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ON A GENERALIZATION OF THE SINE FUNCTION

TOMASZ SZOSTOK
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IIIIJrT‘yH
||z
with Birkhoff-James orthogonality is considered. This function may be

used in functional equations theory, to provide unconditional equations in
place of orthogonal equations in the sense of Birkhoff-James. Moreover, we
deal with another generalization of the sine function which, in particular
leads to a characterization of inner product spaces.

ABSTRACT. A function s(z,y) = infyegr

strictly connected

1. INTRODUCTION

The main idea of the present paper comes from the theory of conditional
functional equations. More precisely we talk about the so called orthogonal
equations. Consider, for example, the well known Cauchy equation

(1.1) fla+y) = flx)+ fy).
Any solution of this equation is called an additive function. Let us now
consider the related conditional equation

(1.2) vly = flx+y) = f(z)+ f(y)
The condition Ly may be understood in various ways. For instance, if we
deal with functions defined on inner product spaces then we can use the
orthogonality defined by an inner product. In an abstract normed linear
space the orthogonality has to be defined in another way. The most widely
used kinds of orthogonalities are:

James orthogonality

wlyy < llz+yll = llz—yl;
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30 T. SZOSTOK

Birkhoff-James orthogonality
zlpyy < (|lz+ Myl > ||z for all X eR);
and Pythagorean orthogonality
elpy & llz+yl?* = ll2l* + ly]*.

Clearly, every solution of equation (1.1) is a solution of (1.2). The converse
implication is false, in general. For example if X is an inner product space
and f: X — R is defined by the formula f(z) := ||z||?, then f is a solution
of (1.2) that is not additive. Have a look at the equation

_ (== yll)
(1) fatn) =g (20 @) + £l
It is an unconditional equation and it may be assumed for almost all values
of z and y. Every additive function f is a solution of this equation ( with
function g = 1) and f(x) = ||z||? is also a solution of this equation ( with
gla) = H_%) That means that equation (1.3) preserves the most important
solutions of (1.2). Further taking here z,y # 0,z ;y we obtain

2,y # 0,2 L5y = flz+y) =9(D)[f(z) + f(y)],

which means that we get a modified version of James orthogonal additivity
as a special case of equation (1.3). Consequently, this equation can be easily
solved with help of results concerning orthogonally additive functions (see [2]).
In the case of normed spaces which are not inner product spaces Gy. Szabd
papers devoted to James orthogonal additivity [3] and [4] are useful. Such
problems were considered in papers paper [5] and [6]. A natural question
arises whether a similar procedure may be applied with respect to another
orthogonalities. In order to deal with the Birkhoff-James orthogonality we

”;”;Z” connected with the

may consider a function similar to the quotient
James orthogonality, namely

el Ayl
P Y A
s(z,y) |

Then the following equation is to be considered

flx+y) =g(s(z,y)[f(x) + fly)].

However, our present goal is only to examine some properties of the function
s just introduced.

2. RESULTS

We begin with the following
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DEFINITION 2.1. Let (X, || - ||) be a real normed linear space. Define a
function s : X x X — R by the following formula:

: llz+2yll
1, z=0.

Note that, actually, the infimum in definition of s is achieved and con-
sequently may be replaced by the minimum. The following properties of
function s are obvious.

PROPOSITION 2.2. Let (X, | -||) be a real normed linear space and let o, B
be some nonzero real numbers. Then s(ax, By) = s(x,y) for all z,y € X.

Further function s takes all its values in the interval [0,1], and s(z,y) =0
if and only if x,y are linearly dependent.

Function s is strictly connected with the Birkhoff-James orthogonality.
Namely we have the following simple

REMARK 2.3. Let z,y be given elements of a normed linear space X (||-]|)-
Then
xlpyy< s(z,y) =1.

REMARK 2.4. Let (X, (-|-)) be an inner product space. Then

__(=ly)?
[l flyll?

in particular s(z,y) = s(y, z). On the other hand if (X, ||-||) is a normed space
of dimension at least 3 and we have s(z,y) = s(y,z) for all z,y € X, then X
has to be an inner product space.

(2.1) s(z,y) = for all z,y € X\ {0};

PRrOOF. Fix z,y € X z,y # 0 and put a := ||z[|?,b = ||y||?, ¢ := (z|y).
We shall determine the real number Ay such that for this number the expres-

sion h()\) := ”ﬁmy” is minimal. Since h is nonnegative it suffices to consider
its square:
|2+ Ayl a+2Xc+ A%
]2 a '
Obviously, the latter expression (and hence also h) is minimal for Ay = —%.

Using this value of \ we get

a+ 2Xoc + A\2b a—2%c+ Sb

s(oyy) = | A Lo
c? 2 2

— 1_L:1/1_C_: 1_%_
\ a ab ]2 |y

Now, assume that X is a normed space of dimension at least 3, such that
we have s(z,y) = s(y,z) for all z,y € X. From Remark 2.3 we infer that
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xlpsy < ylpsz. The symmetry of the Birkhoff-James orthogonality in a
space with dimension greater than 2 forces this space to be an inner product
space (see [1]). O

What about continuity of function s 7 If we interpret s as the absolute
value of the sinus of the angle between the vectors z and y, then we cannot
expect the continuity of s at a point (x,y) such that one of the vectors z,y is
equal to zero. However, except for these points, the function s is continuous.

THEOREM 2.5. Let (X, | - ||) be a real normed linear space of dimension
at least 2. Then the function

S| (x\{0}) x (x\{0})
s continuous.

PROOF. Since s(X x X) C [0,1], we infer that

lim sup,, , o $(@n, Yn)
is finite. Now, take (z,y) € X x X, z,y # 0 and assume that there exist
sequences (T, yn) — (z,y) «— (z1,yL) such that

8(Zn,yn) — « and s(zl,yl) — o

for some real numbers a # a;. Assume also that @, yn, 75, y. # 0. We are
going to show that this assumption leads to a contradiction. Assume that
a > a1 and denote € := a— . Since x # 0, we can replace (z,y) by (H;—H,y)
and do the same with the coordinates of (x,,y,) and (z%,yl). The resulting

points will still have all the properties assumed. Consequently there is no loss
of generality in assuming that ||z|| = ||x,|| = ||zL|| = 1 for all n € N whence

m}n |xn + Aynl| — o and m}%n llzl 4+ Myb|| — .

Thus

lzn + Anynll — o and [z, + Ayl — e
where )\, and Al are such real numbers that the considered expressions are
minimal; moreover,

(2.2) lzn + Aynll <|lzn + Ayn|| forall n e N andall A € R.
We have also ||z} + M yl|| = s(zl,yL) < 1,n € N. On the other hand

n

lzn + Mynll = Aulllynll = llznll, n€N.

n

These conditions together with y! — y # 0 mean that the sequence (\}) is
bounded. Consequently, without loss of generality, we may assume that there
is a real number \; such that AL — ;.
Note that .
[ lzn + Ayall = lls + Myl | < 5
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€
[l + Mynll =l + Angall | < 5
as well as
€
[ = et + Mkl | <
for almost all n € N and, therefore,
E € € €
2.3 — |z +Mun]| | <=+ =-+==2.

for almost all n € N say n > ng. On the other hand

€
(2.4 [+ Al > = 2,
say for n > ny. Finally, using (2.3), and (2.4), we conclude that for all n >
max(ng,n1) one has

€
3
which contradicts (2.2). This contradiction shows that for every pair (z,y) €
X x X, x,y # 0 the function s has a limit at this point. To finish the proof
it is enough to observe that we can take (x,,y,) equal to (x,y) in the first
part of the proof. O

€
|Zn + Anyn| >a— = > a1 + 3 > |zn + Aynll,

As we already mentioned the function s can be viewed as the absolute
value of a sinus of the angle between the vectors z and y. Several further facts
about function s can also be observed. Especially, in inner product spaces
this function has many interesting properties. For example, our next remark
states that in an inner product space in every isosceles triangle the absolute
values of the sinus of the angle between the median and the both equal sides
are the same.

REMARK 2.6. If (X, (-|-)) is a real inner product space, then for all z,y €
X, with ||z|| = ||y|| one has

(2.5) s(z,x+y) =s(y,x +y).

With the aid of function s we are also able to define a real function which
stands for an anologue of sinus in a given normed space. To do this we need
earlier the following

REMARK 2.7. Let (X, || - ||) be a normed linear space and let z,y € X. If
a, b, c,d are such real numbers that Z((1,0), (a,b)) = Z((1,0), (¢, d)), then
s(z, ax + by) = s(x, cx + dy).

This is a direct consequence of Proposition 2.2. Now we are able to
formulate the following definition.
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DEFINITION 2.8. Let (X, || -||) be a real normed linear space of dimension
at least 2. Take x,y € X, with ||z|| = ||y|| = 1 and such that x L gyy. Define a
function ¢, : R — R by the following formula
(2.6) Gz y(t) :==sgnb - s(x,ax +by), teR,
where a,b € R are such that the angle between the vector (a,b) and the vector
(1,0) is equal to t.

REMARK 2.9. If (X, (:|-) is a real inner product space and t € (0,%),
then for all z,y € X, with z Ly, ||z|| = ||y|]| = 1 we have

(2.7) bo (5 +) =0 (5 - 1)

PrOOF. Fix z,y € X satisfying the assumptions of the theorem and
put z := ax + by where a,b are any real numbers satisfying the equality
g = tan(% —i—t) . Then

Day (g + t) = s(z,2) = s(z,2) = s(—2,x)
= s(—ax — by, x) = s(—ax — by, —2ax).
Now, using Remark 2.6, we get
s(—ax — by, —2ax) = s(—ax + by, —2ax)
and further

s(—ax + by, —2azx) = s(—ax + by, x) = s(x, —ax + by) = ¢z, (g - t) .

Thus the remark has been proved. O

EXAMPLE 2.10. If (X, (:|-)) is a real inner product space, then for all unit
vectors x,y € X such that z Ly and for all t € R we have ¢, ,(t) = sint.

PRrROOF. Take z € X, ||z|| =1 and y € X such that yLz,|y| = 1. Then
for every z of the form z = axz + by we have | z|| = Va2 + b?. Take at € (0, 5)
and write

B e+ Mz +tant y)|
Gz,y(t) = s(z,x +tant y) = min T

= /min((1 + \)2 + A2 tan? t).
AER

Obviously the above formula as a function of A attains its minimum at A =
—cos?t whence

sin’t .
=sint.
t

cos?

Gz y(t) = \/(1 — cos2t)2 + cos*t

If now t € (%,w) then the desired equality results from Remark 2.9. For

t € (m, 2m)we also have ¢, ,(t) = sint because s(z1,—x2) = s(x1,22). For
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bigger values of ¢t we only need to note that ¢, , is periodic with period equal
to 2m. For t = 7 we have ¢, ,(t) = 0, if t = § then we have ¢, ,(t) =1. 0O

It is easy to check that in normed spaces which are not inner product
spaces functions ¢, , fail to be the sine function, in general. Have a look at
the following example.

EXAMPLE 2.11. Consider space R? with the norm ||(a, b)|| = max{|al, |b|}.
Then

tant te [O E)
— 1+tant’ ’
b(1,0),(0,1)(t) { i =

)

Natural is the question whether the converse of Example 2.10 holds true.
The answer is positive and we shall give it later on in this paper. Namely,
among others it will be proved that if in a 2-dimensional space one can find
vectors z,y, ||z|| = ||y|| = 1, L gy such that ¢, = sin, then this space must
be an inner product one. However we have to start with the following lemma.

LEMMA 2.12. Let f,g : (a,b) — R with —co < a < b < oo be given
concave functions. If there exists a point xo € (a,b) such that g(xzo) > f(zo),
then there exists a straight line | := {(x,cx + d) : © € R} which is not
horizontal, has a common point with the graph of g and satisfies the following
condition: cx +d > f(x) + ¢ for all x € (a,b) and some £ > 0.

PROOF. Put ¢ := M and let us distinguish two cases:

19 either f7 # 0 or f. 0.

20 f'(wo) = 0.

If 1° occurs, then there exists a nontrivial straight line [ = {(z, azx + 3) :
x € R} with « # 0 that supports the graph of f at the point (x, f(z0)) and
it sufficies to take [ := {(x,ax + ) : & € R} where 3 := [ + 2.

In the case 2° we have f/(xg) = 0. Then function f has a local maximum
at xo, further from the concavity of this function we infer that

f(@) < f(x0) < g(xo)
for all x € (a,b). Define ¢ := —=— and d := g(z0) — =2 Then the function

o - xro—
h(z) = cx + d is increasing and

h(a) =ca+d=g(xg) — e > rn(zni) f(z) +e,
x€(a,

which means that the line defined by the formula y = cx+ d satisfies the latter
of the conditions desired. To finish the proof it is enough to note that

cxo +d = g(xp)

i.e. this line has a common point with the graph of g. O
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LEMMA 2.13. Let (X, ||]|) be a normed space. If z,y € X are unit vectors,
then the set

S :={(a,b) € R? : |jax + by| = 1, |a| < 1,b > 0}
yields a graph of some concave function f: (—1,1) — (0, 00).

PRrROOF. For the sake of brevity we shall be writing ||(a,b)| instead of
|laz 4 by||. Note that for every ¢t € (—1,1) there exists f(¢) > 0 such that the
point (¢, f(t)) is an element of S. Indeed, ||(¢,0)]] = |t| < 1 and, on the other
hand, for every ¢ € (—1,1) one has

lim ||(¢, s)|| = oo.

§— 00

Now we are going to show that for every ¢ € (—1, 1) there exists exactly one
corresponding point f(t). Suppose that

(2.8) [t sl =11t s2)] =1
for some real numbers s1, s3 and some t € (—1,1). Assume that s; > so, then

(t,s2) = A(t,s1)+ (1= A)(¢,0) and s2 = Asy for some A € [0, 1]. We shall show
that A = 1. Indeed, consider the case of ¢ > 0 and define

u:=a(t,s1) + (1 —a)(1,0)

for o = M%At Directly from the definition of u we infer that |ul| < 1. Put
B = t+A+At’ then u = f3(t,s2) whence 1 > ||ul| = 8 > 1, ie. § =1, which
implies that A = 1, and consequently, s; = so. If we had ¢ < 0, it would be

sufficient to repeat the above calculations taking
u:=alt,s1) + (1 — a)(—1,0)

with a = # and 3 := ﬁ For t = 0 the equality results directly from
(2.8).

Till now we have shown that there exists a function f such that the set
S is a graph of this function. To finish the proof we have to show that this
function is concave. To this end take ¢1,t2 € (—1,1) and « € (0,1). Then

(2.9) leu(ty, f(t1)) + (1 — @) (t2, f(t2))]| < 1,
on the other hand from the definition of f we have
(2.10) l(at1 + (1 — @)ta, f(ats + (1 — a)ta))|| = 1.

Further, equation (2.9) implies the existence of exactly one s > af(t1) + (1 —
a)f(te) such that ||at; + (1 — a)ta, s|| = 1. Therefore, from equation (2.10)
we infer that s = f(at; + (1 — a)t2), which shows the concavity of f. O

REMARK 2.14. Let (X, ||-||) be a real normed linear space. Take z,y € X
such that, ||z|| = |ly|| = 1 and zLgyy. If a,b € R are such that |lax +by|| = «,
then |a| < a.
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REMARK 2.15. Let (X, ||-||) be a real normed linear space. Take z,y € X
such that, ||z|| = |ly]| = 1 and L pyy. Let f: (=1,1) — R be such a function
that

{(a,b) € R?: ||ax + by|| = 1,|a] < 1,b > 0} = Cr f.
Let further « be a given positive number. Define the function 9, : (1 —«, 1+
@) — R by the formula ¢o(a) := af (2(a — 1)) . Then the set

Sy :={(a,b) €R? : ||z — (az + by)|| = o, |a — 1| < a, b > 0}.
coincides with the graph of .. Moreover the (finite) limits of ¢, at the
endpoints of the domain exist and the following equalities hold:

lim 4q(a) = sup{b: [|(1 — o, b)[| = a},

a—l—a

lim q(a) =sup{b: [|[(1+ o, b)|| = a}.

a—1+a

PROOF. We shall present only a sketch of the proof. One has to show
that for every (a,b) € S, we get b = 1, (a) (the converse implication can be
proved similarly). From the definition of S, we have

[(az +by) —z|| = «,
whence

‘ - 1)m+by)H Y
@
We have also |[a — 1| < ai.e. |£(a—1)| <1 whence, 1b= f(%(a—1)) and,
consequently, b = ¢, (a).

The second statement results from the following facts: every concave
function defined on an interval is monotone in some neighbourhoods of the
ends of this interval, and the 2-dimensional unit sphere is a compact set. 0O

LEMMA 2.16. Let (X, |- ||) be a real normed linear space. Take x,y € X,
such that ||z|| = |lyll = 1 and xLpyy. Let fo : (=1,1) — R such a function
that

Grfy = {(a,b) € R? : |lax + by|| = 1, |a] < 1,b > 0}.
Take also t € (0,%) and put | := {(a,(tant)a) : a € R}. Extend fo to a
continuous function, f : [—1,1] — R. Let further v, be defined in the same
way as in Remark 2.15. Then ¢4, (t) = oo if and only if

INGrg, #0 and INGrey, =0 for every a € (0,ap)

( in the case of t € (%,w) we would have to define and use an anologue of
function v, with (a — 1) replaced by (a + 1)).

PrROOF. If ¢4 (t) = o, then
2.11 i A tant = ap.
(2.11) min ||z + Az + tant y)|| = ao
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Now we can find a Ay € R such that the above minimum is achieved for A
equal to —Xg. Then we have ||z — Ag(x +tanty)|| = ap. Since ap < 1, we have
[[(1 = Xg)x — Agtant y|| < 1. From Remark 2.14 we infer that Ao > 0 and,
moreover, A\o(z + tanty) € 0K(x,ap), where OK(x, ) stands for a sphere
centered at x and having radius equal to . Let us write these facts in the
following way

Mo(z +tanty) € OKT (z,q0) := {ax + by : ||z — (az + by)|| = ao,b > 0}.
On the other hand equation (2.11) implies that
(2.12) Az +tant y) € Int K(z, ap).

for all A € R. Have a closer look at the set 9K'((1,0),a0) (the point ((1,0)
is here being identified with the vector z). From Remark 2.14 it follows that
this set can be written in the following way.

OK*((1,0),a0) = {(a,5) € B2 : [[(1,0) — (a,b)]| = a0, b > 0} = Ky U K
where
K1 :={(a,b) € R* : [|(1,0) — (a,b)|| = ap,a € (1 =, 1 + ), b > 0}
and
Ky == {(a,b) € R* : ||(1,0) — (a,b)|| = ag,a € {1 —a,1+a}),b > 0}.
Let us consider the case when (Ag, Ao tant) € K;. We have then
Ky C Gripg,

whence [N Gri),, # 0, which means that the first assertion is true. Moreover,
from condition (2.12) we infer that ! not only has a common point with the
graph of considered function but also

1(1,0) = (A, Atant)|| > ao
for all A € R, which means that
INGry, =10 forevery ae€ (0,ap).

Let us now consider the case of [N K7 = . Then (g, Ao tant) € K, and
we have A\g € {1 — o, 1 + a} getting

Aotant € {sup{a: ||(1 — o,a)|]| = a},sup{a: ||(1 + o,a)|| = a}}.

The first one of the above two statements is obvious. Suppose that the latter
does not hold. In such a case we obtain a contradiction with condition (2.12).
Indeed, the line [ contains a point (a1,b;) such that a3 € (1 — o, 1+ «) and
b1 < f(a1). It is a consequence of the continuity of the function g : R — R
such that Grg = [ and of Remark 2.15. We have ||(a1,b1)|| < 1, which means
that the point (a1,b1) is an element of IntK ((1,0), avg).

The converse implication may be proved similarly. O
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Now we are able to prove the main result of the present paper. Namely,
our next theorem states that if in two normed spaces the generalizations of
sinus are the same, then these spaces are essentially the same.

THEOREM 2.17. Let (X1, | - |l1), (X2, || - ||l2) be two normed real linear
spaces. Further, let x1,y1 € X1 and x2,y2 € Xa be such that ||z1||1 = |ly1|L =
|z2]l2 = |ly2lle = 1 and 1 Lpy1 w2l pyys. Then the equality

1 2
T1,Y1 ~ Tx2,y2

implies that
laz1 + byi[l1 = [lazs + by |2
for all real numbers a, b.
PRrROOF. Take unit vectors xi,x2,y1,y2 € X which are respectively

Birkhoff-James orthogonal. Denote, for brevity, ||az1 + by1]|1 by [|(a,d)|1
and ||lazs + byz||2 by |[(a,b)||2. Suppose that there exist ag, by € R such that

(2.13) [1(a0, bo) |1 # [[(ao, bo)|l2-

We are going to show that there exists a 6 € [0, 27], such that
1 2
T1,Y1 (9) 7é ¢12,y2 (9)’

Note that there is no loss of generality in assuming that by > 0;in fact, if

[(ao,b0)llx # (a0, bo)ll2, then also [[(—ao, —bo)llx # [I(—ao, —bo)||2. Define
the sets

Sy :={(a,b) : b>0,la| <1, (a,b)|[y =1}
and
Sz :={(a,b) : b>0,]al <1,[[(a,b)]2 =1}

From Lemma 2.13 we know that these sets yield graphs of some concave
functions, fo,g0 : (—1,1) — R, respectively. The first step of the proof is to
show that condition (2.13) implies that S; # S2 and, in consequence, there
exists a t € (—1,1) such that fo(t) # go(t). To this end let us note that

(24 1= H (T T ) . H(uaoilzo)nl’ o o)

< 1, then obviously S; # S2. Note that the case

2

If now limao,z?o)nl

’m’ > 1 is impossible since, otherwise, using Remark 2.14, we would

H (||(ao?zo)||17 ||(aol,)zo)||1)

obtain

>1
1
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which contradicts condition (2.14). Assume that ‘ I = 1. In this case

ap
ao,bo)|1

from (2.14), using the Birkhoff-James orthogonality of z2 and yo, we obtain

|
== (e Tty =

Thus we have found 21,22 € R such that |z1] < 1,|z|]2 = 1 and 2z > 0.
That means z € Sy or, equivalently, go(21) = 2z2. On the other hand ||z||; < 1
ie. z ¢ S1 and, finally, fo(z1) # 22 thus fo(z1) # go(z1) for some z; < 1.
Let f and g stand for the continuous extensions of fy and gg, respectively,
onto the closed interval [—1,1]. From Lemma 2.12 we get the existence of
a line b = ca + dy, ¢ # 0 such that this line has a common point with the
graph of f and lies above the graph of g. We can assume that this function
is a supporting line for f (it is enough to replace the original number dy by
another one). Denote the abscissa of the contact point by tg. Then

f(to) =cto+do and ct+do > g(t)

for all t € [—1, 1]. Now take a d; such that the line b = ca+ d; is a supporting
line for g at a point ¢1; note that d; < dp.
Assume that ¢ > 0; then we have dy > c¢. Indeed, g(—1) > 0 and

dy + ct > g(t)

for all ¢ € [a, b]. In particular dg — ¢ > dy — ¢ > 0. In the case where ¢ < 0 one
can similarly show that dy > —c.

Take an a € (0,1] and consider the function ¥, : (1 —a,1+a) — R
defined by the formula

o= > 1.

2

(Tt Tt
(a0, bo)l1” [I(ao, bo) |1

Consider the vector

o

vula)i=af (2a-1)

(if ¢ < 0 then we have to consider the similar function with (a — 1) replaced
by (a + 1) and the remaining part of the proof is unchanged). We have

Ya(l+ aty) = af(to).

Let us also note that the function 1, has a supporting line at the point 1+ atg
with the slope equal to c. If ¥, were differentiable at this point we would have

s = Jos (La-)] =els (La-1) =r(La-).

whence

YL+ atg) = f (é(l + aty — 1)) =f (éato) = f'(to).
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If ¢, were not differentiable at 1 + aty, then the similar evaluations could
be made for the one-sided derivatives and the line with the slope equal to ¢
would be a supporting line for function 1, if some line with the same slope
would be a supporting line for the function f at the point tg.

Summarizing, we have two lines | := {(a,ca + dyp) : a € R} and
I :={(a,ca+d;) : a € R}, dy # dy which are supporting lines for f and g, re-
spectively, with the corresponding points of contact: (to, f(t9)) and (¢1,g(t1))
for some tg,t; € [—1,1], i.e.

cto+do = f(to) and ct;1+dy = g(tl).

Since dg # 0 we are able to define a; := dio; then

Yo, (1 + aito) = an f (o%(l + aity — 1)) = oy f(to)

c c 02t0
= — f(to) = —(cto + do) = —> +c.
dof(o) dO(Co+ 0) a0 +c
On the other hand the line I* := {(a,ca) : a € R} contains the point (1 +
aato, c(1 + aitp)). We have
C2t0
(14 arty) = ¢+ cagtog = c+ - = Yo, (1 4 artp),
0
which means that the line I* contains the point (1 4+ aito, ¥a, (1 + a1to)).
Moreover the slope of this line is equal to ¢, which means that it is a supporting

line for ¢,,. In view of Lemma 2.16, that means that ¢} , (arctanc) = a.

2 _ __ c :
In the same way one can prove that ¢z, . (arctanc) = ap for ap = £ Since
. 1 2 . .
do # di, functions ¢, , and ¢z, .. do not coincide. O

CORROLARY 2.18. Let (X, ||-]|) be a real normed linear space. If x,y € X,
with ||z]| = |yl = 1 and xLpyy are such vectors that ¢4 ,(t) = sint for all
t € R, then the subspace lin(z,y) of X is an inner product space.

CORROLARY 2.19. Let (X,|| -||) be a real normed linear space. Then the
norm || - || comes from an inner product if and only if for all x,y € X,z 1L gy
with norm equal to 1, and for every t € R one has ¢, ,(t) = sint.

CORROLARY 2.20. Let (X, | - ||) be a 2-dimensional real normed linear
space. Then if for some z,y € X, with ||z|| = |ly|| = 1 and zLpsy we have
¢z.y = sin, then the same equality is true for all vectors x,y satisfying the
above properties.

THEOREM 2.21. Let (X, || -||) be a real linear normed space. If for every
x,y € X, with ||z]| = [|y|| = 1 such that xLpyy and for every t € (0,%) we
have

(2.15) bo (5 ) = (5 — 1)
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then || - || comes from an inner product.

PROOF. Assume that the norm | - || does not come from an inner prod-
uct. Then there exist vectors x,y € X such that z1lpyy and = Ly which
additionally satisfy ||z|| = ||y|| = 1 (see [1]). Since z and y are not James
orthogonal, we have

ly + 2l # [ly — =l

Assume that |y + z|| > ||y — z||. Similarly as before, for brevity, we shall write
[(a,b)|| instead of |lax + by||. Let fo: (—1,1) — R be such a function that

Grfo = {(a,b) € R2: [(a,b)|| =1,]a] < 1,b> 0}.

Extend this function to a continuous function f : [-1,1] — R. Note that
from xlpyy we infer that ||y — z| > 1. Thus ||y + z|| > 1. Now, define
t:= m € (0,1); then ||tz + ty|| = 1 which means that ¢ = f(¢). On the
other hand

1 ly — ||
oy toll = | prto = )| = B2k <,
o+l [l +yl
ie. ||[(—t,t)]] <1 and, consequently,
(2.16) f(=t)>t=f(@).

Since the point (,t), is an element of the graph of f, we can find a supporting
line for function f which contains this point. Denote this line by I := {(a,b) :
b = ca+dp}. Then the line I* := {(a,b) : b = —ca+dp} is not a supporting line
for f because this line contains the point (—t,t) which lies below the graph of
f. Now consider the line {1 := {(a,b) : b = —ca+d; }, where d; is the maximal
number d such that the line b = —ca + d contains some points of the graph of
f, note that dy > dy. Consequently, we have

(2.17) f(t) =ct+dy and f(tl) = —cty + dq,

for some t; € [—1,1]. Assume that ¢ < 0 ( for the positive ¢ the proof runs
similarly; the case of ¢ = 0 is not possible: in such a case [* = [ but we
know that [ is a supporting line for f, and [* is not a supporting line for
f). Summarizing, the line ! contains the point (¢,t) € Grf, and the line Iy
contains a point (¢1, f(¢1)) for some t; € [—1,1]. Given an & > 0 consider the
functions

si@i=af (1), se-aita)
and

1

Y, (x) = af (—(:v + 1)) , ve€(-1—a,—1+a).
«

A line with the slope equal to —c is a supporting line for 1 in the point

(14 at1,9E (14 aty)) provided that such a line contains this point (the proof

is similar to the corresponding part of the proof of Theorem 2.17). Moreover,
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a line with the slope equal to ¢ containing the point (—1+at, ¥, (—1+at)) is
a supporting line for function v, at this point. Let us now consider the lines

IT:={(a,—ca):a €R} and I :={(a,ca):acR}

and define numbers o := — % and a” := — . Note that a™,a™ € (0,1]
and o~ # o', and these numbers are well defined since dg,d; # 0. Indeed,
dy is positive and c is negative thus the considered fraction is positive. On
the other hand, since the line I' supports f, every point of this line has a
norm greater than or equal to 1. Consequently, we have || (%, 0)| > 1. But

|| (d—cl, O) || = |d—cl‘ ie. |d—cl| > 1. For the number a~ we have a similar situation.
Write
1
1/)3&(1 +att))=atf (a_"‘(l +att; — 1)> =at f(t)
t
— L (—eti+dy) = —c[1-2L) = —c(1+aTh),
d1 dl

Hence the line [T contains the point (14 atty, 97, (1+aTt1)). Since its
slope is equal to —c, this line supports ¢:+' In view of Lemma 2.16, it means

that

¢z y(arctan(—c)) = a™.

Similarly
¢z,y (m — arctan(—c)) = a.
But we have already observed that at # a~, which contradicts (2.15) (with

t = 5 — arctan(—c)). O

It is a known fact that if in a normed space every pair z,y of Birkhoff-
James orthogonal vectors is Pythagoras orthogonal then this space must be
an inner product space (see [1]). Using our results we shall prove this fact
under some additional assumption. It is by no means exciting. But we want
to mention it because this example shows that using the properties of the
function ¢, considered in this paper, one can prove facts concerning the
properties of normed spaces, which do not involve the function ¢, , itself.

CORROLARY 2.22. Let (X, - ||) be a real normed linear space such that
for all z,y € X with ||z|| = ||y|| we have

min ||z + Az +y)[| = min [y + Az +y)|.

If every two wvectors in X which are Birkhoff-James orthogonal are also
Pythagoras orthogonal, then the norm | - | comes from an inner product.

To prove this corollary it is enough to repeat the proof of Remark 2.9 to

s (50) =0 (5 1)

get
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for all z,y € X with ||z| = ||yll,#Lpsy and for every t € (0,%) and then
apply Theorem 2.21.
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