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Abstract. In this paper, we introduce a bivariate Kantorovich variant of the combination
of Chlodowsky and Szasz type operators and study local approximation properties of these
operators. We estimate the approximation order in terms of Peetre’s K-functional and
partial moduli of continuity. We also give some numerical error estimates and illustrations.
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1. Introduction

Bernstein-Chlodowsky polynomials are a generalization of a classical Bernstein poly-
nomial on the interval [0, αn] with αn → ∞ as n → ∞. These polynomials are defined
by

Bn (f ;x) =

n∑

k=0

Ck
n

(
x

αn

)k (
1− x

αn

)n−k

f

(
kαn

n

)
,

where x ∈ [0, αn] and limn→∞
αn

n = 0. The approximation properties of these
operators were investigated for univariate and bivariate continuous functions in
[1, 9, 10, 13, 18]. Moreover, a q-generalization of Bernstein-Chlodowsky polyno-
mials [7], Voronoskaja type theorems related to these polynomials [6, 15] and a
Bezier variant of these polynomials [19] were discussed.

The modified Szasz operators defined as

Sm (f ; y) = e−βmy
∞∑

j=0

(βmy)j

j!
f

(
j

γm

)
;m ∈ N, y ∈ [0,∞)

were introduced by Walczak [20] and studied the approximation properties in one
and two-dimensional weighted spaces. İspir and Atakut [12] estimated the rate of

∗Dedicated to memory to Professor Akif D. Gadjiev.
†Corresponding author. Email addresses: nispir@gazi.edu.tr (N. İspir),
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convergence by weighted modulus of continuity on the positive real axis in univariate
and bivariate cases.

Recently, Gazanfer and Buyukyazici [11] introduced a bivariate operator associ-
ated with a combination of Chlodowsky and modified Szasz type operators as follows

Ln,m (f ;x, y) =

n∑

k=0

∞∑

j=0

P

(
x

αn

)
Qj (βmy) f

(
k

n
αn,

j

γm

)
(1)

for all n,m ∈ N, f ∈ C (Aαn
) with Aαn

= {(x, y) : 0 ≤ x ≤ αn, 0 ≤ y < ∞} and
C (Aαn

) = {f : Aαn
→ R is continuous} . Here (αn) is an unbounded sequence of

positive numbers such that limn→∞ (αn/n) = 0 and also (γm) , (βm) denote the
unbounded sequences of positive numbers such that

lim
m→∞

γ−1
m = 0,

βm/γm = 1 +O (1/γm) ,

and

Pn,k (x) = Ck
nx (1− x)

n−k
,

Qj (y) = e−y
(
yj/j!

)
.

Notice that the operator Ln,m : C (Aαn
) → C (Aαn

) is the tensorial product of xBn

and ySm, i.e., Ln,m =x Bn ◦y Smm where

xBn (f ;x, y) =
n∑

k=0

Ck
n

(
x

αn

)k (
1− x

αn

)n−k

f

(
kαn

n
, y

)

and

ySm (f ;x, y) = e−βmy
∞∑

j=0

(βmy)
j

j!
f

(
x,

j

γm

)
.

In [11], the authors studied some approximation properties of Ln,m operators given
by (1) in a space of continuous functions on a compact subset of Aαn

and given
the degree of this approximation by means of total and partial modulus of conti-
nuity. Furthermore, they investigated the weighted approximation properties of the
operators Ln,m for continuous functions with polynomial growth on [0,∞)× [0,∞) .

Summation type operators are not suitable for approximating a function f ∈
Lp[0, 1] in the Lp norm. This problem is eliminated with integral type operators,
one of which is the Kantorovich operator. The Kantorovich operators allow us to
investigate the approximation properties in the uniform norm and also in the Lp

norm. Some generalizations of Szasz-Kantorovich and Chlodowsky integral type
operators are studied in [2, 4, 8, 14, 16, 17].

To approximate integrable functions, we define a Kantorovich variant of the
operators given by (1) as follows

L∗
n,m (f ;x, y) =

n

αn
γm

n∑

k=0

∞∑

j=0

Pn,k

(
x

αn

)
Qj (βmy)

(j+1)/γm∫

j/γm

(k+1)αn/n∫

kαn/n

f (t, s)dtds,
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where the sequences (αn) , (βm) , (γm) are defined as above and have the conditions

lim
n→∞

αn

n
= 0, (2)

and

lim
m→∞

γ−1
m = 0,

βm

γm
= 1 +O

(
1

γm

)
. (3)

In this paper, we investigate local approximation properties of operators L∗
n,m in

terms of the partial modulus of continuity and Petree’s K-functional correspond-
ing to the second modulus of continuity. We also give some numerical examples
associated with the order of approximation and some illustrations for the rate of
convergence.

2. Basic results

In this section, we give some results using the test functions ei,j(t, s) = tisj ( i, j =
0, 1, 2 ). To express our results we give the following auxiliary lemmas.

Lemma 1 (See [11]). For f ∈ C (Aαn
) , we have

Ln,m (e0,0;x, y) = 1,

Ln,m (e1,0;x, y) = x,

Ln,m (e0,1;x, y) =
βm

γm
y,

Ln,m (e2,0;x, y) =

(
1− 1

n

)
x2 +

αn

n
x,

Ln,m (e0,2;x, y) =
β2
m

γ2
m

y2 +
βm

γ2
m

y.

Lemma 2. For f ∈ C (Aαn
) and operators L∗

n,m satisfy the following equalities

L∗
n,m (e0,0;x, y) = 1,

L∗
n,m (e1,0;x, y) = x+

αn

2n
,

L∗
n,m (e0,1;x, y) =

βm

γm
y +

1

2γm
,

L∗
n,m (e2,0;x, y) =

(
1− 1

n

)
x2 + 2

αn

n
x+

α2
n

3n2
,

L∗
n,m (e0,2;x, y) =

β2
m

γ2
m

y2 + 2
βm

γ2
m

y +
1

3γ2
m

.
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Remark 1. By applying Lemma 2 we have

L∗
n,m (t− x;x, y) =

αn

2n

L∗
n,m

(
(t− x)2;x, y

)
=

(
1− 1

n

)
x2 + 2

αn

n
x+

α2
n

3n2
− 2x2 − αn

n
x+ x2

= − 1

n
x2 +

αn

n
x+

α2
n

3n2
=

x (αn − x)

n
+

α2
n

3n2
. (4)

L∗
n,m (s− y;x, y) =

(
βm

γm
− 1

)
y +

1

2γm

L∗
n,m

(
(s− y)2;x, y

)
=

β2
m

γ2
m

y2 + 2
βm

γ2
m

y +
1

3γ2
m

− 2y
βm

γm
y − 2y

1

2γm
+ y2

=

(
βm

γm
− 1

)2

y2 +
1

γm

(
2
βm

γm
− 1

)
y +

1

3γ2
m

. (5)

Hence, for all (x, y) ∈ Aαn
and sufficiently large n,m, we get

L∗
n,m

(
(t− x)2;x, y

)
= O

(αn

n

) (
x2 + x+ 1

)
(6)

and

L∗
n,m

(
(s− y)2;x, y

)
= O

(
1

γm

)(
y2 + y + 1

)
. (7)

Lemma 3. For f ∈ C (Aαn
), we have
∥∥L∗

n,m (f ;x, y)
∥∥ ≤ ‖f‖ ,

where ‖.‖ is the uniform norm on C (Aαn
) .

Proof. Considering the definition of L∗
n,m (f ;x, y) and by Lemma 2,

∥∥L∗
n,m (f ;x, y)

∥∥ ≤ n

αn
γm

n∑

k=0

∞∑

j=0

Pn,k

(
x

αn

)
Qj (βmy)

(j+1)/γm∫

j/γm

(k+1)αn/n∫

kαn/n

|f (t, s)| dtds

≤ ‖f‖
∥∥L∗

n,m (e0,0;x, y)
∥∥ = ‖f‖ .

For Aab = [0, a]× [0, b] , let C(Aab) denote the space of all real valued continuous
functions on Aab, equipped with the norm given by ||f ||C(Aab) = sup

(x,y)∈Aab

|f(x, y)|.

Theorem 1. Let f ∈ C (Aαn
); then the operators L∗

n,m given by (1) converge uni-
formly to f on the compact set Aab = [0, a]× [0, b] , as n,m → ∞.

Proof. From Lemma 2 and taking into account conditions (2) and (3), we get

lim
n,m→∞

∥∥L∗
n,m (ei,j)− ei,j

∥∥
C(Aab)

= 0, i, j = 0, 1, 2.

The well known Volkov Theorem implies limn,m→∞

∥∥L∗
n,m (f)− f

∥∥
C(Aab)

= 0.
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Example 1. For n,m = 5, 50 the convergence of L∗
n,m(f ;x, y) to f(x, y) = xy2−x2y

will be illustrated in Figure 1 and Figure 2.

Figure 1: The convergence of L∗
n,m

(f ; x, y) to f(x, y), for αn =
√
n, βn = n, and γn = n+

√
n

Figure 2: The convergence of L∗
n,m

(f ; x, y) to f(x, y), for αn =
√
n, βn = n, and γn = n+ln(n+1)

Example 2. For n,m = 50, the comparison of convergences of L∗
n,m(f ;x, y) and

the modified Szasz-Kantorovich operators defined by

S∗
n,m(f ;x, y) = γnγm

∞∑

k=0

∞∑

j=0

Qk(βnx)Qj(βmy)

(k+1)/γn∫

k/γn

(j+1)/γm∫

j/γm

f(t, s)dtds

to f(x, y) = xy(x− 2)2e−y will be illustrated in Figure 3.
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Figure 3: The convergence of L∗
n,m

(f ; x, y) and S∗
n,m

(f ; x, y) to f(x, y), for αn =
√
n, βn = n, and

γn = n+
√
n

3. Degree of approximation by L
∗
n,m

For f ∈ C(Aab), the complete modulus of continuity for a bivariate case is defined
as follows:

ω(f ; δ) = sup

{
|f(t, s)− f(x, y)| :

√
(t− x)2 + (s− y)2 ≤ δ

}
,

for every (t, s), (x, y) ∈ Aab.

Further, partial moduli of continuity with respect to x and y are defined as

ω1(f ; δ) = sup

{
|f(x1, y)− f(x2, y)| : y ∈ [0, b] and |x1 − x2| ≤ δ

}
,

ω2(f ; δ) = sup

{
|f(x, y1)− f(x, y2)| : x ∈ [0, a] and |y1 − y2| ≤ δ

}
.

It is clear that they satisfy the properties of the usual modulus of continuity [3].
Now, we give an estimate of the rate of convergence of operators L∗

n,m.

Theorem 2. Let f ∈ C(Aab); then for all (x, y) ∈ Aab, we have

|L∗
n,m(f ;x, y)− f(x, y)| ≤ 2ω (f ; δn,m) ,

where δn,m =
(
O (αn/n) (x+ 1)2 +O (1/γm) (y + 1)2

)1/2
.

Proof. Taking into account the complete modulus of continuity of f(x, y), we can
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write

|L∗
n,m(f ;x, y)− f(x, y)| ≤ L∗

n,m(|f(t, s)− f(x, y)|;x, y)

≤ L∗
n,m

(
ω
(
f ;
√
(t− x)2 + (s− y)2

)
;x, y

)

≤ ω (f ; δn,m)

[
1 +

1

δn,m
L∗
n,m

(√
(t− x)2 + (s− y)2;x, y

)]
.

Applying Cauchy-Scwartz inequality, by (6) and (7), we obtain

|L∗
n,m(f ;x, y)− f(x, y)|

≤ ω (f ; δn,m)

[
1 +

1

δn,m

{
L∗
n,m

(
(t− x)2 + (s− y)2;x, y

)}1/2
]

≤ ω (f ; δn,m)

[
1 +

1

δn,m

{
L∗
n,m

(
(t− x)

2
;x, y

)
+ L∗

n,m

(
(s− y)

2
;x, y

)}1/2
]

≤ ω (f ; δn,m)

[
1 +

1

δn,m

(
O (αn/n) (x+ 1)2 +O (1/γm) (y + 1)2

)1/2]
.

Taking δn,m =
(
O (αn/n) (x+ 1)

2
+O (1/γm) (y + 1)

2
)1/2

, for all (x, y) ∈ Aab, we

reach the result.

Theorem 3. Let f ∈ C(Aab); then the following inequalities satisfy

| L∗
n,m(f ;x, y)− f(x, y)| ≤ 2

(
ω1(f ; δn (x)) + ω2(f ; δm (y))

)
,

where

δn (x) =

(
x (αn − x)

n
+

α2
n

3n2

)1/2

and

δm (y) =

(
(βm − γm)

2

γ2
m

y2 +
2βm − γm

γ2
m

y +
1

3γ2
m

)1/2

,

for all (x, y) ∈ Aab.

Proof. Using the definition of partial moduli of continuity of f(x, y) and applying
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the Cauchy-Schwarz inequality, we get

|L∗
n,m(f ;x, y)− f(x, y)|

≤ L∗
n,m(|f(t, s)− f(x, y)|;x, y)

≤ L∗
n,m (|f(t, s)− f(x, s)|;x, y) + L∗

n,m(|f(x, s)− f(x, y)|;x, y)
≤ L∗

n,m

(
|ω1(f ; |t− x|)|;x, y

)
+ L∗

n,m (|ω2(f ; |s− y|)|;x, y)

≤ ω1(f ; δn)

[
1 +

1

δn
L∗
n,m (|t− x| ;x, y)

]

+ω1(f ; δm)

[
1 +

1

δm
L∗
n,m (|s− y| ;x, y)

]

≤ ω2(f ; δn)

[
1 +

1

δn

(
L∗
n,m

(
(t− x)

2
;x, y

))1/2]

+ω2(f ; δm)

[
1 +

1

δm

(
L∗
n,m

(
(s− y)

2
;x, y

))1/2]
.

Taking into account (4) and (5), choosing

δn =

(
x (αn − x)

n
+

α2
n

3n2

)1/2

and

δm =

(
(βm − γm)

2

γ2
m

y2 +
2βm − γm

γ2
m

y +
1

3γ2
m

)1/2

,

for all (x, y) ∈ Aab we obtain the desired result.

Some numerical examples

1. The error of the approximation of f(x, y) = xye−y by using the partial moduli
of continuity of function f are listed in Table 1.

(n = m) αn =
√

n, βn = n, γn = n+
√

n αn =
√

n, βn = n, γn = n+ ln(n+ 1)

100 2.6203 2.0571

200 2.1422 1.5441

1000 1.2156 0.7726

1100 1.1721 0.7422

1200 1.1335 0.7155

2000 0.9284 0.5788

2100 0.9106 0.5673

2200 0.8940 0.5566

3000 0.7900 0.4908

Table 1:

2. The error of the approximation of f(x, y) = arctan(x+y) by using the partial
moduli of continuity of function f are listed in Table 2.
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(n = m) αn =
√

n, βn = n, γn = n+
√

n αn =
√

n, βn = n, γn = n+ ln(n+ 1)

100 1.8969 1.6346

200 1.5505 1.3182

1000 0.9558 0.8207

1100 0.9288 0.7988

1200 0.9048 0.7794

2000 0.7762 0.6756

2100 0.7650 0.6665

2200 0.7545 0.6579

3000 0.6879 0.6040

Table 2:

Now we estimate the degree of approximation by operators L∗
n,m for the functions

satisfying the Lipschitz condition. If f ∈ LipM (η1, η2), then

|f(t, s)− f(x, y)| ≤ M |t− x|η1 |s− y|η2

for η1, η2 ∈ (0, 1] .

Theorem 4. Let f ∈ LipM(η1, η2); then we have

||L∗
n,m(f ;x, y)− f(x, y)|| ≤ Mδη1/2

n δη2/2
m ,

where δn and δm are defined as in Theorem 3.

Proof. Since f ∈ LipM(η1, η2), we can write

∣∣L∗
n,m(f ;x, y)− f(x, y)

∣∣ ≤ L∗
n,m (|f(t, s)− f(x, y)| ;x, y)

≤ L∗
n,m (M |t− x|η1 |s− y|η2 ;x, y)

≤ M xBn (|t− x|η1 ;x, y) ySm (|s− y|η2 ;x, y) .

Now, using the Hölder’s inequality with

w1 =
2

η1
, u1 =

2

2− η1
, and w2 =

2

η2
, u2 =

2

2− η2
,

we have

∣∣L∗
n,m(f ;x, y)− f(x, y)

∣∣ ≤ M xBn (e0,0;x, y)
(2−η1)/2

× ySm

(
(s− y)

2
;x, y

)η2/2

ySm (e0,0;x, y)
(2−η2)/2

≤ Mδη1/2
n δη2/2

m ,

which implies the desired result.

Now, let C(j)(Aab) = {f ∈ C(Aab) : f
(i,j) ∈ C(Aab), 1 ≤ i, j ≤ 2}, where f (i,j)

is the (i, j) th-order partial derivative with respect to x, y of f, endowed with the
norm

||f ||C(2)(Aab) = ||f ||C(Aab) + ||f ||1C(Aab)
+ ||f ||2C(Aab)

,
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where
||f ||1C(Aab)

= sup
(x,y)∈Aab

{
|f(x, y)|, |f (1,0)(x, y)|, |f (0,1)(x, y)|

}

and

||f ||2C(Aab)
= sup

(x,y)∈Aab

{
|f(x, y)|, |f (1,0)|x, y), |f (0,1)|(x, y), |f (2,0)(x, y)|, |f (1,1)(x, y)|,

|f (0,2)(x, y)|
}
.

Theorem 5. Let f ∈ C(1) (Aab). Then we have

|L∗
n,m(f ;x, y)− f(x, y)| ≤ ‖fx‖ δn + ‖fy‖ δm,

where δn, δm are defined as in Theorem 3.

Proof. From the hypothesis we can write

f(t, s)− f(x, y) =

∫ t

x

fw(w, s)dw +

∫ s

y

fu(x, u)du.

Applying L∗
n,m(.;x, y) on both sides, we get

|L∗
n,m(f ;x, y)− f(x, y)|

≤ L∗
n,m

(∫ t

x

|fw(w, s)| dw;x, y
)
+ L∗

n,m

(∫ s

y

|fu(x, u)| du;x, y
)
.

Since

∫ t

x

|fw(w, s)| dw ≤ ‖fx‖ |t− x| and

∫ s

y

|fu(x, u)| du ≤ ‖fy‖ |s− y| ,

we have

|L∗
n,m(f ;x, y)− f(x, y)| ≤ ‖fx‖L∗

n,m (|t− x| ;x, y) + ‖fy‖L∗
n,m (|s− y| ;x, y) .

Applying the Cauchy-Schwarz inequality and by (4) and (5) we obtain

|L∗
n,m(f ;x, y)− f(x, y)| ≤ ‖fx‖

(
L∗
n

(
(t− x)2;x, y

))1/2
(L∗

n (e0,0;x, y))
1/2

+ ‖fy‖
(
L∗
m

(
(s− y)2;x, y

))1/2
(L∗

m (e0,0;x, y))
1/2

|L∗
n,m(f ;x, y)− f(x, y)| ≤ ‖fx‖ δn + ‖fy‖ δm.

Next, we shall give an estimate for the order of approximation of the sequence{
L∗
n,m (f)

}
to the function f ∈ C (Aab) in terms of the Peetre’sK-functional defined

as
K(f ; δ) = inf

g∈C(2)(Aab)
{||f − g||C(Aab) + δ||g||C(2)(Aab), δ > 0}.
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It is also known that the following inequality

K(f ; δ) ≤ M1{ω2(f ;
√
δ) + min(1, δ)||f ||C(Aab)} (8)

holds for all δ > 0 ([5], p. 192). The constant M1 is independent of δ and f and
ω2(f ;

√
δ) is the second order complete modulus of continuity.

Theorem 6. If f ∈ C (Aab), then we have

∣∣L∗
n,m(f ;x, y)− f (x, y)

∣∣

≤ 4K (f ;Fn,m (x, y)) + ω



√(

2nx+ αn

2n
− x

)2

+

(
2βmy + 1

2γm
− y

)2

 ,

where Fn,m (x, y) = O
(
αn

n

) (
x2 + x+ 1

)
+O

(
1
γm

) (
y2 + y + 1

)
.

Furthermore,

∣∣L∗
n,m(f ;x, y)− f (x, y)

∣∣

≤ M

{
ω2

(
f ;
√
Fn,m (x, y)

)
+min {1, Fn,m (x, y)} ‖f‖C(Aab)

}

+ω



√(

2nx+ αn

2n
− x

)2

+

(
2βmy + 1

2γm
− y

)2

 .

Proof. We define the following auxiliary operator

L̂∗
n,m(f ;x, y) = L∗

n,m(f ;x, y)− f

(
2nx+ αn

2n
,
2βmy + 1

2γm

)
+ f (x, y) .

Then, by Lemma 2, we get

L̂∗
n,m(e1,0;x, y) = x, L̂∗

n,m(e0,1;x, y) = y.

Hence,

L̂∗
n,m((t− x) ;x, y) = 0, L̂∗

n,m((s− y) ;x, y) = 0.

Let g ∈ C(2)(Aab) and t, s ∈ Aab. Using Taylor’s theorem, we can write

g(t, s)− g(x, y) = g(t, y)− g(x, y) + g(t, s)− g(t, y)

=
∂g(x, y)

∂x
(t− x) +

∫ t

x

(t− u)
∂2g(u, y)

∂u2
du+

∂g(x, y)

∂y
(s− y)

+

∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv.
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Applying the operator L̂∗
n,m(f ;x, y), we obtain

L̂∗
n,m(g;x, y)− g (x, y) = L̂∗

n,m

(∫ t

x

(t− u)
∂2g(u, y)

∂u2
du;x, y

)

+L̂∗
n,m

(∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv;x, y

)

= L∗
n,m

(∫ t

x

(t− u)
∂2g(u, y)

∂u2
du;x, y

)

−
∫ 2nx+αn

2n

x

(
2nx+ αn

2n
− u

)
∂2g(u, y)

∂u2
du

+L∗
n,m

(∫ s

y

(s− v)
∂2g(x, v)

∂v2
dv;x, y

)

−
∫ 2βmy+1

2γm

y

(
2βmy + 1

2γm
− v

)
∂2g(x, v)

∂v2
dv.

Hence, using (6) and (7) and taking into account conditions (2) and (3), we have

∣∣∣L̂∗
n,m(g;x, y)− g (x, y)

∣∣∣ ≤ L∗
n,m

(∫ t

x

|t− u|
∣∣∣∣
∂2g(u, y)

∂u2

∣∣∣∣ du;x, y
)

+

∫ 2nx+αn
2n

x

∣∣∣∣
2nx+ αn

2n
− u

2nx+ αn

2n
− u

∣∣∣∣
∣∣∣∣
∂2g(u, y)

∂u2

∣∣∣∣ du

+L∗
n,m

(∫ s

y

|s− v|
∣∣∣∣
∂2g(x, v)

∂v2

∣∣∣∣ dv;x, y
)

+

∫ 2βmy+1
2γm

y

∣∣∣∣
2βmy + 1

2γm
− v

∣∣∣∣
∣∣∣∣
∂2g(x, v)

∂v2

∣∣∣∣ dv

≤
{
L∗
n,m

(
(t− x)

2
;x, y

)
+

(
2nx+ αn

2n
− x

)2
}
‖g‖2C(2)(Aab)

+

{
L∗
n,m

(
(s− y)

2
;x, y

)
+

(
2βmy + 1

2γm
− y

)2
}
‖g‖2C(2)(Aab)

≤
(
O
(αn

n

)
+
(αn

n

)2
+O

(
1

γm

)
+

(
2 (βm − γm) y + 1

2γm

)2
)

×‖g‖2C(2)(Aab)

≤
(
O
(αn

n

)
+O

(
1

γm

))
‖g‖2C(2)(Aab)

.

Also, from Lemma 3,

∣∣∣L̂∗
n,m(f ;x, y)

∣∣∣ ≤
∣∣L∗

n,m(f ;x, y)
∣∣+
∣∣∣∣f
(
2nx+ αn

2n
,
2βmy + 1

2γm

)∣∣∣∣+ |(f ;x, y)|

≤ 3 ‖f‖C(Aab)
.
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Therefore, for f ∈ C (Aab) ,
∣∣L∗

n,m(f ;x, y)− f (x, y)
∣∣

≤
∣∣∣∣L̂

∗
n,m(f ;x, y)− f (x, y) + f

(
2nx+ αn

2n
,
2βmy + 1

2γm

)
− f (x, y)

∣∣∣∣

≤
∣∣∣L̂∗

n,m((f − g) ;x, y)
∣∣∣+
∣∣∣L̂∗

n,m(g;x, y)− g (x, y)
∣∣∣

+ |g (x, y)− f (x, y)|+
∣∣∣L̂∗

n,m(g;x, y)− g (x, y)
∣∣∣

+

∣∣∣∣f
(
2nx+ αn

2n
,
2βmy + 1

2γm

)
− f (x, y)

∣∣∣∣

≤ 4 ‖f − g‖C(Aab)
+

(
O
(αn

n

) (
x2+x+1

)
+O

(
1

γm

)(
y2+y+1

))
‖g‖2C(2)(Aab)

+

∣∣∣∣f
(
2nx+ αn

2n
,
2βmy + 1

2γm

)
− f (x, y)

∣∣∣∣

≤ 4 ‖f − g‖C(Aab)
+

(
O
(αn

n

) (
x2+x+1

)
+O

(
1

γm

)(
y2+y+1

))
‖g‖2C(2)(Aab)

+ω

(√(
2nx+ αn

2n
− x

)
+

(
2βmy + 1

2γm
− y

))
.

Taking the infimum on the right-hand side over all g ∈ C(2) (Aab) and using inequal-
ity (8), we obtain

∣∣L∗
n,m(f ;x, y)− f (x, y)

∣∣

≤ 4K (f ;Fn,m (x, y)) + ω



√(

2nx+ αn

2n
− x

)2

+

(
2βmy + 1

2γm
− y

)2



≤ M

{
ω2

(
f ;
√
Fn,m (x, y)

)
+min {1, Fn,m (x, y)} ‖f‖C(Aab)

}

+ω



√(

2nx+ αn

2n
− x

)2

+

(
2βmy + 1

2γm
− y

)2

 ,

where Fn,m (x, y) = O
(
αn

n

) (
x2 + x+ 1

)
+O

(
1
γm

) (
y2 + y + 1

)
.
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