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ABSTRACT. We introduce new ideas to treat the problem of connectiv-
ity of wavelets. We develop a method which produces intermediate paths
of Tight Frame Wavelets (TFW). Using this method we prove that a large
class of TFW-s, with only mild conditions on their spectrum, are arcwise
connected.

1. INTRODUCTION

In the theory of wavelets some prominence has been given to the question
of connectivity. The significance of the question (as well as the realization
that it is probably not an easy question) has been further emphasized in [1].
As far as we know the general question still remains open, despite strong
results given in [8, 2, 7]. Following the development of tight frame wavelets
in [4], the question is naturally extended to this larger class of wavelets. The
main contribution of this article is to this extended question on connectivity.
We develop a new technique here, particularly suitable for the set of tight
frame wavelets. As a consequence we prove the connectivity of a very large
class of tight frame wavelets. And, although we do not resolve the question
completely, we hope to convince the reader that we are “almost there”. Let
us now be more precise; in the rest of this introduction, we shall explain the
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necessary notions, and describe the current state of affairs and the nature of
our contribution.

Following [4], we shall say that a function 1 € L?(R) is a tight frame
wavelet (TFW) if the collection of dyadic dilates and integer translates given
by

(1.1) {(n(x) =220 —k): jeZ, kel}
is a tight frame (with constant 1) for L?(R); that is, for all f € L?(R),
JEL kEL

unconditionally in L?(R). If we require more, that is, that the system
{¥;r(z)} is an orthonormal basis for L?(R), then we shall say that ¢ is
an orthonormal wavelet. It turns out (see [3], Chapter 7) that (1.2) is
equivalent to 1) € L?(R) satisfying the following two equations:

(1.3) Z lh(276)? =1 for a. e. £ € R,
JEL
and
(1.4) ta(€0) =D D P(2(E+2qm) =0  fora. e EER,
7=0

and all ¢ € 2Z + 1.

An easy consequence is that the set of all TFW-s is a subset of the unit
ball in L%(R), that is, for every ¢» € TFW we have |[¢)||]2 < 1. Moreover, a
function ¢ € L2(R) is an orthonormal wavelet if and only if ¢ is a TFW and
[|¥]]2 =1 (see [3], Chapter 7).

As we already mentioned, two interesting open questions developed. Is
the set of all orthonormal wavelets (a subset of the unit sphere in L?(R))
connected in the L?(R) metric? Is the set of all TFW-s (a subset of the
unit ball in L?(R)) connected in the L?*(R) metric? In this article we are
primarily concerned with the second question. Regarding the first question,
let us mention only two strong results in a positive direction. It is shown in [8]
that the set of MRA orthonormal wavelets is connected in the L?(R) metric.
Secondly, D. Speegle has shown in [7] that the set of Minimally Supported
Frequency (MSF) wavelets (orthonormal wavelets of the form ¢ = (xx)) is
also connected in the L?(R) metric.

Until now less has been achieved for the set of TFW-s. D. Speegle’s idea
has been succesfully transformed into the setting of TFW-s (see [5]). On the
other hand, the ideas from [8] provided only partial results for TFW-s (see
section 4 in [4] for details).

In this article we provide a completely new set of ideas to treat the sec-
ond question mentioned above. They are specifically tailored for TEFW-s and
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although we do not resolve the question completely, we establish the strongest
results to date in the positive direction. More precisely, we prove that the set
K, UK is arcwise connected in L?(R). The first set K, consists of all TFW-s
1 for which there exists € > 0 such that

%m }suppiﬁﬂ (2nm —e, 2nm+¢)| < 00,
where |A| denotes the Lebesgue measure of a set A C R. In this paper we let
supp zz ={{eR: 12(5) # 0}, a set which is uniquely defined, up to a null set.
The second set Ky consists of TFW-s ¢ for which there exists € € (0, 7] such
that

=0

1 R
lim sup on (supp ¢ N 2™.J5)

n—oo

where J§ = (—¢,—5] U [5,€). Observe that both sets contain all TFW-s
which are band-limited, that is, those TEFW-s 1 for which supp 1& is bounded.
Furthermore, we show that the entire path that we construct remains within
K, (respectively, Kg) if the end points are from K. (respectively, Kq). We
shall start by explaining basic ideas in Section 2. The construction of the path
is given in Section 3 and the connectivity of the sets K, and ICy is treated in

Sections 4 and 5 respectively.

2. THE BASIC IDEAS

It is easy to see from (1.3) and (1.4) that if 0 < ¢ < 7 the function

Y € L*(R) given by PF = XJg, where J§ = (—&,—5] U [5,¢), is a tight
frame wavelet. To prove connectivity inside TFW it is enough to join a given
1 € TFW with ¢° by a continuous arc inside TFW. The idea is to move
points from K = supp® into (—¢,¢) in such a way that (1.3) and (1.4) are
preserved. Related to (1.3) we will often make use of the power set [4] of a

measurable set A C R which is defined as
(2.1) [Al={2¢:jez,ecA=]2A
JEZ
Related to (1.4) we shall consider the “periodized” sets (U, ¢z ,,.o(A + 2nm)
and their restrictions to K = supp ¢:

(2.2) A= |J A+2nm)|NnK.
neZ,n#0

Observe that the term n = 0 is not considered in 7x(A). The interplay
between dilations and translations that appears in (1.4) makes the problem
of connectivity a difficult one.

We start by proving two results that contain the basic ideas. The first
one shows how to modify a TFW to obtain a new one, which will be used to
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build the arc needed for connectivity. Given a set £ C R of finite measure
and a function 1 we define a new function g by

— [ if EeR\[E]
W(g)_{ xe(6) if €eE]

The next proposition gives sufficient conditions on E to show that ¢ g is a
TFW when ¢ is also a TFW.

(2.3)

PROPOSITION 2.1. Let ¢ be a TFW. Suppose that E is a measurable
subset of R such that

i)
ZXE(ij) <1 forae&€eR,
JEZ
i)
ZXE(§+21€7T) <1 foraeéeR,
kez
i)
Tk (E) = U (E + 2k7) | N (supp 12)\) C [E].

kEZ, k#0
Then, the function vg defined by (2.3) is again a TFW.

PROOF. Since |E| < 27 due to i4), it is clear that ¢5 € L*(R). Thus, we
need to prove

(2.4) Z |@(2j§)|2 =1 for a. e. £ € R,
jEL

and

(25) o6 vp) =D Up(2€) Pp(2(E+2qm) =0  fora e £€R,

Jj=0

and all ¢ € 2Z + 1, using (1.3) and (1.4), and the properties of E.
If £ ¢ [E], 27¢ ¢ [E] for any j € Z by the definition of the power set.
Thus, if € ¢ [E],

ST =D 192 =1 fora. e. & ¢ [E]
JEZ JEZ
Now, if £ € [E], 29¢ € [E] for all j € Z. Thus
Y[R =" xp(27¢).

JEZ JEZ



CONNECTIVITY IN THE SET OF TIGHT FRAME WAVELETS (TFW) 79

If £ € [E], £ =270y for some jo € Z and n € E. Thus,
> x8(276) = xp(2°8) = xp(n) = 1.
JEZ
This inequality together with ) shows
ZXE@]E) =1 fora. e £ €[F]
jEz
This proves (2.4).

We need to prove (2.5). To do this suppose, first, that £ € [E]. Then,
there exists m € Z such that 2™¢ € E. We consider first the case m < 0.
In this case, if 7 = 0,1,2,..., @(Qjﬁ) = xg(2/¢) = 6m; = 0, which gives
tq(&E) = 0.

Consider now the case m > 0. Then

to(€,vE) ZwE 20€) (27 (€ + 2qm)) = Y (2mE + 2 Hgr).
7=0
The element 7 = 2™¢ + 2" qm € Uye 5 jso(E + 2k7) since ¢ # 0. Observe
that n ¢ FE since i) implies that the sets F + 2kw, k € Z, are disjoint. If
n € [E] we have () = X&) = 0, obtaining t,(¢,¢p) = 0. 1f 1 ¢ [E]
it does not belong to Suppz/J by iii); hence in this case z/JE( ) = 1/1( ) =0,
obtaining, again, t,(§,¢¥g) = 0.

Finally, we must take care of the case £ ¢ [E]. Given ¢ odd, assume first
that £ + 2qm ¢ [E]. Then,

VB8 =9(26)  and (2 (E+2m)) = (2 (€ + 24m))
for all j € Z. Hence, by (1.4), t4(§,¢¥E) = t4(&, ) = 0.
If £ + 2gm = &' € [E], using the equality

(2:6) (6 0) = 3B (E —2qm)d(2I¢) = T-,(€9).

j=0
we obtain t4(&,¥E) = t—_4(§',¥E) = 0 since now we have £’ = { + 2¢m € [E]
and we have shown above that in this case t_4(¢’,¥g) = 0 for all ¢ odd. This
finishes the proof of the Proposition. O

Our second result establishes sufficient conditions to prove the continuity,
in the L?(R) norm, of paths of the form {1, : 0 <t < 1}, where each v, is
defined as in (2.3)

PROPOSITION 2.2. Let {E; : 0 <t <1} be a collection of measurable sets
of finite measure such that
i)
tlllfrtl/ |EtAEt/| = O7
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i1)
lim |EtAEt/| = O,
t—t’/

where for a set A we define A = [A] N J§.

Then, if ¢ € L3(R) and g, is defined by (2.3) with E replaced by Ey, the
path {vg, : 0 <t <1} is continuous in the LQ( ) metric, that is

(2.7) Jimy [ 15,6 = D, (OF de = 0.
PROOF. We have
| () = b O de = 65,(6) — D, (€)1 de
[E]N[Ey]
L N G ER PAGI:
[E)A[B]
(2.8) +f 15 () = by ()2 e
R\([E:]U[E])
For the first integral in (2.8) we have
(BN [Ev] = (E: N Ev) U{([E] N [Ep]) N (B \ By) U (B \ EY))}
U{([E] N [EW]) \ (Ex U Ey)}

with disjoint union. Thus,

o v 2
o) /[EMEH] T (€) — Dy ()2 d
=|([E] N[Ev]) N ((Ee \ Ev) U (B \ Ey))| < |EyAEy|.
For the second integral in (2.8) we have
[EAEy] = ([Ed] \ [Ev]) U ([Ev] \ [Et])
Since [¢g, (€) — ¥, (€)* < 21, (6 + ¥, (€)]?) we deduce
(2.10)

/ 105 (€) — Dy ()2 de < 2 / (e (€) + [0(6)2) de
[EAE,] [E\[E,]

L2 / (PP + x5, (€)) d
[Ey\[Et]
<2 / 1D(€)? de + 2/, \ Ey|
[Ed\[E/]

LB\ By 12 / (6 de

(BN [E:]

= 2|E,AEy| +2/ ()2 d .
[E]A[E,]
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The last integral in (2.8) is zero since for & € R\ ([E:] U [Ev]) we have

E(é‘) - JE\,/(f) = (&) — ¢(€) = 0. Thus, from (2.8), (2.9), and (2.10) we
deduce

(2.11) / Do (€) — Dy ()P dE < 3|EAEw| +2 / D(E) de
R [Et]A[Et/]

The first term in (2.11) clearly tends to zero as t — t’ by hypothesis ). It
suffices to show

(2.12) lim [h(€)2de = 0.

o B AL
Since for a set A we have [A] = [A] = Uiez 2! A with disjoint union, we obtain
[EJA[EY] = [E)A[E] = | ) 2(B.AEy) = [E,AEy]
lez
Thus,

[ were= | jaoprd=[ (X 2EeP) d.
(B AE,] (B AFy BoE, \ o

where we have made the change of variables £ = 27u and used [A] = U727 A.
We observe that the function G(u) = 35,27 [¢(2'u)* is in L'(J5) (in
fact, fJg Gu)du = [, 1(€)|2 d€). Hypothesis ) and an application of the

Lebesgue dominated convergence theorem give (2.12) (see exercise 1.12 or
Theorem 6.11 in [6]). This finishes the proof of Proposition 2.2. O

REMARK 2.3. The example E,, = 27™J5, m € N, and E = () shows
that limy—oo |EmAE| = liMy—oo |Em| = 0, while lim, oo |[EnAE| =
By — o0 | Em| = limym oo |:TE| = ¢. This shows that i) does not imply i) of
Proposition 2.2. On the other hand, if E,, =27™J5, m € N, and E = J§ we
have lim, — oo |EmAE| = 0, while limy, o | Em AE| = limp— o0 (| Em|+|E|) =
lim;;, 00(27™e 4+ €) = & . This shows that i) does not imply 7) of Proposi-
tion 2.2.

To finish this section we present a result that follows easily from Propo-
sitions 2.1 and 2.2. This is the type of result that will be extended to more
general settings in the sections to come.

COROLLARY 2.4. Let ) € TFW with K = Supp{ﬁ\ and suppose that there
exists € € (0,7) such that
(2.13) KN (2kn+(—e,e)=0  forall keZ\{0}.
Then, there is a continuous path {tp; : 0 <t < 1} C TFW such that 1o = ¢
and ¢y = 9 in L*(R), where )¢ = XJg -
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PROOF. Let Fy = (—5(1+1),—5]U[5,5(1+1)), 0 <t <1, and define
Yy = g, (see (2.3)). It is clear that ¥y = ¢ and ¢ = .. The continuity of
the path follows from Proposition 2.2 since |/E:AE;| = |E.AEy| =¢lt—t'| —
0 ast — t'. To prove that each ¢; is a TFW apply Proposition 2.1 to F = E}
(notice that iii) follows from (2.13)). O

3. DYNAMICS OF THE CONSTRUCTION

We show in this section how to obtain measurable sets E that satisfy the
hypotheses of Proposition 2.1. For 0 < & < 7 let J§ = (=&, —5] U[5,¢) and
define

I =27NJ§, N=1,23,....
Recall that for a measurable set A C R the power set of A is defined by
[A]={2'¢:¢eAlez}=]]2'4
l€Z
(as in (2.1)). Let K C R be a fixed, measurable set; recall that for a set
B C R the 2n-translates of B restricted to K are defined by

(3.1) 5B = U @rk+B)|nkK
k€Z, k#0

(as in (2.2)). Given a measurable set I C J§, define In = I, I = ([tx1o] \
[Io]) N J5, and, recurrently

N
(3.2) Ingr=(lIN\ UL | 0 TRy N=1,2,3,...
j=0
Finally, define
(3.3) Er= ] In.
N=0

Observe that

N
(3.4) Iny) =[x IN\ L], N=0,1,2,....

j=0
Hence, the sets [Iy], N = 0,1,2,..., are all mutually disjoint. Moreover, from
(Al) in Appendix we deduce:
(3.5) [Ef)=|J [In]  (disjoint union).

N=0

LEMMA 3.1. If I is a measurable subset of J5, 0 < ¢ < m, the set Ej
defined by (3.3) satisfies i), ii), and iii) of Proposition 2.1
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PROOF. By the definition of E; (see (3.3)) and the disjointness of the
sets In, N =0,1,2,... we can write

(3.6) > xm (2°9) ZZXIN 27¢) = ZZ)@ i1y (€

JEZL N=0j€eZ N=0j€eZ
For each N fixed, the sets 2771y, j € Z are disjoint; thus
D X113 (€) = XUyeaz-i1x () = X(141(§) -
JEZ

This last equality together with (3.6) allows us to obtain

ZXEI (2J§) = Z X[IN](S) = X[E1] <1,
N=0

JEL
by (3.5). This shows i) of Proposition 2.1.
The set Ey is contained in (—¢,¢) C (—m,m), so that i) of Proposition
2.1 is immediate. It remains to prove 7 (E;) C [E;], where K = supp 1 for
a TFW 1. By (A6) in Appendix

:TK(U IN): UTK(IN)C U[TK(IN)]
By (34), [rac(In)] € ] U (U o[L3]) = UYSH L], Thus, by (3.5):
oo N+1 o)
U U U ] = [El.

O

Lemma 3.1 and Proposition 2.1 provide us with a way of constructing
Tight Frame Wavelets starting from a Tight Frame Wavelet ¢ and a measur-
able subset I contained in J§. If we start with the Shannon wavelet, that is

1 is given by 1Z = xs where S = (=27, —7) N (7, 27), we obtain several Tight
Frame Wavelets.

COROLLARY 3.2. Let I C J§ measurable, K = S, and Ey defined in (5.3).
Then St = (S\[E[])UET is a Tight Frame Set, that is (xs,) is a Tight Frame
Wavelet.

PROOF. By definition 2.3 with ¢ = (xs) we obtain
1 if ¢eS\[E]
xe;(§) if &€ [E)]

Thus, J-E\I = xs,- Apply Lemma 3.1 and Proposition 2.1. O

@(5)—{



84 G. GARRIGOS, E. HERNANDEZ, H. SIKIC, F. SORIA, G. WEISS AND E. WILSON

4. CONNECTIVITY OF THE SET I,

The construction presented in Section 3 together with the results of Sec-
tion 2 are applied to show that the set I, (see definition below) is pathwise
connected.

DEFINITION 4.1. The set K, is the set of all v € TFW such that there
exists € € (0, 7] such that if K = supp,

(4.1) S LK N @nr+ (—2,0))] < oo,

s 7

Recall that the function ¢ given by 7,//1\5 = XJg, Where J§ = (—¢, 5]U[5, €),
is a TFW.

THEOREM 4.2. Let ¢ € K, and e € (0, 7| associated with ¢ by Definition
4.1 . Then, there is a path {1y : 0 <t < 1} C K, continuous in the L*(R)-
metric and such that vo = 1 and 1 = Y. Moreover, for all t € [0,1],
suppz//J: C KU (—¢,¢), where K = supp zz

ProoOF. For ¢ € [0,1] let
€ € € €
I(t :(——1 t,——] [—,—1 t).
()= (-s0+0,-5]u[sca+0
Define E; = Ej;) where Ej is defined as in (3.3) starting with I = I(t).
We then set 1, = ¢ g, as in definition 2.3, that is

E@—{ﬁﬁ) if £€R\[E]

xe, (§) if €€ [E

We claim that the family {¢; : ¢t € [0,1]} has the properties stated in this
theorem. From Lemma 3.1 and Proposition 2.1 we know that each 1, is
a TFW; moreover, the support of 1//): is contained in (supp 15) U (—e,e) =
K U (—¢,¢), so that ¢y € K, for all ¢t € [0, 1].

Clearly Fy = I(0) = § a.e. and E; = I(1) = J§. Therefore, 1pg = ¢
and ¢; = ¢° in L?(R), since [J§] = R. Thus, we only need to check the
continuity of the path. This result follows if we show i) and #i) of Proposition
2.2 assuming we start with ¢» € K. To do this we need the following Lemmas.

LEMMA 4.3. Let A C (—¢,¢), 0 < e < 7. Then, there exists C > 0 such
that 1

[re (AN J5 < Ce Y

|[K N (2nm+ A)
|"\21| |

PROOF. By the definition of 7x(A) and (A1) in Appendix we deduce

()= | | En@w+4)| = JIKn@nm+A).
neZ, n#0 [n|>1
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Notice that if B C J=,, then |B| = |[B|nJ§| = 27!|B|. Now, for |n| > 1, using
that A C (—¢,¢) we have 2nm+A C J&,UJ¢,_, for some integer | = I(n) > 1,
with 2|n|m ~ 2!/We; that is 271" ~ sn-- Hence, the previous observation
with B = K N (2nm + A) gives,

[ (A VIG5 < D (K N (20 + A)] N g

In|>1
<C > 27K N (2nm + A)
In>1
1
<Ce > me (2n7 + A)|
[n|>1

O

Let us now prove that the hypotheses i) and 4i) in Proposition 2.2 are
always satisfied in this setting.

LEMMA 4.4. Let K C R be a measurable set such that (4.1) holds for
some € > 0. Then, the map I — E; described before Lemma 3.1 (associated
with K via T ) satisfies

|[EfAEp| — 0, and \/EVIA/ET]” — 0, as |[IAI'| — 0,

where I and I' are measurable subsets of J§ and for a set A C R we have
A=[ANJ§.

PRrROOF. Since Iy, Iy C J5 and the sets J5,, N =0,1,2,... are disjoint
we have

EiAEp = ) InAIy  and  E;AEp C | 2V(INAIY).

N=0 N=0
Hence
|ErAEp| <Y |INAIy] and B AEp| <Y 2V|InAIY],
N=0 N=0

so that it suffices to show
(4.2) S oNIyALy[ =0 as [IAT| -0
N=0

Since 2V 1y, is contained in J§, the definition of Iny1 (see (3.2)) gives,

2N Iy | = |Ina | < [rie (In)] N T |

(4.3) <Ce ). ium (2n7 + Iy)|,

s 7
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where the last inequality is due to Lemma 4.3. Using (A8), (A3), (A7), (A1),
and (A3) we obtain

N N
PN Iy 1 Dl ) = { ([TKIN] \ Um) A ([TKI;V] \ Uuﬂ) } nJs
=0

€ (I AL U ([(Uo5) & (UXT)]) Y 1 -

By Lemma 4.3 applied to Iy Al we deduce

N
NIy ATy | < Ce > ﬁm N @2nr+ (INAIY)| + Y 2| LA
In|>1 =0
1 N
(1.4) —Ce [ (3 s (©)de+ 32RO,
INAT In|

N |n|>1 =0

By condition (4.1) (notice that IynAIy C (—e,¢€)), induction on N, and an
application of the Lebesgue dominated convergence theorem we obtain from
(4.4) that

(4.5) 2Ny ALy, | — 0 as |[IAI'| —0, N=0,1,2,...

Moreover, condition (4.1), again, and the Lebesgue dominated convergence
theorem imply that given n > 0, there exists M > 0 such that if Ly, =

Uz Ji = (=55, 557), then

(4.6) S LKk n @+ La) <.

iz

By (4.3) we get that for the M that satisfies (4.6) and for any initial pair of
intervals I and I’ contained in J§,

7 oNiyary| < Y 2V(Iv| + Ty))

(4 7) N=M N=M
’ 1
<2Ce Y —I|K N (2n7+ Lar)| < 2Cen.
s
Combining (4.5) and (4.7) we obtain (4.2). O

Notice that Proposition 2.2 and Lemma 4.4 applied to I = I(t) and I’ =
I'(t) allow as to finish the proof of Theorem 4.2, showing the connectivity
of the set K. O

COROLLARY 4.5. The set K of all v € TFW such that K = Suppi& has
finite measure is arcwise connected.
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PRrROOF. Each element of the path v; constructed in the proof of Theorem
4.2 belongs to K if ¢ € K since Suppz//J: C (supp z/AJ) U (—e&,e). Thus, we only
need to prove that I C IC;. To show this observe that the sets 2nw + (—¢,¢)
are disjoint so that

S Likn@er+(—e0) < 3 KN @ar+ (—<,0))|

w1 ™ nl>1

=|Kn| | 2nm+(—c0) || < K| < 0.
nl>1

5. CONNECTIVITY OF THE SET K4

Let v € TFW and K = supp@. For e € (0,7] and for n = 1,2,3,...
define
1 € €
(5.1) KE=——(KN2"J5) C JE = (—g, ——} U [—,5) .
2n 2 2
Recall that for a collection of sets K,,,

lim sup K,, = ﬁ <G Km>

n—oo
n=1 \m=n

DEFINITION 5.1. The set Kq is the set of all v € TFW for which there
exists € € (0, 7] such that |limsup,,_, . K| =0.

REMARK 5.2. Let v € TFW and K = Supp{b\. If for some € > 0 the
condition

=K N2n |
pRLLILELI
n=1 2n

is satisfied, then ¢ € K4 To see this let L, = (J,_, Kt. Then,
|Ln| < >0 o= |K N2™J5|. Given n > 0, choose ng large enough so that
S g | K N 2™ 5| < for all n > ng. Since Ly41 C Ly, and |Ly| < oo

(L, C J§) it follows that |limsup,, . K&| = lim, e |Ln| = 0.

In this section we prove that the set IC/d\ is arcwise connected. Observe
that the function ¢° (0 < e < 7) given by ¥ = x s belongs to K. We will
show that there is a continuous arc inside g4 joining any element ¢ € ICyq with
1%, where € is the number associated to ¥ € Ky by Definition 5.1. We use the
same arc described at the beginning of the proof of Theorem 4.2. Therefore,
it is enough to show that ¢) and i) of Proposition 2.2 hold assuming that
1 € Kgq. To do this we need to introduce new notation and prove several
Lemmas.
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For a measurable set K define, for m =0,1,2,3,...
(5.2) Hn,=Kn ( U 2”Jg> and  Gp = KN (=271, 2m ),
so that H,, UG, = K with disjoint union.

Starting with I C J§ define Iy(K) = I and Iny(K), N > 1 as in (3.2).
Also, if K = GU H with disjoint union, let

N-1
(5.3) ING) = | reUn— (KNI J LK) nJy,  N=>1,
j=0

and
Ga)  I(H) = ([TH<IN_1<K>>]\ U [a(@]) N, Nz

LEMMA 5.3. If K = G U H with disjoint union, then for all N > 1, we
have

IN(K) =IN(G)UIN(H)
PRrOOF. Since (AUB)\C = (A\C)U(B\C) using (5.3), (5.4), and (A1)
in Appendix, we have

N-1

IN(K) = ([re(In-1(K))]\ U [1;(K)]) N Ty

= ([( U 27rl+IN1(K))ﬂ(GUH)
l€Z, 1#£0
N—-1
= ([Ta(lzvl(K)) U (ra (In 1 (KO U 11 (K)]

=0

N~ —
D
=

= I3,(G) U T4 (H).

LEMMA 5.4. i) For allm=0,1,2,..., we have
N5 (Hp) C [Hp) NJE, N=1,2,3,....
Hence .
U 215 (Ho) € [Hi] 0 T
N=1

it) Let L, = s, 3= (K N2"J5). Then [Hy] N J§ = Ly, for all m =
0,1,2,....
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PROOF. i) By definition,

NI (Hp) =2V | [ra, (Iv—1 (KO U NnJs
N-1
_ U 2ml+Ivoa(K) | nHa |\ )] 0T
l€Z, 170 Jj=0
C [Hm] N J(;:

i1) After writing the definition of H,,, use (Al) in Appendix and the
properties of the power set (both twice) to obtain

[H,] N JE = lKﬂ ( [j 2"J§>] nJs = <G [Km2"J5]> nJs

n=m

= <G[2"K0JO>0JO_ l[j 27"K) mJO]mJg
= [j (27"K)NJ5 = L

LEMMA 5.5. With Er and Eyp defined as in (3.3) we have
i)

E:0Er] < | 2N<IN<K>AI;V<K>>’,

N=0

ii)
U 2V Un(B) ALy (K))].

N=0

|E[AE]/| <2

PROOF. The first one is clear by definition (see the first line in the proof
of Lemma 4.4). We need to prove ii). From the definition of E; we deduce
(as in Lemma 4.4)

oo

(5.5) EAEp = U (In(K)AIN(K)).
N=0

For N =0,1,2,-- write Ay(K) = In(K) \ I'y(K) and By (K) = I'y(K) \
In(K). Then

(5.6) IN(K)AIN(K) = An(K) U By (K)

For Nl,N2 € N with Nl 75 Ng, we have [INl(K)] n [INz(K)] = (Z), which
implies [An, (K)]N[An,(K)] = 0. Thus, for all ji, jo € Z, the sets 21 Ay, (K)
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and 272 Ay, (K) are disjoint if Ny # Na; similarly for the sets 2/ By (K), N =
0,1,2,..., j €Z.

Let A(K) = Uy_02VAn(K) and B(K) = Ux_o 2V Bn(K). Then, by
the disjointness property proved in the preceding paragraph, we deduce:

U2NAN ‘ Z2N|AN

(5.7)
2 Z |AN(K)| = U AN(K)‘ ;
N=0 N=0
and similarly for B(K), that is,
(5.8) IB(K)| > | BN(K)> :
N=0

From (5.5), (5.6), (5.7), and (5.8) we deduce

|E;AEp| = UIN VAT ( )|

(@) (@ mon)

U AN (K)| + U BN(K)|
N=0 N=0

[ACK)| + [B(K)] -

IN

IN

Since

U 2N AN (K U 2N (In(K) \ Iy (K))

C U 2N (In(K)AIN(K)),
N=0

and, similarly,
U 2N (I (K) ATy (K))

we deduce

|ErAEp| < 2| 2V (In(K)AIy(K))
N=0
which is what we wanted to prove. O
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LEMMA 5.6. Let £ >0 and A C R\ (—¢,¢) be a measurable set. Then

Al

N=0,1,2,....

PRrOOF. We have, A = |J;Z y,, AN 27J5 with disjoint union. Let Cj =
AN21J%,j=N+1,...,00. By (Al) in Appendix,

o0

[AnJg = U @lnJi.
j=N+1

Also, for j = N +1,...,00, since C; C 27.J%,

o0

CiinJg = |J @'c)nJii=27¢;.
l=—00
Hence,
AInJEl < > lGInJil= > 571Gl < o3 > 1Gl-
j=N+1 j=N+1 j=N+1

Since A = JjZ v, C; with disjoint union, we deduce |[A] N J5| < v |4,
as wanted. O

LEMMA 5.7. Let G C K be two measurable subsets of R. For any mea-
surable set I C J§ we have

) 1
1N11(G)] < gz lme(n (K))I, N=0,1,2,...
PRrROOF. By definition (5.3) we have
IN1(G) Clra(IN(K))] N TR -
Since 7¢(In(K)) N (—¢,e) = () we use Lemma 5.6 to conclude

[ra (I ()|

N1 (G)] < lre(In (KD N IRl < — 573

O

LEMMA 5.8. Let G C K be two measurable subsets of R. For any pair of
measurable sets I,1' C J§ and N =0,1,2,3,..., we have

* * 1
2VIN 1 (G)ATR L (G)] < S lra (v (K) Ay (K |+Z2]|I K)AIL(K)|.
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PRrOOF. Let Ey = UL, [;(K) and Ey = Y
(A8), (A3), and (A7) from Appendix we obtain:

= o Ij- Using properties

I (G)AIG 1 (G) = {([ra (In (K] \ [ENDA([rx (IN(E)\ [END Y N TR
C A{([re(In(E)]Are(In(K)) U ([ENJAIEND T N TR
CA{lrc(UN(K))A1a(In(K)) U [ENAER]} N T34
Al

(
76 (In(K)AIN(K) U [ENAER]E 0 Ty -
Since {r¢(In(K)AIN(K))} N (—¢,e) = 0, by Lemma 5.6 we deduce

e (I (K) ATy (K))] 0 J5 14| < |TG(IN(§N)+A21MK))I |

Also, by (A1) from Appendix,

N N
[EnAEY] = | LI)ALK) | = U (K)AL(K)]
=0 =0
and
) . LIE)AL(K)
HIj(K)AIj(K)] n JN+1‘ =T oN+1-; -

All these estimates give

* * 1
[N (DI (G)] < Wh—G(IN(K)AIJ/V(K)”

+ o Zz L)AL )

which is the desired result. |

LEMMA 5.9. Suppose that 1 € K4 and K = supp 1Z
i) ForallN =0,1,2,3,..., we have |[In(K)AIy(K)| — 0 as [IAI'] — 0.
ii) For all N =1,2,3,... and all m € Z* we have

NI (G ) AL (Gr)| — 0 as |[IAT'] — 0.

PRrOOF. From Lemma 5.4 we deduce:

Ly,
oN+1

Ly,

and I]\}F+1(Hm) C W

INi(Hp) C

Thus, since 1) € Kg4, given 1 > 0 there exists mo € N such that |L,,| <
Hence,

* n % n
|IN+1(Hmo)| <|Lml| < 1 and |IN+1(Hmo)| <|Lml| < 1
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Using Lemma 5.3 and (A9) from Appendix we deduce

In a1 (K) ATy 1 (K) € { T (Gong) AL 41 (G }

U T (o) AT 1 (o) }

so that

3

(5.9) TN +1 (K) ATy 1 (K| < g1 (G )ATN 41 (G )| +

|

By Lemma 5.8 we deduce that for N =0,1,2,3,... and any m € Z™*,

2V ey (Gon) AT 4 (G| < 5 ITG (In(K) Ay (K)))

(5.10)
+Z23|I K)AL(K)|.

We prove i) and #i) by induction on N. The case N = 0 of ) is clear
since Io(K) =TI and I[(K) = I'. The case N =1 of i) follows from the case
N =0 of (5.10); to see this write

re, AN =| |J (AT +2n7) NG
nezZ, n#0
Since G, is a bounded set, the above union has only a finite number of terms,
say M(m). Thus |rq,, (IAI')| < M(m)|[IAI'| — 0 as |[IAI'| — 0.

Assume that 7) and 4¢) hold for j = 0,1,2,3,..., N. Since G,, is bounded
an argument as above shows

S (IN(E)AT(K)| —0 s |TAT] =0,

since we are assuming |Iy (K)AI{(K)| — 0. Thus, from (5.10) we deduce i7)
for j = N + 1. From (5.9) we deduce i) for j = N + 1. O

LEMMA 5.10. Suppose that ¢ € Kgq and K = supp 12)\ Then

UzN IN(K)AIN(K)| =0  as  |[IAI'|—0.
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PROOF. From Lemma 5.3, (A9) in Appendix, and Lemma 5.4 we deduce
form=1,2,3,...

U 2N (In(K) ALy (K))

oo

= (1)U | 2¥ {(3(Gom) U L (Hn)) AU (Gon) UL (Hin)) }
N=1

(IAD) U2N{IN m)AIN (Gm)}

0 U 2" U3 () AT (11,)

N=1
c (IAT')U [j 2N{ (G ) AT (G )}ULm.
N=1

(Notice that L,, does not depend on I.) Hence,

UzNIN JAT (] ))’

<AL+ 3 2N (Go) AL (G| + | L

(5.11) N
<AL+ 2V I3 (G ALY (G|
N=1
+ Z NI (G + D 2V (G| + | L -
N=M+1 N=M+1

Given 7 > 0, choose mg € N such that |L,,| < £ for all m > mg. By Lemma
5.7 applied to G = G,, we have, if m > my,

> 2N|I;,(Gm)|§l > e, (In-1(K))|

N=M+1 N=M+1

N=M+1
1 e €
2 ;mm (—2—M=2—M)} ,
and similarly for I;\*f. Since Gm is a bounded set, the union that appears in

the definition of 7¢,, (—5%, 337 ) has only a finite number of terms, say K(m).
Thus ‘Tgm (=55 L)‘ < K(m) ‘( 5375 2]\/{)’ — 0 as M — oo. Choose M

2M 5 2

(5.12)

IN
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large enough so that

e €
(5.13) ‘TGm (—2—M72—M)‘ <n/4
Using (5.11), (5.12), and (5.13) we obtain

[eS) M
/ 3
U 2V Uy ()AL ()| < 1AL+ Y7 2V IR (Gon) AL (G| +
n=1 N=1
The desired result follows by using i) of Lemma 5.9. o

THEOREM 5.11. The set K4 given in Definition 5.1 is arcwise connected.

PRrROOF. Consider the same path as the one in the proof of Theorem 4.2.
By Proposition 2.2 all we need to prove is

|E;AEp| — 0as [IA'| =0 and |E;AEp|—0  as |[IAI'] —0.
This follows from Lemma 5.5 and Lemma 5.10 applied to I = I(¢) and I’ =
I'(t). O

FINAL REMARK. After the work in this paper was completed, we real-
ized of a more general condition under which the arguments on connectivity
presented here still hold. The condition reads as follows:

Given a bounded TF-set Jy, a measurable set K and a measurable subset
I of the negative powers of Jy, we define

L(I) = [TK(I)] NJo.
We say that K is Jp-admissible if the map I — L(I) is continuous in measure

in the sense that given e, there exists ¢ so that “|I| < § = |L(I)| < €.

With this assumption one proves that any TFW with spectrum in K can
be continuously connected with the one with spectrum in Jp.

It is easy to see that both, condition K, and condition g4 given in this
paper, imply the previous one. Also, there is a stronger condition of uni-
form admissibility which ensures that all the intermediate TFW’s of the arc
may have spectrum in the union of K and Jy. The details will appear in a
forthcoming paper.

6. APPENDIX
(Al) If Ay CR, N=1,2,3,..., then [U?\Iozl AN] = U?VO:1[AN]
PRrOOF.

NQAN U2 (glAN>= U (Uzav )= Uan

JEZ N=1 \jezZ N=1
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(A2) [A]\[B] C[A\ B]

ProoF. If £ € [A] \ [B], there exist a € A and m € Z such that
& = 2™ma. Clearly, a ¢ B, otherwise { € [B]. Hence, a € A\ B and
£=2mac A\ B O

NoTE. The inclusion is strict. For A = J§ U Jf and B = J§
we have [A] = R and [B] = R, so that [A] \ [B] = . Moreover,
[A\ B] = [J5] = R.

(A3) [A]A[B] C [AAB]

PROOF. Since [A]A[B] = ([A]\ [B]) U ([B] \ [A]), using (A.2) and
then (A.1) we obtain [AJA[B] C [A\ B]U[B\ 4] = [AAB]. O

(A4) [AnB] C [A]N[B]

PrOOF. If £ € [ANB], there exist m € Z and n € AN B such that
£E=2"y. Sincen € Aand n € B, £ € [A] and € € [B]. O

NoOTE. The inclusion is strict. For A = J§ and B = J{ we have
[ANB]=[0] =0, but [A]N[B]=RNR=R.

(A5) T (A)\ 7K (B) C Tx(A\ B)

PROOF. If € € 7 (A) \ 7k (B), there exist k € Z\ {0} and n € A
such that £ = 2km +n € K. Clearly, n ¢ B, otherwise £ € 7k (B).

Hence n € A\ B and § = 2kn +n € 7x (A \ B). O
(A6) IfAy CR, N=1,2,3,..., then U?Vozl TK(AN) = TK(U?vozl AN)
PROOF.
A =J | U @nv+2mnk
N=1 N=1 \I€Z,1#£0
= (U (AN+217T)> NK
1€Z,1#0 \N=1
= ((U AN)+217T> NK
I€Z,1#£0 \ N=1
= TK( U AN) .
N=1
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(A7) TK(A)ATK (B) C TK(AAB)
PRrROOF. Follows from (A5) and (A6):
Tk (A) ATk (B) = (7 (A) \ 7 (B)) U (7x (B) \ Tk (A))
CTK(A\B)UTK(B\A)
=7k (A\B)U(B\ 4))
= TK(AAB)

(A8) (A\A))A(B\ By) C (AAB)U (A, ABy)
ProOOF.

(A\ A1)A(B\ By)
={(ANAf)N(BNBY)tU{(BNBY)N(ANA})}
={(ANAYN(B°UB)}U{(BNBY)N(A°U A1)}
=(ANASNBY)YU(ANASNB)U(BNBfNA°)U(BNBfN Ap)
=((A\B)NA)U((B\A)NB) U((B1\ A1)NA)U((A1\ B1)N B)
C(A\B)U(B\A)U(B1\ A1) U (A1 \ B1)
= (AAB)U (A1 ABy)

(A9) (Ujez Aj) A (Ujez Bj) C Ujez(4;4Bj). In particular
(Al @] Ag)A(Bl @] Bz) C (AlﬁBl) @] (AQABQ)

PrOOF. Ifz € (UJ_GZ AJ—) A (UjGZ Bj) we have z € (UJ—GZ Aj) \

(UjGZ Bj> orz € (UjeZ Bj) \ (UjGZ Aj>. In the first case, z € Aj,
for some jo € Z, but « ¢ B; for all j € Z. Then, z € Aj, \ Bj,, and
consequently = € (J;cz(A4;24B;). The proof is similar in the second
case. 0
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