GLASNIK MATEMATICKI
Vol. 38(58)(2003), 57 — 73

ON ABSOLUTE NORMAL DOUBLE MATRIX
SUMMABILITY METHODS

B. E. RHOADES
Indiana University, USA

ABSTRACT. It is shown that, if T' is a row finite nonnegative double
summability matrix satisfying certain conditions, then |T|; summability
is stronger than |N,py|x summability, for & > 1. As special summabil-
ity methods T we consider weighted mean and double Cesdro, (C,1,1),
methods.

1. INTRODUCTION

Let >3 amn be a doubly infinite series with partial sums $,,,. Denote
by T' the doubly infinite matrix with entries ¢,,,4;,0 <7 < m,0 < j < n. For
any double sequence {tm,,} we shall define

A11u1nn = Umn — Um+1,n — Um,n+1 + Um+1,n+1-

For a four-fold sequence, like ty,n4j, it will be understood that A1 oper-
ates only on the first two subscripts, and A;; operates only on the last two
subscripts.

Associated with T are two matrices T and T, where

m n
{mnm = Zztmnulumvnaiaj 20717"'7

p=iv=j
and t—1m-1,i; = A1tm—1n-144,mn=1,2,... t00 = too = too-
‘We shall define
m n
(1.1) Toin =3 D tmnpvSuv-
p=0rv=0
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58 B. E. RHOADES

Let )" a, be a given series with partial sums s,, (C, ) the Cesadro matrix
of order a. If % denotes the n-th term of the (C, a)-transform of {s,}, then,
from Flett [5], > ay, is summable |C, a|;, k > 1, if

o0
(1.2) > b o — oo |F < o
n=1

An appropriate extension of (1.2) to arbitrary lower triangular matrices
would be

(1.3) an_1|Atn_1|k < 00,
n=1

where
n
tn = § AniSi,
i=0

and A is the forward difference operator satistying At,, =, — t;41.

Such an extension is used in [3]. However, in [4], Bor and Thorpe replace
(1.2) with the following definition. A series ) a, is said to be summable
|N,pn|k,l€ Z 1if

(1.4) i (&)Hmzn,ﬂk < 0,

Pn

n=1

where (N, p) denotes the weighted mean matrix generated by the sequence
{pn}, with partial sums P,,, and Z, := (1/P,) >, pisi-

Inequality (1.4) is apparently an attempt to extend (1.2) to weighted
mean methods by interpreting n to be the reciprocal of the diagonal entries of
(C,1). Unfortunately this is not an appropriate interpretation of (1.2). For,
if it were, then, for the matrix methods (C, «), one would have the condition

>0 o —on_y|F < oo
n=1

However, Flett [5, p. 115] continues to use (1.2). In spite of this fact, a
number of papers have been published using (1.4). See, e.g., [1, 2, 4, §].

In [7] the author proved the analog of the theorem in [8], using (1.3)
instead of (1.4), and obtained some of the results of [1, 2, 3, 8] as corollaries.

In this paper we obtain a two infinite-dimensional analog of absolute
summability as defined in [7].

Adopting the two-dimensional analog of absolute summability as defined
in [7], we shall say that the series ) > amsn, is absolutely T-summable of order
k>1if

(1.5) SN mn) AN T 10 |F < o0,

m=1n=1
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We shall define the mn-th term of the double weighted mean transform
of a double sequence {$,, } by

(1.6)

31]7 mn ‘= Zzng

" i=0 j=0 =0 j=0

A doubly infinite weighted mean matrix will be called factorable if there
exist sequences {pm}, {gn} such that p,n = Pm@n, and we focus on this case
below.

For any sequence {Uij}yAOj = Uiy — ui7j+1,Ai0uij = Uiy — U415, and
Ajjuij == Uij — Ui j41 — Wit1.j T Uit j41-

2. MAIN RESULT

THEOREM 2.1. Suppose that a double factorable positive sequence {pmn}
and a positive matrix T satisfy

(1) tmnij = tme1,nig tmnij = tmny1,ig,m >4,n > 4,4,5=0,1,...;
(ii) Pmntmmn = O(pmn)

111 Ztmn,uj Ztm 1,m,u,j7 — (na.j)7

n n—1
§ tniv = § tm,nfl,i,u = b(m7l)7
v=0 v=0

0<i<m,0<5<n,mn=0,1,...,
and
m n
S tw = Lfor mon=0.1,.. ;
pn=0r=0
(iv) Atitm—imn-1,4; <0, for0<i<m,0<j<nmmn=12,...
n

m
(v) Z Ztijij|£m—1,n—1,i7j| = O(tmnmn);

i=1 j=1
o0 o0
(V) D>t ) e n1,05] = Oligtiyi ) );
m=in=j
.o 1 ~
(vii) Z Z (F) |A0jtm—1,n—1,i,5] = O(tmnmn);
i=1 j=1 v
m n q
(Vlll) Z Z (QJ >|A10tm 1,n— 1,z,j| — (tmnmn);
i=1 j=1 J
o0 o0 . q
59 30 D mnba o111l = Ot )
J

m=in=j
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o0 oo
X) Z Z(mntmnmn)k71|Ai0£mfl,n71,i,j| = 0((ijtijij)k71&)

: P;
m=1n=j

oo oo
() D> (mntmnmn) At 10140 = O((7)" ).

ijij
m=in=j
If "Nt is summable | N, prn i, then it is also summable |T|y, k > 1.

The notation A11t7n—1,n—1 rs tr—1,n—1,r,s

- tm,n—l,r,s - tm—l,n,r,s +
tmnrs-

LEMMA 2.2. If T satisfies conditions (i), (iil), and (iv), then T satisfies
(xii) fmfl,nfl,i,j >0 for0<i<m,0<j<n,mmn=12

PRrROOF. Using (iii), for 0 <i < m,0 < j <mn,

tm—1mn—1,,7 = tm—1,n-1,i5 — tmn-1,i,5 — tm—1,n,i,j T tmnij

m—1n—1

m n—1 m—1 n
= E E tm—l,n—lﬂ‘,s_ E § tm,n—l,r,s_ E E tm—l,n,r,s
r=i s=j r=i s=j r=i s=j
m n
+§ § tmnrs
r=t s=j
m—1j—1 i—1n—1
=1- § § tm—l,n—l,ns_ § § tm—l,n—lﬂ‘,s
r=0 s=0 r=0 s=j
m j—1 1—1n—1
-1+ § § tm,n—l,r,s + § E tm,n—l,r,s
r=0 s=0 r=0 s=j
m—17—1 i—1 n
-1 + § § tmfl,n,r,s + § § tmfl,n,r,s
r=0 s=0 r=0 s=j
m j—1 i—1 n
+1 - § § tmnrs - E E tmnrs
r=0 s=0 r=0 s—j
m—17—1
:_§ § A11t7n 1,n— 1rs+§ mn 1ms_tmnms)
r=0 s=0
i—1n—1
_§ § A1115771 1,n— 17‘S+§ mlnrn_tmnrn)
r=0 s=j
>0,

since, by (iv), the terms involving the double summation are nonnegative and
from (1)7 tm,n—l,m,s > tmnmsu and tm—l,n,r,n > tmnrn
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Suppose that 0 < i < m,j = n. Then, since tm—1,n-1,i;n = tmn—1,in = 0,
and using (i) and (iii),

m—1 m
tmfl,nfl,i,n = _tmfl,n,i,n + tmnin = — § tmfl,n,r,n + § tmnrn
r=1 r=1t
1—1 1—1
= _a(n7 ’I’L) + E tmfl,n,r,n + a(n7 TL) - § tmnrn
r=0 r=0

i—1
= Z(tm—l,n,r,n - tmnrn) > 0.
r=0

Similarly, for i = m,0 < j < n,tm—1.n—1,m.; > 0.
FinaHY7 fmfl,nfl,m,n = tmnmn Z 0. O

We remark that condition (xii) can be weakened. All that is required is
that the fm,11n717i7j be of constant sign for all m and n.

In condition (iii) one needs only that Y>> >°0 o tmnum = c for some
constant c.

PROOF OF THE THEOREM 2.1. To carry out the proof we will solve (1.6)
for apy (formula (2.2)). Then, after using (1.1) to compute A117m—1,n-1
((2.3)), substitute (2.2) into (2.3) to obtain an expression for A11Ty,—1 1 in
terms of Z,,,,. Then apply (1.5).

From (1.6), since the weighted mean method is factorable,

1 m n 1 m n M v
Zmn = P Z ZPWSW =5 Z ZPW ZZ%’

u=0v=0 " =0 v=0 i=0 j=0

=7 1@ Zzaij(Pm Pi_1)(Qn —Qj-1)
MmN =0 j=0
=33 a(1- ) (- %),
i=1j=1 m "
and
dn w - szl
Zmn Zm et Qn—lQn ;;ai] (1 P, )jSl

It then follows that

(2.1) AnZm-ipn-1= Pm711€:g;n71@n Zzaijpi—le—la

i=1 j=1
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since P.1 =Q_1=0.
Solving (2.1) for ap,y yields

amn

PO Pp_2Qy,
= @ A Zm—1n-1 — 72QA112m—2,n—1

Pmdn Pm—14n
Pan—2 Pm—2Qn—2
(2.2) - — A Zpan—2+ ———AuZp o n_.
Pmdn—1 Pm—-19n—1
From (1.1)
m n
= E E tmn,uvs,uv— E E tmn,uv E E Qg5
pn=0r=0 pn=0r=0 1=0 7=0
m n m n m n
= § § (227 § § tmn,uv = § § aijtmnij-
1=0 5=0 p=t v=j 1=0 j=0
m n—1
Tm,nfl = § aijtm,nfl,i,j;
i=0 j=0
and
m n—1
Tmn_ m,n—1 — § Qin mnln"’ § § a”Lj mnij — mnfl,i,j)
1=0 57=0
= § § aij(tmnij _tm,nfl,iyj)v
i=0 j=0

since ty n—1,i,n = 0.

Tmn_ m,n— 1—§ § azg mnzg_ m,n—1,3,5 +§ azO mnzO tmn 110)

=1 j=1 =0

+§ aO] mnO]_ m— an,j)

By (ii),
m n m n—1
tmniO - tm,nfl,i,O = § tmnrs — § tm,nfl,r,s
r=i s=0 r=i s=0
m n
= § ( tmnrs — E tmn 17"5) =0.
r=i s=0

Similarly, ¢mnoj — tm—1,n0,; = 0.

Thus
m n
Tmn - Tm,n—l = Z Z Qi (tmnij - tm,n—l,i7j)
i=1 j—1
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and

m

(23) A11T‘m71,nfl = ZzaijAllfmfl,nfl,i,j-

i=1 j=1

Substituting (2.2) into (2.3) yields

N PQiAZi 151 Pi2QjAnZi_o ;-
AuTm*l’"’l:Zztmfl,nfl,i,j{ QAnZi-1i1 - 2QjA11Zi-2,j-1

=1 =1 big; Pi-1G;
- PQj2AnZi—y -2 n Pi—2Qj—2A11Zi—2,j—2}
Digj—1 Pi—145-1

Using the substitutions » = ¢ — 1 in the second sum, s = j — 1 in the third
sum, and both substitutions in the fourth sum, we have

m n
A B . PQjA 1 Zi—1, 51
1nTm—1n—1= E E bin—1,n—1,i,5

=1 j=1 pij
m—1 n
Pr1QjA1nZr—1,j-1
E tm—l,n—l,T+17j .
r=1 j=1 Prd;
m n—1
. PQs1AnZi—1 51
— E tm—l,n—l,i78+1 ]
i=1 s=1 Pids
m—1n—1
“ PrlesflAllzrfl,sfl
+ tm—1,n—1,r41,5+1
r=1 s=1 Prds
m n 1
=> An1Zi-1,j-1[PiQjtm—1,n—1,i
=1 j=1 pﬂ]y

— P1Qitm—1n-1,i41,) — PiQj—1tm—1.n—1,ij+1

+ P 1Qj—1tm—1m—1,i41,j+1)s

since

tm—1mn—1,m+1,j = tm—1,n—1,i,;n+1 = bm—1,n—1,m+1,j+1

=tm—1,n—1,i+1,n+1 = 0,

and P_1 = Q—l =0.
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The quantity in brackets can be written in the form

Qilpitm—1n-1.i;+Pie1(Em-1n—145 — tm—1m—1.i+14)]
—PiQj1tm—1n-1,ij+1
— Pio1Qj1(fm—1n—1i541 — tm—1,n—1,i+1,j4+1)
= Pigitm—1,n-1,ij + PiQj—1(Fm—1n—1,ij — tm—1,n—1,i,j41)
+ @ Pi1(bm—1n-1j — tm-1n—1.i11,5)
+ Pic1Qj—1(Fm—1m-1j — tm—1n—1,i+1
- fm—l,n—17z',j+1 + fm—l,n—l,i+17j+1)-
Therefore
AnTym—1p—1=I + 12+ I3+ 14, say.

Substituting into (1.5) and using Holder’s inequality, we have

m:ln:l
M N m n k
§ § k—1 E E n
= (mn) ‘ m—1,n 117]A11Z1 1,7—1
m=1n=1 =1 j=1
M N m n
k—1 1-k k
<Y ) YOS 1|1 A Zio P
m=1n=1 i=1 j=1
n
‘ § § tijzy|tm 1,n 12]|’
i=1 j=1

M N
Jl - 0(1) Z Z(mntmnmn k ! ZZtUU |tm 1,n—1 z,]”AllZz 1,5— 1|

1n=1 i=1 j=1
M N M N
=0(1) Z thlﬂjﬂAllZifl,jfﬂk Z Z(mntmnmn)kA|tm71,n71,m‘|
i=1 j=1 m=in—j

@
Il

s
<
I

-

M N
=O(1)ZZ(U)]€ HAnZio1" = 0(1).
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Using (vii), (ix) and (ii),

A Zi1j-1(Dojtm—1n—1,i5)

Pk-1
Z) |Aojtm—1,n-1,i,5] %

m n . . k—1
X | A1 Zi—yj-1]F % ‘ZZ (%)”Aojtmfl,nfl,i,jw
- [

=00 3 Yt 303 (L) (2"

n=1 i=1 j=1

X [Aojtm—1n-1,j/A11Zi-1 j-1/F
N

oYY () () iz Y D b

1 b m—i n—j

=0(1) i XN: (%)k (&)k_l(ijtiﬁj)k132_jj|A11Zi1,j1 k

1o bi

]\I: m n
Z(m”)kfll Z Z i (Ajotm—1,n—1,i)A11Zi—1,j—1

’ k

k

65
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tm—1n—1,ij =tm-1,n-1,i,j — tmn—1,4,j — tm—1,n,i,5 T tmnij

m—1n—1 m n—1 m—1 n
= E § tm—l,n—l,ns_ § E tm—l,n—lﬂ‘,s_ E E tm—l,n,r,s
r=1i s=j r=t s=j r=i s=j
m n
—"_ E E tmn’rs
r=t s=j
m n
= § E A1115771—1,71—1,7"75-
r=t s=jJ
Therefore
tm—1mn—1,, — tm-1n-1,i4+1 = E Atitm—1,n—1,rs
—
and hence
Aijtm—1n—1,i7 ‘=tm—1m-1,i,j — tm—1,n—1,i+1,j
—tm—1,n—1,ij+1 T tm—1,n—1,i+1,j+1
(2.4) =At1tm—1,n-1,i,j-

Using (2.4) and Holder’s inequality,

m=1n=1
M N m n
_ P 1Q,— . k
=30 Y ) S () A1 Zi |
m=1n=1 i=1 j=1 pigj
<Y ) DN (SE) Ayt el Au Zicy ]
m=1n=1 i=1 j=1 pig;
m n b1
X {ZZ|A11tm 1,n— 117]@ .
=1 j=1
m m m—1
ZZ [Av1tm—1n-1,i5] = [A11tm—1,n—1,m,n| + Z [A11tm—1n-1,in]
i=1 j=1 =1
+ Z |A11tm 1,n—1 m7]| + ZZ |A11tm 1,n—1,2,j5
=1 j=1

:M1+M2+M3+M4, say.

Ml = tmnmn-
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Using (i) and (iii),

m—1 m—1
M2 = Z | - tmfl,n,i,n + tmnzn| = Z (tmfl,n,i,n - tmnln)
=1 1=1

= a(n7 ?’L) - tm—l,n,O,n - a(n7 ?’L) + tmnon + tmamn

S tmnmn k)

and
n—1 n—1
M3 = § | - tm,nfl,m,j + tmnmj| = § (tm,nfl,m,j - tmnmj)
j=1 j=1

= b(m7 m) - tm,n—l,m,O - b(m7 m) + timnmn + tmnmo
< tmnmn,

Using (iv), (iii), and (1),
1

m—1n—1 m—1n—1
= E § Allth 1,n— 117]| < E E |A11tm 1,n— 117]|
=1 j=1 =0 j5=0
m—1n—1

= - (tm—1,n-1,ij — tmn—1,i.j — tm—1.n,i,j + tmnij)

= - [b(m —1,4) — b(m, i) — b(m — 1,%) + tm—1,n,in + b(m, 1)

= —(Z(’I’L, n) + a(na TL) — tmnmn.

Therefore, using (xi) and (ii)

Ji=0 zzmmmmklz (PQJ)

m=1n=1 =1 j=1 Pig;
X | Aijbm—1m-1,i5l|1 A1 Zi1joa|*

M N
PQ.\F
:O(I)Z ( QJ) |A11Zio1j-1|"x
im1 =1  Pidi
N

qu

Z(mntmnmn)k71 |Aij£mfl,n71,i,j|

o,
3
<

PQ;
> (e

I
S
M-
M2 i

N
Il

-
<.
I

-

) |A11 Zi1,j-1]F (i) (850"

(i)* A Zi1 ;" = O(1).

I
pS
e
Mz

N
Il
-
.
I
-

67
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3. APPLICATIONS

‘We shall now use the Theorem to obtain some inclusion relations between
weighted mean methods and double Cesaro matrices.

LEMMA 3.1. If T is a positive factorable weighted mean matriz, then
conditions (1) and (iii) of Theorem 2.1 are automatically satisfied.
Also Aitm—1n-1,i; 20 for0<i<m,0<j<nmmn=12,....

Proor. If T is a weighted mean matrix, then

_ Dby Pij _
tmnij = o > m = bim41,n,i,j
and
tmnij = Py _ tmnd1,i,-
Pm,nJrl
Since

m n
Pmn = Z Z DPij,
=0 j=0
condition (iii) is clearly satisfied, since T is factorable.
For 0 <i<m,0< 7 <n,

Attm—1,mn-1,ij = tm—1n—1,i,j — tmn—1,i,j — tm—1,n,i,j + tmnij
_ Pig; I L 1 + pigj
Pm—lQn—l Pan—l Pm—lQm Pan

_ ,‘(L(L_i)_i( 1 _L))
Py anl mel Pm Qn mel Pm
PidjPmdn
3.1 = > 0.
( ) Pm—lmen—lQn o

Note that (3.1) is the opposite of condition (iv) of Theorem 2.1.

COROLLARY 3.2. Suppose that {pm}, {p'm}, {am}, {¢m} are positive se-
quences such that

() ¢n/Qn = O(g;,/Qn), 47/ Q. = Ogn/@n),

(ll) pm/Pm = O(p;n/Pr/n)vp;n/Pr/n = O(pm/Pm)7
k—1 )k—l

(i) mzz:; ;Z?Qn_l (ﬁjgfn)k - O(%)'

Then, if >.3 amn is summable |N,pl. ¢, |k, it is summable | N, pp, qnk -
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PROOF. Suppose that >_ " a,,y, is summable | N, p!, ¢., |k. Then, if we set
T = (N, pmqy) in the Theorem, from Lemma 3.1, conditions (i) and (iii) are
automatically satisfied, and condition (ii) of the Theorem is implied by (i)
and (ii) above.

Condition (iv) of the Theorem is used to prove that

(3.2) tm—l,n—l,iJ > 0.

But, from (2.3) and (3.4) below, (3.2) is automatically satisfied.
It remains to show that the remaining conditions of the Theorem are
implied by the conditions of Corollary 3.2.
We may write condition (v) of Theorem 2.1 as
m—1

J5 = tmnmn|£mfl,n71,m,n| + Z tinin|£m71,n71,i,n|
i=1

n—1 m—1m—1
+ D tmgmiltm-1.n-1.m.5] + tijigltm—1,n—1,i,
= =1 j=1

= Js1 + Js2 + Js53 + Jsa,  say.

By property (iii)
J51 = t?nnmn S tmnmn-

tmfl,nfl,i,n = _tmfl,nfl,i,n + tmnin

m—1 m
= - § tm—l,n,r,n + § tmnin
r=1 r=i
i—1 i—1
= _a(n7 ’I’L) + E tm—l,n—l,nn + a(n7 ?’L) - § tmnin
r=0

r=0
i—1
Prdn Prdn pmf)ifl(In
3.3 - ( - ) - ,
( ) r:ZO Pm—lQn Pan Pum—lQn
Therefore
m—1 m—1
Pidn  PmPi—1qn Pmdn 1 Pmdn
J52 = < 1 < - tmnmn-
% i—1 Pan Pum*lQn - Pan mel ;p - an
Similarly, Js3 = O(tmnmn)-
m—1n—1 m—1n—1 Dig;
tm—1n—1,i,j = Z Z tm—1n—1,i,j = Z Z #
r=i s=j r=i s=j mlenfl
_ (mel - Pifl) (anl — Qj—l)
mel anl '
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tmfl,nfl,i,] tm 1,n—1,3,5 tm n—1,2,7 — tmfl,n,i,j + tmnij

-(1-52)0-g2)- (-7 (-2
Q;

) <1—im><1—%;>
STV R
VTRV S

<1—2§zz> stfm—o—gz:i)(—iz;zz)

pmPi1 Qj—1 Qj-1
= — 1-— -1
Pum—l( Qn—l * Qn )
m nH— j—
(3.4) _ Pm@nPio1Qj-1

B Pumlenanl '

Therefore

m—1n—1
Jeg — Z Z Piq; PmdnPi—1Qj-1
" i=1 j=1 PQj P Pr1QnQn—1
Pmn Pmdn
= P, n—1 = = tmnmn;
- PumleQO—l lQ ! Pan

and condition (v) is satisfied.
Using (3.4) and condition (ii) of Corollary 3.2,

i i(mnpmqn)k—l PmGnPi—1Q -1
Pan Pumlenanl

m=in=j
k 1 DPrnn k
T IQJ IWZHZZ_JP 1Qn 1(Pan)
o \k—1
= i—le—lo(%) = O((ijtii;)* ),

and condition (vi) is satisfied.
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Using condition (ii) of Corollary 3.2 we may write condition (vii) of the

Theorem as
m—1

Pm P Pi ~
o [_Antm— n—1mm (_)Antm— n—1,i,n
()Pmlo Lntmn| + Y R_|0 1,n—1i,nl

i=1
m—1n—1

n—1
Pm F Pi -
+ J; (m)|Aojtmfl,n71,m,j| + Z Z (E)|A0jtmfl,n71,i,j|:|

i=1 j=1
= O)[Jr1 + Jr2 + Jr3 + Jra],  say.

Aontm—1n-1,in = tm—-1,n—1,i;n — tm—1,n—1,i,;n+1

= tm—l,n—l7i,n'

Using (3.3),
p
J71 = _mtmnmn < tmnmn,
m

and

m—1
Di mei71Qn PmAn
” Z H Pum—lQn o an

i=1

Similarly, J7s < tmnmn. Using (3.4),

Aojtm—1mn—1,4j = tm—1,n—1,ij — bm—1,n—1,i,j+1

_ Pm@nPiaQjr  pmnPiaQ
Pumlenanl Pumlenanl
PmnPi-1q;

T Pum—lQnQn—l '

Therefore

m—1n—1

Ju=) (%) PumziTgann—l

i=1 j=1

Pmdn
< P 1Qn-1
Pum—lQnQn—l ’ "
Pmdn

T PuQn

tmnmn I

and condition (vii) is satisfied.
The validity of condition (viii) of Theorem 2.1 is proved similarly.
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Using (iii), (i), and (ii) of Corollary 3.2, condition (ix) becomes

i i(mnmen)k_l menPifqu'
Pan Pum—lQnQn—l

m=in=j

_ o (M) pgn \F
=P g, Z Z Pr1Qn_1 (Pan)

m=tn=j

iim.s Ye—1 iim.\ k—1 N\ k
- rao( G o (42 (1)
‘ (PQ;) P; Q;
!
.. —145 .. _1 9
= O((Z]tijij)k IQ_jj) - O((Utijij)k 1Q—J,7)
Condition (x) is proved in a similar manner.
Using (3.4),
Aijfmfl,nfl,i,j = Atitm—1,n—1,i
=tm—1,n-1,4,j — tmmn—1,i,j — tm—1,n,4,j T tmnij
Pig; Pig; Diq; Pig;

= - - +
melanl Pan,1 melQn Pan

_ {L( 1 _L)_L(L_L)}
Py anl mel Pm Qn mel Pm
__ DPigiPmin
Pum—lQnQn—l

Therefore, using (iii) of Corollary 3.2,

i i(mnmen)kil PiqiPmAn
Pan Pumlenanl

m=in=j
. — (mn)k71 DmGn \*
N plq] mzzznzzj Pm—lQn—l (Pan)
(ijpig;)F~! k—1/ Pig \F
=p;iq;O| —=——) =0 (i —
= O((ij)kiltﬁjij)a
and condition (xi) is satisfied. O

COROLLARY 3.3. Let {pm}, {qn} be positive sequences satisfying
(1) Mpm = O(Pm)u P, = O(mpm);
(11) ngn = O(Qn)7 Qn = O(nQn)
Then Y23 amn is summable |C,1,1| if and only if it is also summable
|N7men|k7k > 1.
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PRrROOF. First apply Corollary 3.2 with p/, = ¢/, = 1 for all n.

Conditions (i) and (ii) of Corollary 3.3 imply conditions (i) and (ii) of
Corollary 3.2.

Using conditions (i) and (ii) of Corollary 3.3,

“1
Z ZP ~1Qn-1 (g:g)"n)k

m=in=j

Dot o) (igpigy)*t
Z Z PP 1QuQn1  PQ; © (Piéj)’“ ’

m=in=j

and condition (iii) of Corollary 3.2 is satisfied.
With T = (C,1,1), i.e., pm = gn = 1 for each m and n, condition (iii) of
Corollary 3.2 becomes

)k—l

_ v (wpig
>3 s = 5 =0

(3
m=in=j J
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