < p. Then the first inequality implies vyy (u*) < p’ and (4.2). Since also
van (1) < g, the second inequality shows that vy (van (p*)) < p”,

v (1) v (s ()"’ o () ! o (1)p”
(43) U}\/)\// q)\u = q)\’ v)\’)\”q)\” )
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v v v v v
(44) ’U)\;\)A\’/’(M) /\//\//( /\)\’(M))M — q}\,\xl(ﬂ)ﬂ M, Nq lA/’A“ (H )M .
Note that vyyva oy = vyys implies vyarviNn = Varr, UM,UA,*)\*,,(“ ) — v‘;)\,,

and U)V\/v/\%/{,',(“) = v},,. Therefore, vyy-(u*) < p and, by (4.3), (4.2) and
(4.4),

* v " v
(45) v)\}\//q}\;\,x“ ()" _ q)\ v)\}\//q}\;\,x“ (l‘)#

and thus, p < p”.

In the sequel we will need the following property of M: If u € My and
A < X, then there exists a u’ € My such that p < p/. Indeed, since M) is
cofinite, the set of all predecessors of p in M) is a finite set {uf,...u5}. By
property (4.1) of vy, for every 1 <i < k, there is a v; € M), such that, for
1 <id <k, v (15), v (1) < vi and

(4.6) AR P = g g

Choosing for p’ an element of My, such that vq,...,v < u’, one concludes
that, for all predecessors pf of u, vax (uf) < p' and also

(4.7) vM, qi}vw (ui)w qgtl “vM, g (W’

By definition, this means that u < p'.

We now define a new ordered set T as follows. Let T be the set of all
functions 7: A — M such that 7(\) € M,. Order T by putting 7 < 7
provided 7(\) < #/(\), for all A € A. Clearly, T is directed. Let T be the
subset of T consisting of all increasing functions 7: A — M.

For any function 7 € T, there exists a function 7 € T such that 7 < 7.
We define the values 7()), using induction by the number of predecessors of
A. If this number is 1, we put 7(A) = 7(A). If we have already defined values
7(Ai) € My, (i) < T(N\;), for all predecessors A1, Ag, ..., Ax of A, different
from A, we choose (using the above stated property of M) elements u; € M)
such that 7(\;) < p;. Then we take for 7()\) any element p € M) such that
W i, fk, T(A). By the transitivity of <, 7(\;) < 7(A) and 7(A) < 7(A).
The first property implies that 7 is an increasing functions from T,ie,7eT,
and the second property implies that 7 < 7. It is now easy to see that T is a
directed set. Indeed, let 71,75 € T C T. Clearly, there exists a function 7 € T
such that 7,7 < 7. If we choose 7 € T such that 7 < 7, then 7,75 < T.

We will now define a rectangular system of polyhedra Z = (Z7, 73} )\, ,A %
T). For A€ A, 7 € T, put Z] = Y{™N. For A < X, 7 € T, we define
v 2y — 45 by putting

A) v (T(A)T
(48) 1Ty = Mgl ),

i.e., by taking for 73 ,, the composition of the mappings qv“'( TONTAY. Z3 =

YA,(” Y T and o[ v Ty T = 270 Note that 13,
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is well defined because 7 is an increasing function and thus, A < )\ implies
T(A) < 7(XN), 7(X) € My and 7(N') € My . However, by the definition of the
ordering < in M, the latter inequality implies vax (T(A)) < 7(N). For A € A
and 7 < 7/ we define r} ZA — Z7, by putting

! T(N)T
(4.9) ri’ = qA( o,
Let us show that, for A < X < X', 7 € T, one has
(410) T;)\’TX’)\” = T;)\N-
Indeed, by (4.8),
T vy (TONTN) 7)) vy (TN T (N
(A11) T = o[ gh TODTDm V) v GO

Moreover, since vax (7(A)) < 7(X) and 7(N) < 7(N), (4.2) yields
(4.12) qX,MI(T(/\))T( N T(A)qvxun(T(/\) )TN 'U/\)\’(T()‘))q;)\/\”( T

POAY = U\
Consequently,
(4.13)
P = v;g\)‘)vz;\;\\’(‘r()‘)) AN (T)T(\) _ T(A) ;hw(f(/\))f(k”) =17
The verification that A € A and 7 < 7/ < 7" yields
(4.14) T’;T T; = ’I’;T

is straightforward. In order to complete the proof that Z is a rectangular
inverse system, it remains to show that

’ ro
(4.15) T;A/T‘;T = T';T T;)\U )\ S )\I, T S TI,

First note that 7 < 7/ implies 7(A) < 7/(A\). Therefore, by 7/(\) < 7/(\)
and by the definition of the ordering <,

(4.16) vTQ) U/M/(T(A)) ‘) _ q;(k)r (A)UIA(/)\)L];,“/(T )T ()
(4 16) yields (4.15) if one takes into account that r7,, = v;()‘) ;’\M/(T(’\))T()‘/)j

K = o] Wi TONTN) 4 g o (TONT ) _ goanr (FONTN) ()7 ()

For a ﬁxed A € A, consider the resolution g, : Xy — Y . Also consider
the function f: T — My, defined by f(7) = 7(A). This function is increasing,
because 7 < 7' implies 7(A) < 7/(\). Moreover, f is cofinal. Indeed, for
an arbitrary element p € My, we first define a function 7 € T, by putting
7(A) = p and by taking for 7(\'), A’ # A, any value in M,. Then we choose
for 7 a function from T such that 7 < 7. Clearly, f(7) =7(\) > 7(\) = u.

Now consider the special mapping f = (f, f7): Y\ — Z) = (Z;:,T;T/,T),
where f7: V{7 = y7® — y7T™ — 77 is the identity mapping. That f is

indeed a special mapping follows from the equality 737 f7 = q;(A)T/(’\) =

qu;(A)T,(A)- The composition uy = fg,: Xy — Z, consists of mappings
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ul = quf(T) = q;(’\): Xy — Y/\T(’\) = Z7. An application of Lemma 2.1
shows that uy: X\ — Z, is a resolution.
Now let us prove that wapay = raxuy, ie., uipry = 75, u),. Indeed,

g,\Prx = Vanq, implies q/\( )pM/ = vT()‘) f\“/( ) Since
(417) q;lx/\/( 7(N) — qz;\A/(T(A))T(A )q;l(x)

and r7,, is given by (4.8), we see that ulpyy = q;(k)p»\/ = UIS)QK?*/(T(/\)) =

A ST (N
v;E\,)qi,“ (M) )q;,( ):rb,u;,.

In this way we have proved all the assertions of Theorem 1.7 in the poly-
hedral case, except for the cofiniteness of T'. To obtain also this property, it
suffices to repeat Step 8 from the proof of Theorem 1.7 in the ANR case. [

5. PROOFS OF OTHER RESULTS

PRrROOF OF THEOREM 1.9. We need to prove that v is a resolution of X,
i.e., it has properties (B1) and (B2). To establish (B1), assume that U/ is a
normal covering of X. Then, by property (B1) for p, there exists a A € A
and a normal covering Uy of X such that py ' (Uy) refines U. Using (B1) for
uy, we conclude that there exist a 7 € 1" and a normal covering U3 of Z7]
such that (u}) =1 (UY) refines U,. Since v} = ulp,, it follows that (v]) =1 (UT)
refines U.

To establish (B2) for v, assume that U] is a normal covering of Z] and
let V] be a normal star-refinement of /j. Consider the normal covering
Vi = (u})"1(V]) of X,. By (B2) for p, there exists a \’ > \ such that

(5.1) Pan (X)) € St (pa(X), V).
We claim that
(5.2) ulpav (Xa) C St (03 (X), V5).

Indeed, by (5.1), for every z € X/, there exists a member V) of V) and
a point y € V) N pxa(X) such that pyx(z) € V). Moreover, there exists a
member V' € V] such that (u})~!(V) = Vi. Consequently, ulpry(z) € V,
uS(y) € V and u(y) € u§(mr(X)) € wpa(X) = v5(X). The last two
relations show that V' C St (v](X), V{) and thus, ulpx (z) € St (v (X), V),
which establishes (5.2). By (1.2), u{pax = i, u}, and thus, (5.2) becomes

Now consider the normal covering Vi, = (r,,) "' (V]). We claim that
(5.4) i (St (u, (X)), V5) C St (v} (X),U3).

Indeed, if y € St (u},(Xx),V]), then there exists a member V' of VI, such
that y € V' and V' Nuf,(Xy) # 0. Since V' is open, it follows that also
V' nul,(Xy) # 0 and thus, 71, (V') Nnri, ul, (Xx) # 0. By the definition
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of VY, there exists a member W of V] such that V' = (r],,)""(W) and
thus, W N ri, uf, (Xx) # 0. Now (5.3) implies that W N St (v](X),V}) #
(. Consequently, there is a member W’ of V] such that W N W’ # @ and
W' No](X) # 0. Since V] is a star-refinement of U], there exists a member
U of U] such that WU W' C U. Clearly, U Nv}(X) # 0 and thus, r,,(y) €
i (V') CW C U C St (v](X),U]), which establishes (5.4).

By property (B2) for the resolution wy : X» — Zy/, there exists a 7/ >
7 such that 737 (Z3) € St (u}, (Xx),V§) and thus, by (5.4), 735, (Z5) =
i ryT (Z/\/) g 750 (St (ug, (Xa), VT)) € St (v1(X),U), which shows that
v also has property (B2).

O

PRrROOF OF THEOREMS 1.1 AND 1.5. A proof of Theorem 1.1 is obtained
by a small variation of the proof of Theorem 1.7 in the ANR case. All spaces
which appear in the proof are compact Hausdorff spaces. Therefore, resolu-
tions and limits coincide. Whenever in the proof of Theorem 1.7 appears an
inverse systems of ANRs, at the corresponding place in the proof of Theorem
1.1 we have a system of compact polyhedra (which are always compact ANRs).

In Step 4, instead of considering open neighborhoods G of ¢§(X) = ¢4 (X))
in Y, we consider neighborhoods of ¢4 (X) in Y}, which are compact poly-
hedra. Another proof is obtained from the proof of Theorem 1.7 in the poly-
hedral case. Indeed, in the proof of Proposition 4.1 (see [7]) all members Y*
of Yy are either nerves of open coverings of X or subcomplexes of their sub-
divisions. In the compact case, it suffices to consider finite open coverings.
Consequently, one can assume that all Y}, hence also all Z] = Y; )
compact polyhedra.

Theorem 1.5 immediately follows from Theorem 1.9. Indeed, if p is a limit,
then it is also a resolution. Consequently, v is also a resolution. However,
since we are in the compact situation, this resolution is actually a limit. 0O

, are

The proof of Corollary 1.3 uses the following elementary lemma on di-
rected sets.

LEMMA 5.1. In a directed set M every countable subset M' C M
is contained in a countable directed subset My C M. More precisely, if
M’ = {p1, pa,...}, then there exists an increasing sequence mi < mg < ...
of elements of M such that p; < m;, for i € N, and thus the set My =
M'U{mqi,ma,...} is a countable directed subset of M, which contains the set
M’ and the set {m1 < mqy < ...} is cofinal in M.

PROOF. We define the sequence m; by induction, beginning with m; =
(1. Assume that we have already defined m; < mg < ... < m; in such a way
that u; < my, for 1 < j <i. We take for m;;1 an element of M such that
M1 = My, flig1- O
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PROOF OF COROLLARY 1.3. Let X = (X,,pnn,N) be an inverse se-
quence of metric compacta. By Theorem 1.1, there exists a rectangular in-
verse system of compact polyhedra Z = (Z¥, ’I”ZZ:,N x M) and there exist
limits w, = (u*): X, — Z, of the vertical systems Z,, = (Z=,r# M) such
that ulpp, =rh ul, for n <n' and p e M. Since X, is a metrizable com-
pactum, there exists a countable collection of open coverings {U:]i € N} of
X, which form a basis of open coverings of X, i.e., for every open covering
U, of X, there exists an i € N such that U! refines U,,. By property (B1)
of u,,, for every i € N, there is a u, € M and there is an open covering V!
of Z! such that (uﬁ;)_l(Vfl) refines U.. Clearly, M’ = {ui|(n,i) € N x N}
is a countable subset of M such that for every directed subset M" C M,
which contains M’, and every n € N, the restriction u,|M": X,, — Z,|M"
has property (B1). By Lemma 5.1, there exists a countable directed subset
M; C M such that M’ C Mj.

We will now define by induction a sequence of countable directed subsets
My € My C ... of M such that, for every u € My, every n € N and every
open neighborhood V* of r#(X,,) in Z#, there is a y' € My41, ¢/ > u, such
that 2+ (Z') C V*. The initial term M; has already been constructed. Now
assume that we have constructed the terms M, ..., My, k > 1. To construct
Mj41 associate with every n € N and every u € My, a basis {V/|i € N}
of open neighborhoods of u#(X,,) in Z¥. By property (B2) of u,, there are
indices i, > p in M such that r» (Zhn) C Vi, Clearly, My U {yi|(n, i) €
N x N} is a countable subset of M. Therefore, by Lemma 5.1, there exists
a countable directed subset My C M, which contains My U {ut|(n,i) €
N x N}. Now let n € N, p € My and let V be an open neighborhood
of u#(X,) in Z!. There exists an i € N such that V/* C V/ . Clearly,
W = pi € Myyy, i/ > poand v (X#) C VF C VE. Clearly, the union
My = M;U M>U...is a countable directed subset of M such that, for every
n € N, the restrictions w,|My: X,, — Z,|My have property (B2). Since
My D M’ the restrictions u, | My also have property (B1). Consequently, the
rectangular system of compact polyhedra Z|(N x Mj) has the property that
the mappings w,|My: X,, — Z,|My are limits. Since My is countable, the
second statement of Lemma 5.1, applied to M’ = My, yields an increasing
sequence m1 < mo < ... of elements of My, which forms a cofinal subset Ny of
M. Therefore, restricting Z to N x Ny, we obtain a new rectangular system
where the mappings w,|No: X,, — Z, are limits of its vertical systems. If
Ny is infinite, there is no loss of generality in assuming that Nog = N. If Ny is
finite, we can repeat its last row infinitely many times and thus, again assume
that No = N. O
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