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ABSTRACT. Generalizing our earlier work, we construct quasi-particle
bases of principal subspaces of standard module LX(l) (kAo) and gener-
!

alized Verma module N _ (1) (kAo) at level k > 1 in the case of affine Lie

algebras of types Bl(l) and Cl(l). As a consequence, from quasi-particle
bases, we obtain the graded dimensions of these subspaces.

1. INTRODUCTION

Let g be a simple complex Lie algebra of type X;, with a Cartan subal-
gebra b, the set of simple roots II = {aq,...,q;} and the triangular decom-
position g = n_ @& h & ny, where ny is a direct sum of its one dimensional
subalgebras corresponding to the positive roots. Denote by L£(n,) a subal-

gebra of untwisted affine Lie algebra g of type X l(l)
L(ngy)=ny @C[t,t 1]

Let V be a highest g-module with highest weight A and highest weight vector
va. We define the principal subspace Wy of V' as

Wy = U(E(n+))vA.

In this paper we study principal subspaces of the generalized Verma module

Ny (kAg) and its irreducible quotient L, ) (kAo) at level k > 1, defined
l 1

over the affine Lie algebras of type Bl(l) and C’l(l).
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The study of principal subspaces of standard (i.e., integrable high-
est weight) modules of the simply laced affine Lie algebras and its con-
nection to Rogers-Ramanujan identities was initiated in the work of B.
L. Feigin and A. V. Stoyanovsky [16] and has been further developed in
[2,4-11,19,23,24,30-32].

Quasi-particle descriptions of principal subspaces of standard modules for
untwisted affine Kac-Moody algebras originate from the work of Feigin and
Stoyanovsky [16] and G. Georgiev [19]. In order to compute the character

formulas of standard Agl)—modules, Feigin and Stoyanovsky have constructed
monomial bases of principal subspaces of the standard modules in terms of
the expansion coefficients of a certain vertex operators (cf. [13,25]). These
monomial bases have an interesting physical interpretation, as quasi-particles,
whose energies comply the difference-two condition (see in particular [12, 16,
19]).

Later on, Georgiev in [19] generalized the construction of quasi-particle
bases to principal subspaces of certain standard modules in the ADE type.
His bases were built of quasi-particles z,q,(m) of color i (1 < ¢ <), charge
r > 1 and energy —m

m+r—1

Tra; (M) = Res, < z Ta; (2) 2o, (2) ¢,
—_—

r factors

where 4, (2) = ZjeZ Tq,(j)2 77! are vertex operators associated to elements
e N A<1>(kA0). From this bases Georgiev obtained character formulas,
l

)

Lo

i

which are in the case of Agl character formulas first obtained by J. Lepowsky
and M. Primc in [26].

In our previous paper [3] we have used ideas of Georgiev to construct
quasi-particle bases of principal subspaces of level £ > 1 standard module

LB(I)(kAO) and generalized Verma module N, (kAg) of an affine Lie al-
2 2

gebra of type Bél). From the graded dimensions (characters) of principal
subspaces of generalized Verma module we obtained a new identity of Rogers-
Ramanujan’s type.

Our present work is a generalization of [3] to the case of Bl(l), >3, and

to the case of Cl(l), [ > 3. Our methods for these cases are the same as the
methods that we used in [3]. First, using relations among vertex operators
associated with the simple roots «; € II, we find spanning sets of principal
subspaces, which are built of quasi-particles of colors ¢, 1 <4 <[, and charges
r > 1 acting on the highest weight vectors.

In the case of affine Lie algebra of type Bl(l) these quasi-particle mono-
mials are of form

b(ay)b(ay—1) -+ - b(an),
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where b(«a;) is a product of quasi-particles corresponding to simple root «; €
II. From combinatorial point of view, difference conditions for energies of
quasi-particles of colors i, 1 < ¢ < [ — 2, are identical with the difference
conditions for energies of Georgiev’s quasi-particles in the case of standard
Al(i)l—modules of level k and difference conditions for energies of quasi-particles
of colors [ — 1 and [ are the same as difference conditions for energies for level
k given in [3].

In the case of C’l(l), quasi-particle monomials in the spanning sets are of
form

blai)---blar—1)b(ar),

where difference conditions for energies of quasi-particles colored with colors [
and [—1 are identical as difference conditions for energies of quasi-particles for
level k Bél)—modules, and difference conditions for energies of quasi-particles
of colors i, 1 <4 <[ — 2, are identical with difference conditions for energies
of quasi-particles in the case of standard Al(i)l—modules of level 2k.

For the purpose of proving the linear independence of spanning sets, we
use a projection of principal subspaces on the tensor product of h-weight
subspaces of standard modules defined in [3]. The projection enables the usage
of certain coefficients of intertwining operators, simple current operators and
“Weyl group translation” operator defined on the level one standard modules.
We prove linear independence by induction on the order on quasi-particle
monomials. Important argument in the proof will be the linear independence

of quasi-particle vectors from [3] for the Bél) case and linear independence of

Al(i)l monomial vectors obtained in [19].
The main results of this paper are character formulas for principal sub-
spaces of standard modules L, 1) (kAg) (Theorem 4.13 and Theorem 5.10) and
1

principal subspaces of generalized Verma modules N a) (kAo) (Theorem 4.15
L

and Theorem 5.12). As a consequence, we also obtained two new identities,
which are generalization of an identity from [3]. The first one was obtained

from character formulas of principal subspace of N, (kAo) in the Bl(l) case.
l

B

THEOREM 1.1.

I[-— LA 1 1 5

o =amy) (L= qmyiy2) (L= a™y--y) (L= a3 - y;
1 1 1 1

(L—qmyy2---97) A —qmy2) (1 —qmy2ys)  (L—q™y2--- 1)
1 1

(I —qm™py3 - y?)  (1—q™ya2ys---y})
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In the Cl(l) case we get the following identity

THEOREM 1.2.
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The plan of the paper is as follows. In Section 2 we recall some funda-
mental results concerning affine Lie algebras and their modules. Next, we
introduce a notion of a quasi-particle and relations among quasi-particles of
the same color. In Section 3, we recall the definition of the principal subspace.
In Section 4 we construct quasi-particle bases of principal subspaces of stan-

dard module L ;) (kAo) and generalized Verma module Ny (kAg) of Bl(l).
l l

We will start with finding relations among quasi-particles of different colors.
Using these relations along with relations among quasi-particles of the same
color we will construct the spanning sets of principal subspaces. Then we will
introduce operators which we use in the proof of linear independence. At the
end of this section we will find character formulas. Section 5 is devoted to the
construction of bases of principal subspaces in the case of C’l(l).

2. PRELIMINARIES

In this paper we are interested in principal subspaces of two different types
of affine Lie algebras, so it will be convenient to introduce principal subspace
(and latter quasi-particle monomials) for modules of a general untwisted affine
Lie algebra.

2.1. Modules of affine Lie algebra. Let g be a complex simple Lie algebra
of type X, h a Cartan subalgebra of g and R the corresponding root system.
Let IT = {aq,...,u} be a set of simple roots and let § denote the maximal
root. Denote with Ry (R_) the set of positive (negative) roots. Then we
have the triangular decomposition g = n_ @ h ® ny. We use (-,-) to denote
the standard symmetric invariant nondegenerate bilinear form on g which
enables us to identify h with its dual h*. We normalize this form so that
(o, @) = 2 for every long root o € R. For o € R let a¥ = 2% denote the

(,c)

corresponding coroot. Denote by Q) = Zizl Zo; and P = Zizl Zw; the root




64 M. BUTORAC

and weight lattices, where wi,...,w; are the fundamental weights of g, that

is <wi,a]V> =40;;,%7=1,...,1. For later use, we set wy = 0.

The associated affine Lie algebra of type X l(l) is the Lie algebra
3=9®C[t,t7 ] ®Cc,
where ¢ is a non-zero central element (cf. [22]). For every x € g and j € Z,
we write x(j) for elements x ® t/. Commutation relations are then given by
e, z(5)] = 0,
[x(jl)a y(]Q)] = [:L'a y] (]1 +]2) + <1'; y> j15j1+j2,007
for any x,y € g, J,41,72 € Z. We introduce the following subalgebras of g
>0 =Poet"eCc, Goo=Pat
n>0 n<0
E(ﬂ+) =n4 & (C[t,til],
Lny)s0 = L(ny) @ ClY] and L(ny)<o = Lny) @ 1ClH].
By adjoining the degree operator d to the Lie algebra g, such that

[da :L'(])] = ]IL’(]), [da C] =0,
one obtains the affine Kac-Moody algebra
g=g®Cd,
(cf. [22]).

Set h = h®Cc@dCd. The form (-,-) on b extends naturally to h. We shall
identify b with its dual space h* via this form. We define 6 € b* by §(d) = 1,
d(c) =0 and §(h) =0, for every h € . Set g = — 6 and o = ¢ — 6. Then
{af,a,..., )} is a set of simple coroots of g.

Define fundamental weights of g by <Ai, a}’> =0, fori,j =0,1,...,1
and A; (d) = 0. Denote by L(Ag), L(A1),..., L(A;) standard g-modules, that
is integrable highest weight g-modules with highest weights Ag, A1,..., Ay
and with highest weight vectors va,,va,,...,v4,.

The object of our study is g-module N e (kAo) and its irreducible quo-

l
tient LX(1)
1
module N, ) (kM) is defined as the induced g-module
l

NXl(l) (kAg) = U(ﬁ) U (G>0) Cuga,,

(kAg), where level k is a positive integer. The generalized Verma

where Cup, is 1-dimensional g>o-module, such that
C'UkAO = k/’UkAo

and
(g @ t7)vga, = 0,
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for every j > 0. From the Poincaré-Birkhoff-Witt theorem, we have
NXl(l) (kAo) = U(§<0) ®c (CvaO

as vector spaces. Set

UN 1) (kho) = 1 ® vga,-
l

We view g-modules N, ) (kAg) and L, ) (kAg) as g-modules, where d acts
1

as

€]
Xl

dON 1) (ko) = 0

(see [25]).
Throughout this paper, we will write z(m) for the action of z ® t™ on
any g-module, where x € g and j € Z.

2.2. Definition of quasi-particles. For every positive integer k, the gener-
alized Verma module N Jes) (kAg) has a structure of vertex operator algebra
1

(see [25], [27], [29]), where vn ;) (kA,) IS the vacuum vector. For x € g
X

Y(@(=1on ) kag)s2) = 2(2) = > a(m)z
L MmeEZ

is vertex operator associated with the vector z(—1)vy 1 (kAo) € Nyw (kAo).
Xl l

In addition, on the irreducible g module L e (kAo) we have the structure
l

of a simple vertex operator algebra and all the level k£ standard modules are

modules for this vertex operator algebra (cf. [25], [29]).

REMARK 2.1. Later, we will realize standard modules of level k£ > 1
as submodules of tensor products of standard modules of level 1. Vertex
operators z(z), where z € g, act on the tensor product of standard modules
of level 1 as Lie algebra elements (cf. [25]).

For a; € IT and r > 0, we have
Tro (Z) = Ty (Z)T = Y((xai (71))76 UNX(I) (kAo)» Z)
1

For given ¢ € {1,...,l}, r € N and m € Z define a quasi-particle of color
i, charge r and energy —m by

(2.1) Zra;(m) = Res, ZmAr—l To; (2) Tay (2)
—_—

r factors

We shall say that vertex operator x,,(z) represents the generating function
for quasi-particles of color ¢ and charge 7.
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From (2.1) it follows

Tra; (M) = Z Ta;(Mmr) -+ T, (M1),
mMi,...,MrEZL
Mt b =m

where the family of operators
(Ta; (M) -+ Ta; (M1)) ma,emeez
my+-Fme=m

on the highest weight module is a summable family (cf. [25]).

We shall usually denote a product of quasi-particles of color ¢ by b(«;).
We say that monomial b(«v;) is a monochromatic monomial colored with color-
type 7, if the sum of all quasi-particle charges in monomial b(«;) is r;. We
say that a monochromatic quasi-particle monomial

b(ai) = xnrg) S (mr§1>7i) Ty (mlfi)?
is of color-type r;, charge-type

(2.2) (nT51)’i, . ,nl,i>

where
0<n.m, < - <ny,

and dual-charge-type
(2.3) (r(”, r rf)) :

where
7“1(1) 2r§2) > 27‘58) >0 and s>1,
if (2.2) and (2.3) are conjugate partitions of r; (cf. [3], [19]).
Since quasi-particles of the same color commute, we arrange quasi-par-
ticles of the same color and the same charge so that the values mp;, for

1<p< rgl), form a decreasing sequence of integers from right to left.

2.2.1. Relations among quasi-particles of the same color. Rela-
tions among particles of the same color, that is, expressions for the products
of the form ;o (Mm)xy o (m’), where a = a;, n,n’ € N and m,m’ € Z, can be
divided into two sets. The first set of relations is described by the following
proposition.

PROPOSITION 2.2 (cf. [25,27,29]). Let k € N. Then we have the following

relations on the standard module L ., (kAo):
l

Lo (Z)k+1 =0,

xB(Z)Qk—‘rl — O7

where a € R is a long root and B8 € R is a short root.

The second set of relations was proved in [15,16,19, 21]:
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LEMMA 2.3. For fited M,j € Z and 1 < n < n/ any of 2n monomials
from the set

A={zna(f)zna(M = j), Tpa(j + Dana(M —j—1),...,
cosZna(J+2n — Dapo(M —j—2n+1)}
can be expressed as a linear combination of monomials from the set
{Zna(M)Tpa(m') :m+m' = M}\ A
and monomials which have as a factor quasi-particle (1) (j'), j' € Z.
COROLLARY 2.4. Fixn € N and j € Z. The elements from the set
A = {Zna(M)xpna(m’) :m' —2n <m <m'}

can be expressed as linear combinations of monomials Ty (M)Tna(m'), such
that

m<m'—2n
and monomials with quasi-particle T (n,41)a, (J'), j' € Z.

In order to find relations among quasi-particles, which are differently col-
ored, we will use the commutator formula among vertex operators:

[Y(xa(—l)UN(kAO), 21), Y(xg(—l)TUN(kAO), z2)]
(2.4) o (1
= j; T

where a, § € R, (cf. [17]).

d J —1 Zl . r
d_zl z5 0 g Y(za(j)rs(—1) UN(kAg);ZQ)a

3. PRINCIPAL SUBSPACES AND QUASI-PARTICLE MONOMIALS
3.1. Principal subspace. Let k € N and let A = kAg. Set vy, (1) (kAg) O
Xy

be the highest weight vector of the standard module L ) (kAg). As in [16]
L
and [19], we define the principal subspace Wp, (1) (kAo) of the standard module
X

LXl(l)(kAo) as

Wfol)(kAo) = U(E(nJr))ULXZ(l)(kAO)a
and the principal subspace WNX<1>(kAo) of the generalized Verma module
le(l)(kAo) as l

WNXLm(kAo) = U(E(nJr))UNXL(l)(kAO);

where U(L(ny)) is the universal enveloping algebra of Lie algebra L(ny).
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3.2. Quasi-particle monomials. In Subsections 4.2 and 5.2, we construct
bases of Wi, 1 (khg) and Wi/ (kaq) consisting of vectors of the form
X X

vax<1> (kAo) and bUNXu) (kAo)» Where monomials b are composed of monochro-
1

matic monomials b(ali), where ¢ = 1,...,l. Here we extend definitions of
monochromatic monomials to polychromatic monomials. We use the same
terminology for the products of generating functions.

For (polychromatic) monomial

b=">b(ay) - blar)
= xnrl(l),zal (mrl(l),l) Ty o (ml,l) e an%l)’lal (mril),l) o Tng o (ml,l)a
we will say it is of charge-type
’ .
R = (nrl(l),l’ RN 5 WA 7nrl(1)’l, ce ’nLl) y

where

IN

0 S nn@J . S 1,5

dual-charge-type
where
and color-type

where
P

Sq
r; = an = Zrl(t) and s; € N,
p—=1 t=1

if for every color 7, 1 <17 <,
(nrgl),i, N ,nl,i)

(rgl), 7“52), . ,T,ES)>

are mutually conjugate partitions of r; (cf. [3], [19]).

and

REMARK 3.1. In the case of affine Lie algebra of type Cl(l) the bases of
Wy, (1) (kAo) and Wy 1) (kAo) will generate polychromatic monomials
= <

b(ew) - --b(ew)

whose charge-types, dual-charge types and color-types are defined similarly.
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We compare the (polychromatic) monomials as in [3] and [19]. We state
b<b
if one of the following conditions holds:
1. (Tlru) Do ,Tllyl) < (ﬁ?(l) e aﬁl,l)a
o [}
i.e., if there is v € N, such that ny; = 714,12, = N2y, ..., Nu—1,i =

1 _
E ) +1 or ny; <N

2. (nrl(l),l’ . ,n171) = (ﬁﬁ(l),l’ . 7ﬁ1,1)7

(mru) P ML < m?u) o , M1

P r
i.e. if there is v € N, 1 < u < 1y, such that mi; = My, me; =
mgﬁj, e My 15 = Miy—14 and Mayyi < My 5

Ny—1,i, and u =7

REMARK 3.2. Similarly definition is for the Cl(l) case. First we com-
pare the charge-types and if the charge-types are the same, we compare the
sequences of energies, starting from color ¢ = [.

3.3. Characters of principal subspaces. We extend the definition of char-
acter of the principal subspaces Wy, (rkao) and Wy (ka,) from [3].
X X

Denote by ch Wy, (1) (kAo) the characters of W7, (1) (kAo):
X X

ch WLXl(l)(kAO) = Z dim Wfo”(kA") "yt eyl

m,ri,...,r; >0 (mor1,..mr)

where ¢, y1,...y; are formal variables and

WL ) (kho) = WL _q (ko)
L L

(mvrlrna"'l) —m5+7'1(11+...+7'1(ll

is the H—weight subspace of weight —md + riay + ... + rjqq.
In the same way we define the character of Wy (1) (kAo)-
X

4. THE CASE Bl(l)

4.1. Principal subspaces for affine Lie algebra of type Bl(l). Let g be of
the type Bj, | > 2. The root system R of g will be identified as a subset R’
where {e1, ..., €} denotes the usual orthonormal basis of the R!. We have the
base of R:

MD={a1=€1—€,..., 001 =€_1 — €, 00 =€},
the set of positive roots:
Ri={e—¢:i<jlU{e+e:i#j U{e:1<i<lI}
and the highest root
0 =€ +e=a1 +209 + -+ 204.
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For each root « € Ry we have a root vector z, € g. We define a one-
dimensional subalgebras of g

n, =Czx,, a€ Ry,
with the corresponding subalgebras of g
L(ng) =n, @C[t, t1].
We denote with UBl(l) the vector space

Upm = U(L(1e,)) - U(L (1ay))-

Using the same argument as Georgiev in [19] we can prove
LEMMA 4.1. Let k > 1. We have
WLBl(l)(kAO) - UB;1>ULBL<1)(1¢AO),
WNBZ(I)(kAO) = UBz(l)vNBl(l)(kA")'

By extending the construction of bases of principal subspaces in the case
of affine Lie algebra of type Bél), we shall construct bases for the principal
subspaces W7y, 1) (kAo) and Wy (1) (kAo)» which will be generated by quasi-

B B

1 L
particles acting on the highest weight vectors. We start with the principal
subspaces WLB<1>(kAo)'
l
4.2. The spanning set of Wy, (1) (kAg)- In order to find a set of quasi-
By
particle monomials which generate a basis of WLB (1) (kAg)> first we complete
1

the list of relations among quasi-particles. Here we find the expressions for
the products of the form z,,,q, (mi)xn;% (m}), wherei=1,...,1—-1,j=i+1
ni,n; € N and m;, m} € Z.

)

First, notice that as in the case of Bél , we have:

LEMMA 4.2. Let nj_1,n; € N be fized. One has

min{n;,2n;_1}
1 21-1
- Imal (Zl)xnl,1a171(Zl—l)UNB(l) (k/\o)
1

€z My g (12 2]
l

Now, fix color i, 1 <1i <[ —2.

LEMMA 4.3. Let niy1,n; € N be fizred. One has
3«) (21 - ZQ)nlmnlozl (Zl)an,+1ai+1 (22) = (21 - ZQ)niIni+1Oéi+1 (ZQ)Inzaz (21);
b) (Zl*zQ)ni+lmniai (Zl)xni+1ai+l (ZQ) - (Zl*ZQ)ni+lmni+1ai+1 (22)1'”1'041' (Zl)

PRroor. Follows by direct computation employing the commutator for-
mula 2.4 for vertex operators. O
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From Lemma 4.3 follows:

LEMMA 4.4. Let niy1,n; € N be fized. One has

2 min{ni+1 ,ni}
i
<1 - > Tnipi1ai41 (ZiJrl):L'niai (Zi)vN (1) (kAo)
(4.1) Zit1 g

—min{n;4+1,n

€2 W o) [z, 24l
1
PROOF. (4.1) is immediate from creation property of vertex operators

(cf. [25]) and Lemma 4.3, i.e.

(Zi+1 - Zi)mm{nHl’ni}xm+10¢i+1 (Zi+1)mni0@ (Zl)

= (21 — 20) ™M g (20T an (Zig).

O

REMARK 4.5. The obtained relation in Lemma 4.4 is generalization of
relations obtained in [19] for the case of Al(i)l. Later, we will show similar

relation for quasi-particles corresponding to the long roots in the Cl(l) case
(see Lemma 5.4).

Using the above considerations and relations among quasi-particles of
the same color, induction on charge-type and total energies of quasi-particle
monomials ([3,19]), follows the proof of the following proposition:

PROPOSITION 4.6. The set

%WLB(l)(kAU) - {vaBl(l)(kAO) S BWLB(1)(kA0)} ’
L 1

where
Bw, ) (khg) = U or, equivalently, U
i n )  S-Snia<k r§1)>--->r§k)>0
1 == =
<<ny o<k e (k)
m gy S SmLS r(D)>>r M) >0

n (1) ZS»»»Snl,LSQk 7'1(1)2~~~2rl(2k>20

{b =b(ay)---bar)

=Tn 4y a (mr(l) l) T Ty gy (ml,l) iy (mra) 1) Tng o (ml,l) :
Lo S [ Ty ,1 1
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P .
Mp,i < —Npi + gy min{ngi—1,mpit — 32,5502 min{npi, ny i},
1 .
1<p<rM 1<i<i-1
. 1 .
Mpi1,i < My — 277Ep;i if npy1i =nps, 1 <p< 7”5 b1 1<i<i—1;
1

T . .
Mpl < —Np + 2 g—1 min{2nq,i—1,mp1} — Zp>p’>0 2 min{mnpi, nyp 1}
1
1§p%ﬁ
Mpi1,0 < Mpy — 2np1 if npg =npr1, 1<p<r ' =1

(1)
0

and where ry ' =0, spans the principal subspace W7, (1) (kAo) -
By

4.3. Proof of linear independence. Here we introduce operators which we
use in our proof of linear independence of the set By, RTINE
B
1

4.3.1. Projection mg;. We start with a projection msg;, which is a general-
isation of projection introduced in [3]. If we restrict the action of the Cartan
subalgebra h = h ® 1 to the principal subspace W, ) (Ao) of level 1 standard

5

modules L ;) (Ap), we get the direct sum of vector spaces:
l
WLB(l)(AO) = @ WLB(l)(AO) 9
! Ugy...,u1 >0 ! (wise.u)
where

WL ) (o) = Wi
1

ugop+-tu oy
(ug - ut)

is the weight subspace of weight
woy + -+ urag € Q.

Fix alevel £ > 1. The principal subspace WLB(l) (kAo) has a realization as

a subspace of the tensor product of k principal sullospaces WLB (1) (o) of level
!
1
WLBl(l)(kAO) C WLBZ(U(AO) ®:® WLBZ(U(AO) CLgw (Ao)®*,

where

v = ® . o ® v
LBl(1)(kA0) LBL(I)(AO) LBL(I)(AO)

k factors
is the highest weight vector of weight kAg.
For a chosen dual-charge-type

1 2k). (1 k 1 k
R = (rl( ),...,rl( );rl(_)l,...,rl(_)l;...;r§ ),...,rg ))
and the corresponding charge-type R’

! . .
R = (nrl(l)’l,...,nu,...,nrﬁl)’l,...,nl,l) y
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denote with mg; the projection of principal subspace Wi, ) (kAo) tO the sub-
By
space

WLB(U(AO) 0,0y R-® WLBl(l)(AO)

)
k
l ( ()7rl 17 ( g) (1) il))

CES
where

Mgt) 7Tl(2t)+ (20-1)
for every 1 < t < k (cf. Figure 1 and 2). The projection can be in an
obvious way generalized to the space of formal Laurent series with coefficients

in WLBl(l) (Ag) @+ ® WLBl(l) (Ao)- Let

I"TLU),L‘” (Zr§1>,z) o Tny o (21,1)3071691’%1@171 (Zn(i)plfl)

(4.2)
Tyt (2171*1) o ':L'nr(l) o1 (Z,«§1>71) Tng o (21,1)
i

be a generating function of the chosen dual-charge-type R and the correspond-
ing charge-type R'.
From the relation x9,,(z) = 0, 1 <4 <[l —1, on the principal subspace
WLB<1>(A0) and the definition of the action of Lie algebra on the modules,
l

follows that n, ; generating functions zq,(zp:) (1 <p < rgl)), whose product
generates a quasi-particle of charge n,, ;, “are placed at” the first (from right
to left) ny,; tensor factors:

L 0)0, (2p,0) @ T 0eon (2p0) @ @@ 0, (2p0) @200, (2p0)
Pt p,it

where

k-1 k
0< ()<11<t<k n()>n()>...2n;i) 23’%1*2%,1’

D5t s

for every every p, 1 < p < 7“51)

(1 <t <k), we have:

, so that, in the ¢-tensor factor from the right

T w0 o (2,0 ,) "Ingfjai(zu)“'ULBLu)(Ao)®"'7

as in the example in Figure 1, where each box represents n(t)

From the relation z34, (2 ) = 0 on the principal subspace Wi, (1)(,\0), fol-

lows that at most two generating functions of color ¢ = [ “can be placed at”
every tensor factor. If n,; (1 <p < rl(l)) is an even number, then two generat-
ing functions x4, (2,,) “are placed at” the first “£* tensor factors (from right
to left) and if np; is an odd number then two generating functions xq, (zp,1)
Np, l

“are placed at” the first L tensor factors (from right to left), and the last

generating function z, (zp,l) ‘is placed at” n’” L 4+ 1 tensor factor:

)0, (2p1) @ T oy (2p0) @ @ T, (2p0) @ T, 00, (2p0),
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() v
i L @) (Ro)
(k=1) !
rik , vLBLu)(AO)
Tz( - YL (1) (Ao)
By
r® v
1(2) LBL(1)(A0)
L& YL (1) (Ao)
) !
nr(l) i nr(k),i n1,i

i i

FI1GURE 1. Sketch of projection mg; for color ¢, 1 <i <[l —1

where

1) (2 (k—1) (k)
2, My 2Ny 2 2Ny 2y, anl_anJ’
t=1
for every every p, 1 < p < rl(l), so that at most one n

3 (1<t<k)canbel
and so that, in every ¢-tensor factor from the right (1 § t <

< k), we have:

- Qx n® Z (2t—1) ;) T (¢) Z (ty,) X ) (211) -0 (oo R
(2 _1 loq( T ,l) nT(m) lal( i ,l) nual( ’ ) LBL(I)(AO)
. 7Y,

This situation is shown in the example in Figure 2.

Tl(Qk) .
Tl(2k71) LBl(l)(AO)
,(2k=2)
Ti(2k73) vLBl(l)(AO)
4
r{sz UL L) (Ro)
T By
2
rlilj YL (1) (Ao)
T By
n (1)’, ni

F1GURE 2. Sketch of projection my for color ¢ =1



QUASI-PARTICLE BASES OF PRINCIPAL SUBSPACES FOR B{") AND ¢ 75

Now, we have the projection of the generating function (4.2)

Trmxnr(l) L (ZTL“)J) o Tng 1o (2171) ,ULB(l) (kAo)
[ l

=Czx (k) Z (2k—1) e X (k) Z (2k) e L (k) Z1.1
" ok_1) Lal( ™ ,l) 7o) Lal( ™ 7l) ”1,z0‘l( ’ )
Tl ’ T
x z ez Z1.0—
n(’a) al,l( 'rl(i)l,l—l) n(l’fl)flalfl( 1,1 1)
=1
’ xn(lzl)c) (=31 (ZT§k>71) o x”(ll,cl)al (21’1) /ULB(1> (Ao)
(4.3) o l
®...8
x Z ... x Z DR l‘ Z
® n(l()l) al( rl(l),l) n(1()2) al( ’l“l(z),l) n&)al( 17l)
L) 51 ™ N
T z S 21,0—
n(l()l) al—l( Tl(i)lvlfl) ”Sz)flalfl( Lt )
LR
T z S 21,1) U
n®) e (F ) T, (B10) UL (o)
U,
where C € C*.
From the above considerations it follows that the projection of the mono-
mial vector bULBl(l)(kAO), where b € BWLB(l)(kAm is a monomial
1
(4.4)

b= xnﬁu)’laz (m'fl(l),l) T Tny oy (le) o .‘/L‘nr(ll)ylal (m,«§1)71) T Tng o (ml,l)

colored with color-type (r,...,r1), charge-type SR’ and dual-charge-type R,
is a coefficient of the projection of the generating function (4.3) which we
denote as

T bv .
ROVL (1) (ko)

REMARK 4.7. Here we note, that if b € Bw, @) (RAo) is monomial such
B
1

that it is of charge-type

(ﬁﬂ(l)yl’ SN SRR ;7_17751)71, - ,7_7,1’1),
dual-charge-type R = (Fl(l), . ,Fl(%); . ;F?), . ,fgk)> and such that
R <R,

then, from the definition of projection, it follows that
’/T{RBULBZO) (kAo) = 0.

This argument we will use in our proof of linear independence.
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4.3.2. A coefficient of an intertwining operator. Denote by Y (-, z) the ver-
tex operator which determines the structure of Lo (Ap)-module Lo (Ay).
l l

We shall use the coefficient of intertwining operator I(-, z) of type
( L, o (A1) )
LBL(I) (Al) LBL(I) (AO)
defined by

(4.5) I(w,z)v =exp(zL(-1))Y (v, —2)w, w € LBlu)(Al), v e LBl“)(AO)
(cf. [17]). If we use the commutator formula
m\ i )
|::L'(m)7 I(ULB(I) (A1)» Z)] = Z (] >Z jI(x(])vLB(l) (A1) z)
' 30 '

(cf. (2.13) in [28]), where x4, (m) € g for ; € II, we have:

|:g;ai (m), I(UL ) (A1)7 Z):| = 0
By
We define the following coefficient of an intertwining operator
. -1
Au, = Res; z I(ULBl(l)(Al)’ z)
and by (4.5), we have
(46) AwleBl(l) (Ao) = ULBL(I)(Al)'

Let s < k. We consider the operator on L ,a) A) ® - ® LB<1>(A0) defined
l l
as

AS:1®...®AM®1®...®1.
—_————
s—1 factors

If we act with this operator on the vector vy, (1) (kAo) = VL (1y(Ag) @+ @
By By
ULBL(I)(AO)’ it follows from (4.6):
As (VL) (k80)) = VL ) (o) @ BVE ) (0) B VL 6 (A1)

(4'7) ® ULBu)(Ao) ®-® ULBu)(Ao) :
) !

s—1 factors

Set b € By, ( as in (4.4). It follows that
B

1) (kAg)
l
AsTRbUL 1) (ko)
l
is the coefficient of

AsﬁRmn7él)’2a2 (Zrél),Q) C Tsay (Zl’l)vLBl(l)(kAO)'
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From (4.7), it follows that operator A, acts only on the s-th tensor factor
from the right:

(21,1)

® Z, () a (ZT(2571)J) ()

Z (2s)
”(2571)71 ! Tl(zs)J (Tz

l) [P xn(lsl)a

s

g l

)

xni()) o (er),l) R (21,1)ULBZ(1) (A0)®,

where 0 < n](fz) <l,for1<p< TES) and 0 < n](gsl) <2 forl1<p< 7“1(2571) (see

(4.3)). Since A,, commutes with the generating functions, in the s-th tensor

facor from the right, we have

T e ) T 6B ) T, (1)

(4.8) v v

l‘n(s(l) 1061 (Z'ris),l) R (Zl’l)vLBl(l) (A1) Q-
5

4.3.3. Simple current operator e, . In the same way as in [3] in the proof
of linear independence, we use simple current operators e, on level 1 standard

modules for Bl(l)7 > 2:

Cuwy ¢ L (Ao) — LBL(1) (Al),

€]
Bl

associated to wy € b, which are uniquely characterized by their action on the
highest weight vector

ewleBl(l)(Ag) = ULBL<1>(A1)
and by their commutation relations
Ta(2)ew, = €w, 2@z, (2),
for all @ € R, or, written by components,
To(m)ey, = ew, Ta(m + awr)),

for all @ € R and m € Z (cf. [14], [28]).
Let s < k. We define the linear bijection

(4.9) Bi=1®..01Re¢,®1®...01.
—_———

s—1 factors
If we act with (4.9) on the vector VL) (kAo) = VL 1) (Ao) ® - ® ULy (Ao)s
1 1 l

we get
B, (’ULBL(I) (kAo))

= VL0 (o) @ BV (o) B VL) () B VL ) (h0) @ B UL ) (ho) -

s—1 factors
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Now it follows that in (4.8) we can commute By to the left and obtain

(Zrl(zs)J) . e xn(il)al (Zl,l)

QT () (2(2571) )---x(s)
nrl(2‘9),1al ™ N nTl(%)’lal

"), o (Fo® )70 1 T (211)2110L ) (a0) © -
1 1

By taking the corresponding coefficients, we have

— +
Asﬂ'ﬁ%vaBu)(kAo) —Bsﬂ'mb ULB(l)(kAO)
i l

where the monomial b*:
bt =b (o) - b (),
is such that
bt (i) = b(ay), 2<i<lI
bt () = Inr(ll)ylal(mﬂl),l +1) - Zgay (M1 +1)

= mn_,.(ll)’lal (m:§1>71) C Tsay (mii_@)

4.3.4. Operator eq,. For every simple root o; € II, 1 <4 <[, we define on
the level 1 standard module L B (Ap), the “Weyl group translation” operator
€a; DY
€a; = €XP Tq,(1)exp (—xq;(—1))exp z_q, (1) exp x4, (0)

exp (—Z-a,(0)) exp 4,(0),
(cf. [22]). Using (4.10) we see that the following lemma holds.

LEMMA 4.8. Let i, (1 <i <1—1) be fized. For every i’ # i,i+ 1, we
have:

(4.10)

&

ealvBu) (Ao) = Loy (_1)UB(1) (Ao)7
) !

=3

1( )ea;, = 2 lealmaiﬂ (2);
xa , (z Ca; = €a;Ta, (2).

i

[=PNe

)
) T, (2)eq, = 2%€0,Ta, (2);
) @
)

Set

s factors

where s < k. From Lemma 4.8 a), it now follows

(1@ R1Qey Qeq, ® - Qey,) 'ULBl(m(kAo)
= (_1)SULB<1>(A0) BBV 0 (A0)®
( !

xai(fl)vLB(l)(Ao) ® :Eai(fl)’uLB(l) (Ao) @+ ® zai(fl)’uLB(l) (Ao) *
! 1 1

s factors
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Let 1 <4 <[—1 be fixed and let b be a monomial
(4.11) b = b(ait1)b()xsa,; (—S)

X m (1 . R ) mi ;41
nrgi)lwwftwl( 7"71+1ﬂ+1) n1,7,+1az+1( yit )

Tn ) o (mr(l{i) " Ty saq (M2,i)Tsa, (—5),
of dual-charge-type
R = (7"1(-11317 e ,rg)l;rgl), . .,ris),O. . .,0) ,

where p=Fkifi+1<lorp=2kifi+1=1L

Assume that ¢ < [ — 1. The situation of ¢ = [ — 1 is similar to the case
which is considered in [3]. Let 7, be the projection of principal subspace
WLB<1>(A0) ®---@Wr . (ae) On the vector space

l

BV

WLB(I) (Ao) Q- ® WLB(l) (Ao) Q- ® WLB(I)(AO) ’
1 1 )

1
r ( (1) ())

i+ T

(rih:0)

r® (D

i+157

The projection

of the monomial vector b <vL (1) (Ag) ® - ® v (1)(A0)> is a coefficient of the
By By

generating function

menr(&r)l Qi (ngi_)l,iJrl) o Tng i (Z17i+1)$nr(_1) Qi (erl)’i) Ty o (ZQ,i)
k3 ’ P £ L

(’ULB(” (Ao) @+ ® ULB(l) (Ao) © mai(fl)vLB(l) (Ao) B+ @ Ta, (1)ULB(1>(A0)>
1 1 1 )

- Cfn(lz,l) Qit1 (qugi)h“rl) o Ingkf,)+1ai+l (Zl’H_l)ULB(l) (Ao)
iy it ’ l
KT (s Z (2s-1) . T (s Z (2s) . X (s 21,4
n:()Zs—l) i+1a1’+1( T£+1 )’1+1) n:()%) i+1a1’+1( T'EJFI)”H_I) n(l,'nglC”*l( 17Z+1)
i+l i1

P ) g, (206t 00

PRA
it
R--®
®$n(1()1) it (Zrél),iJrl) - .xn(l()m @it (ZTﬁ-)uiJrl) o x”(212+1a2 (ZQ’H_l)
)il i ’
i+1 i+1
T ) (zriv)r 0 (2o )2 o) (22:6)€a, VL ) (Ag)s
i1 @ikl [ONEPIRE R LR s

where C' € C* (see (4.3)). We shift operator 1 ®...®eq,,; @eq; @ ... ® ey, all
the way to the left using commutation relations b), ¢) in Lemma 4.8

1R R1Qeq, ®eq, @ @ eq,)Trr b <ULB(1)(A0) Q- ®ULB(1)(A0)> )
l l
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where

R = (rg)l,...,rgi)l;rgl) — 1,...,7“58) — 1)

and

b/ = b’(ai+1)b’(ai)

— iy (Mg — ==l )
- M1, i1 0641 1,i+1 1,441 1,541

:Enr(;)% (mrgl),i + 277’7«51)) © Ty ey (ma,i + 2n2,)
i

’ /
an}%-)lvH»laH-l( Tz(-l%-)lv’ki'l) mvl‘*'lo”‘*'l( 171+1)

:L'nr(;)aq (m;§1),i) o Tng oy (ml2,z)
T}

In the proof of linear independence, we use the following proposition:

PROPOSITION 4.9. Let b (4.11) be an element of the set Bw, 1y Ay
B

o
Then the monomial b is an element of the set BWLB(1)<kAo)'
l

PROOF. The proposition follows by considering the possible situation for
Npi, 2 < p < 7’1(1), and np 41, 1 < p < 7"1(_131, from which it follows that

myp,; comply the defining conditions of the set By, @) (kAp)* As before we will
By

assume that ¢ < [ —1, since for the ¢ = [ — 1 the argument is similar as in the
case of affine Lie algebra Bél) (see [3]).

1. For n,; = 5 < s, we have

m;yi =my,;+ 25
<—-5-2(p—-1)5+25

=—-5-2(p—2)3
and

! _
Mpi1,; = Mp+1,i + 28
725 =+ mp,i —+ 2§

IN

=m, .— 28 for npi1,;=np;.
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2. For ny ;11 < s, we have
/ e . _— .
Mpit1 = Mp,i+1 — Np,i+1

< —mpirr— Y 2min{ngiin,ny i}
p>p' >0

r

+ E min {np i1, M0q,i} — Np,i+1

q=1
)
= —npir1— Y 2min{nyi,ny e} + Y min gm0}
p>p’>0 q=2
and
i
Mpt1,i41 = Mp+1,i+1 — Npi+1
< Mypit1 — 2Np i1 — Npit1
_ ! _
=My, 41 — 2np g1 for npi1i41 = Npit1-
3. For np 41 > s, we have:
/ P— . J—
My it = Mpit1 — S
Nt
< —Npit1 — E 2 min {np i41, Nprip1} + E min {npi11,nq:} — 8
p>p’ >0 q=1
e
= —npir1— Y 2min{nyi,np i} + Y min{ngien,ng}
p>p’ >0 q=2

and

/ _
Mpi1,i+1 = Mp+1,i+1 — S

IN

Mp,i+1 = 2Mp,it1 — 8

I
=My, 41— 2np it1 for Npi1,i41 = Npit1-

O

4.3.5. The proof of linear independence. By Proposition 4.6 the set
By, ) (kAg) of monomial vectors bvy, (1) (kAo) Spans Wi, (1) (kAo)- We prove
B} B B

linear independence of this set by induction on [ and charge-type R’ of mono-
mials b € By, @ (ko) Linear independence for the case [ = 2 is proved in
By

[3]-
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REMARK 4.10. The idea of proof is that for the “minimum” quasi-mono-

mial vector of dual-charge-type R in a given subset of By, we define
B

(1) (kAo)?
L

the projection mg;, which “kills” all monomial vectors higher in the linear

lexicographic ordering “<” (see Remark 4.7).

We fix 1 < i <[ and the dual-charge-type
(4.12) R = (rl(l),...,r(%)' ) r) 'r(l),...,rl(k)) ,

LT e T s T
rl(l) > ... > Tz(%)v

(1) (k)
r_y 2 2,

r > >

3

Denote by 2 C Bw, W) (kro) the set of monomial vectors bvy, , (ka,), Where
B| B

monomials b are of dual-charge-type (4.12) and the corresponding charge-type
! . . .
R = (nrl(l),l’ ‘e ’nlvl’nrl(?l,l—l’ BRIIRN 2.3 WY S P ,nril)ﬂ., N ,nlﬂ-) ,
n.m,; <. <nig <2k,

nw g S Sn-1 S k,

nr<1>i§...§n17i<k.

Note, that monomials b € By, @ (kro)
B

b=b(au)b(ag—1)---bla;)

= an(l) o (m'rl(l),l) Ty oy (mlyl)
T

anl(i)l,L—la171 (mrz(i)lvlfl) iy oo (mlal_l) e

.. ~:L'n7v(1) Lo (mTEI)J') “Tny ag (mu),
s

of the charge-type R’ and dual-charge type R can be realised as elements of
the principal subspace in the case of the affine Lie algebra of type Bl(i)z 41
Under consideration at the subsection 4.3.1, the default dual-charge-type

R determines the projection myx on the vector space
W ®---W
LBz(l) (AO)(M(k);rl(i)l;m;rfk)) LBz(l) (A0)

c WLB(1)(A0) ®-® WLB(1)(A0)'
) !

1 1 1
(5 Py



QUASI-PARTICLE BASES OF PRINCIPAL SUBSPACES FOR B{") AND ¢ 83

Since the restriction of Bl(l)—module L(Ap) on the subalgebra Bl(i)l 41 isadirect
)i+1 s (Ap), with a highest weight vector
1—it1

vLBl(l)(AO) = ULBZ(?“(AO)’ it follows that

sum of the level one Bl(i -modules L

ﬂmb’ULBl(l)(kAO) S WLBI(” (Ao) R ® WLBl(l) (Ao)
it it

(4.13)
c WLB(1)(A0) ®-® WLB(1)(A0)’
) )

where WLBl(i)-H(A") = WL(A0)0a1+~~+0ai,1 is a principal subspace of standard

1
Bl(—)i-i-l Bl(i)q,+1 (Ao) C LBL(I) (Ao)

On (4.13) we can act with operators Ay, ,, By, , and e, defined for

vertex operator algebra L ) (Ag), whose properties are described in sub-

l—i+1
sections 4.3.2, 4.3.3 and 4.3.4. With these operators we “move” monomial
vectors morbuy, 1y (kAo) from one space to another until we get vectors of the
B

-module L

1
form mob(ar)b(au—1)vr ., (kao) € Tx2A. In [3] has been proven that the set
By
w2 of vectors wmb(al)b(al_l)vLBm (kAo) is a linearly independent set.
l
By using the previous observations, we can prove:
THEOREM 4.11. The set By, W) (k) forms a basis for the principal sub-
B

space WLB<1>(kA0) C L, (kAo).
L

€]
Bl

ProoOF. Assume that we have

(4.14) > cabavLBl(l) (kAo) =0,
acA

where A is a finite non-empty set and

ba € BWLB(l)(kAO)'
1

Assume that all b, are the same color-type (r,...,r1). Let b be the smallest
monomial in the linear lexicographic ordering “<”

b=>b(cy) - blaz)b(ar)
= "E",,l(l)ylaz (mrl(l)J) “ Ty g (M) 'Znél)zw (m,«;n,z) T
Tng pon (*m1,2)xn7v(11)11a1 (m,.gl),l) o Tng o (—=J)s
of dual-charge-type
R = (rl(l), e ,rl(%); e ;rél), e ,rék);r§1), e ,ry“’l)) ,
and charge-type

! . . .
(4.15) R = (nrlu) IR sy - - ,nrém PR ,nl,g,nr§1) TERRR ,n1,1> 5
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such that ¢, # 0. Then for every other monomial in (4.14) we have
mi1 > —J.
Dual-charge-type R determines projection mg; of

W (0) @ - @ WL g (a0)

k factors

on the vector space

Wi, & QW
(1) (Ao) L (o) n
Bi (Ml(k)h..;?“ék);o) By (M; 1’1+1);M;Té 1’1+1);0)
Wy, (Ao) Wy (Ao)
(1) {20 n n n (1) 2o ’
L( 1’1);...;ré l’l)Wi 1,1)) B (#L(l);“‘;rél)”;l))
where
2t—1)

t 2t
O =20 4
By Remark 4.7, mx maps to zero all monomial vectors bgvy, 1) (kAo) such
B

that b, has a larger charge-type in the linear lexicographic ordering “<” than
(4.15). So, in (4.16)

(4.16) Z Caﬂ'mbavLBl(l) (kho) = 0,
we have a projection of byvy, (1) (kAg), Where b, are of charge-type (4.15). On
By

(4.16), we act with
A, =1®..04, 0 1®...01,
’ —_—————

n1,1—1 factors

then, from 4.3.2 and 4.3.3 follows

Anl,l (g Ca”ﬁ%bavLB(l)(kAo)> = €ny, <
a€A t

where

+
E CaTbg VL (kAg)) ;
l

a€A

€n111:1®,,,®ew1® 1®...01 .
n1,1—1 factors

After leaving out the invertible operator e, ,, we get
anﬂmbivL (1) (ko) = 0,
a Bl

where b} € An C BWLB(l)(kAO) are the same charge-type as b, in (4.14). We

l
act with Ay, , and e,, , until j becomes —n; ;. Assume that after ny i, —j
steps we got

Z Caﬂ-‘ﬁba(al) c. ba(al) e bi_(al)xnl,lal (_nlal)vLB(l)(k/\O) = O7
a l
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where monomial b} (a1)n, a, (—n1,1) is of color i = 1 and
b%(al) e 'b;)‘r%(al)xnl,lal (7n171)vLB(1) (kAo) € Aoz
l
Now, from the subsection 4.3.4 it follows

ﬂmb(al) - b(a2)b+ (al)xnl,lal (771171)”ULB(1) (kAo)
1

= (1 R 1Qeq, eqy & eal)b'(OéQ)b'(Oél)ULB(l) (kAo)»
1

where monomial b(ay) - - - b’ (a2)b' (1) does not have a quasi-particle of charge
n1,1. Monomial b(ay) - - - b’ (a2)b'(aq) is of dual-charge-type

R~ = (rl(l),...,rl(%);...;rél),...,rék);rgl) - 1,...,7’§"1’1) - 1),

and charge-type

(nrl(l),l’ RN A WA ;nrél),Q’ <oy, 11235 ’I’LT§1)’1, e ,n2,1) ,
such that
(nrfl),l’ R (WA ;nré1)72, ceey nlyg;nry)’l, ceey Tlgyl)
< (n'fl(l),l’ RN A ;Tlrg1),2, .oy 23 TLT§1)’1, ..., N2 1, Tl171) .

From Proposition 4.9, it follows that with the described process, we get ele-

ments from the set By, @ (ko) We continue with the described algorithm,
B

L
until we get monomial “colored” only with colors ¢ =1 and ¢ = [ — 1. Thus,
under the consideration at the beginning of this subsection, it follows ¢, = 0.
O

4.4. Characters of the principal subspace Wy, (1) (kAo) 0- We use the fol-
B

1

lowing expressions (4.17),(4.18), (4.19), and (4.20) to determine the character
of W, (1) (kAo)- These expressions can be easy proved by using induction on
5

the level k € N of the standard module L ;) (kAo).
l
LEMMA 4.12. For the given color-type (r;,ri—1,...,7r2,71), charge-type
(nrlu)J, ceey nLl;nrl(i)l,l—l’ BEIIRN 2.3 Y S P ;Tlrg1)72, ceey, N1 25 TLT§1)71, N ,nl,l)

and dual-charge-type

LT T s T3 Ty T ST SRR &

(r§1>,r§2>,...,r<2’“>- W @m0 (2) <k>),
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we have:
r k
(4.17) Z Z min{n, ;,2ng;-1} = Z rl(i)l (7“52571) + rl(QS)),
s=1

p=1g¢=1

TLQ) 7,1(17)1

k
(4.18) ST min{ng g1} = rrP 2<i<i-1,
s=1

p=1qg=1
D k
(4.19) > (Y 2min{ngi i} +npi) = ngsp’ 2<i<l—1,
p=1 p>p’>0 s=1

(1)
™ 2k
s 2
(4.20) Z( Z 2min{ny, 1, ny i1} +npi) = Zrl( "
p=1 p>p’>0 s=1
We also need the combinatorial identity

(ql)r => p(i)d,

Jj=0

(4.21)

where
1 1

(0 -9 -¢*)--(1-¢q)

r > 0 and p,(j) is the number of partition of j with most r parts (cf. [1]).
Now, from the definition of the set SBWLB(l) (rag) and (4.17), (4.18), (4.19),
l

(4.20), (4.21) follows the character formula:
THEOREM 4.13.
ch WLBLm(kAo)
MO RO

= > L uy

M5 505 (Q)Tﬁl)—v-ﬁz) e (q)rik)

2 2
qr§1> +~~~+Ték> _T§1>T§1>_,,,_7.§k)7.ék) v
) Z . (Q)T(1)7T(2) ce (q)r(m Y2
7 2“‘27«; )>0 2 2 2
(D)2 02 _ (1 (D) (k) (k)
q7171 LR I Rk S IO e Tl S NICL Y _—
E : Y11

(1) (2) (k)
L0 5 3 5 (@), e (9),m
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Z q

5 e (Q)Tl(l)ﬂl@) e (q)h(%)

87

2 2
Tl(l) +"'+Tz(2k) *Tz(i)1(Tz(l)+TL(2))*"'*T1(E)1(7"1(%71)*7"1(%))

T
yll~

4.5. The basis of the Wy (1) (kAg)- Using the relations among quasi-
By

particles of the same and different colors, using the proof of the theorem 4.11
with the same arguments as in [3], we can prove:

THEOREM 4.14. The set

%WNB(U(’“AO) - {bvNBl(l)(kAU) tbe BWNB(l)(kA(;)} )
) )

where
BWNB<1>(kAo> = U or, equivalently, U
l n ) S--Sni rM>>0
1 ==
nrﬁ)l,lflg”'gnl’l’l Tl(i)lz...zo
n7.l(1),l§»»»Sn1,L rl“)Zsz

{b

b(ay) - b(ar)

= an(l) o (mrl(l),l) Ty oy (ml,l) o 'an(l) o (m,«51>71) o Tng o (ml,l) :
[ 10
o .
Mpi < —Np i + Zq:l min{ng;—1,mp,i} — Zp>p/>0 2 min{np,i, np i},
1 .
1§p§rp,1§1§lfh
. 1 .
7%ngmm_2%dd%ﬂﬁz%m1SPSM)_L1SZSZ_L
)

%

Mpi < —Npg + Z:L:T min{2nq,i-1,np1} — Zp>p’>0 2 min{ny,1, np 1},

1<p<n;
. 1
Mpt10 < My — 20y if Npl =MNpt1,, 1 <p < rl( ) 1
where 7“61) =0, is the base of the principal subspace Wiy (1) (kAo)-
By

4.6. Characters of the principal subspace Wy (1) (kAo) - From the above
B

theorem and (4.17)-(4.21) we can write the character formulas of principal
subspace WNBu)(kAo):
l
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THEOREM 4.15.
(4.22)
ch WNBl(l) (kAo)

- ¥

V> >r{) >0
uIZO

12 (ug)?
qrﬁ) oy

yr'
(@), 0@ - (@), 00 !

2 2
(O (e D) (u2), (u2)

> T

r{Y > >r{"2) >0
u220

ys®
(@), - (@)oo ?

1)2 w_? 1) (w—1) (ug_1)
o R I _Tz(f)27“z(7)1_"'_7"172 Vit

T
q -1 y'fl—l
§ : -1
L Cup_ 1) (Q)T<1> _r® "'(Q)T(“L—l)
Tl(f)lz“‘ZTl,lfl >0 -1~ "1-1 1—1

u;—1>0

> o f
Tl(1)2“2rl(2ul)20
UZZO

2 2u;)2 w 2u; —1 2u
L(l) L( v Tl(fl)l(rl(l) 71(2)) Tl(—l1)(71( ! ) Tl( l)) r
1

Yy, -

(Q)Tlm,rl@) o (Q)rl(z””

We can determine the character of principal subspace Wy (1) (kAo) USING
5

the Poincaré-Birkhoff-Witt theorem, since we have
WN_ (ko) = U(L(n4) <0).
l

Set {zq(m) : @ € Ry, m < 0} a basis of the Lie algebra £(ny)<o with a total
order on this set:

x(m)<ym)er<y or z=y and m<m'.
Now, we can write a basis of U(L(n4)<o):

(4.23)
Lay (m%) Ty (mil)xalﬁxz (m%) o Tagtas (mgz) o Tagtastetayg (mll) T

*Tagtaz+-+ay (mfl):cal +2a2++2q (mllJrl) Cr Lo +2az++20y (m;—l:ll) T

Loy tast+20y (m%l—l) T tant 20y (m;?:ll) T

51273)

Loy _q (mll2—3) Ty (ml2_3 “Lay_1420y (mll271) T

Loy 1420y (m;ﬂ__f )IO(L (ml12) Ty (m;ﬂ )a
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with m} < - < mj s; € Nfori=1,...,12 It follows that the subspace
U(L(n4)<0)(m,r,...,r,) has basis (4.23), where
l2 Si )
(myri, ... r—1,m) = (ZZm{,sl + 824+ 821y,
i=1 j=1

Si1 4 A s, s+ 251401 - 4 sp2).
The bijection map
U(L(ni)<o) = W ) (ko)
1

b— bUNBu) (kAo)
i

maps weighted subspace U(L(n1)<0)(m,r,....r,) 00 Wy () (kAo)
By (m,r1,...,71)
Thus, we also have

1 1 1

ch Wi =
N o) ,L[O (I—qm™y) (L —qmyiy2) (1 —q™y1-w)

1 1

(I—qmpys-y7)  (L—qmny2--y7)

1 1 1
(4.24) (1 —qmy2) (1= q™yoys)  (L—q™y2---w1)

1 1

(1 _ qmy2y§ - le) (1 — ¢ yoys - le)

1 1 1 1
(=1 (1= q™yay) (1= ¢ yayf) (1= q™y)
Now from (4.22) and (4.24) follows a new identity of Rogers-Ramanujan’s
type:

THEOREM 4.16.

1 1 1
,,g()(l —qmy) L= q™yy2)  (L—q™y1-m)
1 1
Q—aqmyy3-vd) -y y7)
1 1 1
1 —qmy2) 1 —qmyays)  (1—q™y2-u)
1 1

(I —qm™py3-y?)  (L—q™yays---y})
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1 1 1 1
(1 =g (1= q™y—ay) A= q™yi—1y?) (1 — q™w)

2 w2
qril) +"'+T§ 1)
(q) 1 _ (2 " (q) S(u1)

""y)ZmZT%ul)ZO 1 1 Ty

u120

71
Y1

2 ws)?
(W2 (o) (0,0

T2
Z q

V> >r{t2) >0
UQZO

_Tiuz),,éw)

Y
(Q)Tél)_réw e (q)rém 2

(1)2 (w—? @y (1) (w—1) (uwi_1)
L IE T e Y Tty T T e T

o
DY l71
(q)rl(i)l 77”1(3)1 (q)"'z(ullil)

2 L 2 L L] — L
» +"'+7'z(21 1) _7,l(i)1(7,1(1)+Tl(2>)_m_7‘l(111>(7‘l(21L 1>+7‘l(21 L>)

y'
(q)'r'l(l)—rl(?) T (q)rl@uz)

5. THE CASE Cl(l)

5.1. Principal subspaces for affine Lie algebra of type Cl(l). Let g be of
the type Cj, I > 3. We have the following base of the root system R:
II {a ! ( ) o L ( ), = V2 }
= = —= (€1 — € geeey -1 = —F—=\€-1—€), = € 9
1 NG 1— €2 -1 72 -1~ €1),0 1

(where {e1, ..., €} is as before orthonormal basis of the R!), the set of positive
roots:

R+:{%(ei—ej):i<j}U{%(q—i—ej):i;«éj}u{\/ﬁeizlgigl}

and the highest root
9:\/561:20414*"'4*204[,1%»0[[
(cf: [22]). We denote the vector space

U = U(L (nay)) UL (ng,)),

C

where
L(ng) =n,@C[t,t7 '], ny,=Czs, a€Ry.
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LEMMA 5.1. Let k> 1. We have
WLcl(l)(kAo) = Ucl(l)ULcl(l)(kAo);
WNCl(l)(kAo) = UC;1>UNCZ(1>(1€A0)-

5.2. The spanning set of W, (1) (kAo) - Here we establish relations among
C

L
quasi-particles of colors i = [ —1 and ¢ = [ and relations among quasi-particles
of colorsi=1,...,land j =17+ 1.
Note, that as in the case of Cél), we have:

LEMMA 5.2. Let nj_1,n; € N be fized. One has

min{n;_1,2n;}
1— Zt (Z — ):L' (Z )’U
Tny_jay_ -1 « lJUN kA

Zl—1 M-1ai-1 e cl(l)( 0)

—mi _1,2
€ 7 i nl}WNc(l)(kAo) [lz1—1, 2] -
l

Using the commutator formula for vertex operators we can prove:

LEMMA 5.3. Let1 <i<[—2, nj41,n; € N be fired. One has
a’) (Zl - ZQ)nimniai (zl)xni+1ai+l (22) - (Zl - ZQ)nixni+1ai+1 (22)1'”1'041' (Zl)
b)

(Zl - ZQ)nHIxniai (zl)mni+lai+l (22) = (Zl - Z2)ni+lxni+1ai+1 (ZiJrl)mniai (Zl)

Using the same arguments as in proof of Lemma 4.4 it follows:

LEMMA 5.4.
min{ni+1,ni}
24
(1 - > Tn;a; (zi)mni+lai+l (ZiJrl)vN 1y (kAo)
Zi+1 G
7min{ni+1,ni}
€ Zpitl WNc(l) (kAo) [[Zla ZiJrl]] .
!

Now, as in Subsection 4.2 it follows

PROPOSITION 5.5. The set

%WLC(l)(kAo) - {vacl(l)(kAO) S BWLC(l)(kAo)} )
l l

where
Bw, ) (ko) — U or, equivalently, U
[eh n (1) 1Sm§n1,1§2k r§1)>m>r§2k>>0
D, > > >
" <ona o1 <2k (1) (2k)
rl(l)l,lfl* =N1i-1= D > >R >0

n ) S-Sniask Tl(l)Z"'ZTL(k)ZO
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{b = b(oq) .. .b(al) = I"r(l) 1a1 (mr§1)71) Ry (ml,l) :
m,
; 1
Mpt < —Npt = D s pisg 2 Min{np iyt 1<p < Tl( ).
; 1
mp+1,l S mp,l - 2np1l anp7l = np+1,l7 1 S P S Tl( ) - 17
1
r .
Myp i1 < —Np i1+ D,y min{2ng,npi-1}
j (1),
=D pmpr=02 mind{npr,mp b, 1 <p <1y
; 1
Myr10-1 S Mgt = 201 4 npyrion = mpao1, 1<p < = 1
a
Ti . )
Mpi < —Np i 4 D20 min{ngiv1,Mpi} — 2,0 s 2 Min{nyi, np i},
1<p<rV 1<i<i-2
Mpt1,i § Mpq — 27117’1' ifanrl,i = Np, 1 § P S 7,(1) o 1’ 1 S i § 19

%

)

spans the principal subspace WLC<1>(kAo)'
1

5.3. Proof of linear independence. As we mentioned in the Introduction,
we prove the linear independence of the monomial vectors from Proposition 5.5
using the coefficient of an intertwining operator, the simple current operator
and the “Weyl group translation” operator. So, first we describe their proper-
ties, which we use in the proof of linear independence of quasi-particle bases.
5.3.1. Projection mp. Fix a level k > 1. Consider the direct sum de-
composition of tensor product of k principal subspaces WLCu)( Ao) Of level 1
1

standard modules L cm (Ao)
WE (80 @ @ Wi o) (o)

= WL o
U cl(l)( 0)(u(,€);“ e

Q- WLC(1)(A0)
. !
uP > >ul® >0 1 - “

)
k 1 1 1

) ({5 sufP suft)
ulD > >uf®) >0
ugl)Z---Zufk)ZO

. . . ! &)
where Wy, (o) v _ is a h-weight subspace of weight > ., u;"’ a,
“i (uis s uf?)

1 <5 <k, and where

v = ® e ® v
Lcl(l) (k/\o) Lcl(l) (Ao) Lcl(l) (Ag)

k factors

is the highest weight vector of weight kAo.
For a chosen dual-charge-type

R = (r§1),...,7“52]6);...;7“1@1,...,rl(zkl);rl(l),...,rl(k)>,
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set the projection me of principal subspace W, | (xa,) to the subspace

1
oM

Wi,
) (Ao) k
[eh ( (1);...; z( )1”1(

wow chl)(AO)(#gn )y

k
) Jee 1Ty

where
t 2t 2t—1
/%(' ) _ 7“1( ) 4 7”1( ),
forevery 1 <t < kand1l <i<[—1. If we denote by the same symbol mg; the
generalization of this projection to the space of formal series with coefficients
in WLcl(l) (ho) @+ @ WLcl(l) (Ao)» then for a generating function

Lot (Z'fl(i)pl—l)

:EnT(l) L (ngl),l) Ty g (2171) ST N
10 1

.

iy ooy (Zl,l—l)anu) o (Z’l“l(l),l) o Tng oy (Z17l)7
i

we have
(5.1)
Wﬁ%xnémylal (ZT§1)71) Ty oy (2’1,1) ULcL(” (kAo)
=Czx k Z (2k—1 T (k Z (2k L (k Z1.1) -
n((%kil) 1a1( ri ),1) n((;k) 1a1( T§ ),1) ”(1,%0‘1( 5 )
3 , i,
e X (k) Z (2k—1) e X (k) Z (2k)
k1) . 1al,1( ) 7lfl) LTS al,l( 2y ,lfl)
Tl-1 T Ti—1'7

.. 'zn(lkl),lal—l(Zl’lfl)zn()z,)ﬂ) o (Z'rl(k),l) .. .zn(lkl)al (Zl,l) ULCL(I) (A0)®
\ NOW \
),
Q...
X In(l()l) o (27{1)’1) e xn(l) -~ (Zr@),l) . 'Inu)al (21,1) ce
r 1 2 1 ! 11
1 1
xn(l()l) a1 (ngl)ylfl) T xn(l()z) a1 (ZTl(i)l,lfl) T xn(lhilal—l (ZlJ—l)
-1 -
$n<1(>1) o (er”,l) T xnﬁf}al (21,1) ULc{U (Ao)»
"
where C € C*,
(t) (1) (2) (k—1) (k)
0= Tyl =1 Tyl = Tyl Z... 2 Tt = LN
_ (1) (2) (k—1) (k)
Mpl =Ny F 0+t T4 ny,
and ®) e h=1) o (8)
t -1
0= Mpi <2, Mp.i =z Mpi 2.2 Mpi = Mpis
(1) (2) (k—1) (k)
Mpii = Mg + Mg+ F Ny 10,

for every t, 1 <t <k, and every p, 1 <p < 7“1(1), 1<i<L

In the projection (5.1), n,; generating functions xq, (zp;) (1 <p < rl(l)),
whose product generates a quasi-particle of charge n,;, “are placed at” the
first (from right to left) n,; tensor factors. This can be shown as in the
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example in Figure 3, where each box represents nff%. The situation for the

(k)

) vLcu)(Ao)

(k—1) L

) vLcu)(Ao)

) VL ) (ho)

1 L 0
otV

(3)

) vLcu)(Ao)

(2) L

L) YL (1) (Ro)

(1) L

L) YL (1) (Ao)
)

n., nw, nL

l 1

FI1GURE 3. Sketch of projection my for color ¢ =

generating functions of colors 1 < ¢ <[ —1 can be shown as in the example in
Figure 4, where two generating functions xq, (2p,;) (1 <p < 7"2(1)) “are placed

2k—1) vLcl(l) (Ao)

2k—3) vLcl(l) (Ao)

N
723) YL _ (1) (Ao)
r; <
RE
7El) VL _ (1) (Ao)
r; <
1

TLT1(1)’Z, ni,qi

FIGURE 4. Sketch of projection 7oy for color 1 <¢ <[l —1

at” the first 22+ tensor factors (from right to left) if n,, ; is an even number and

if n,; is an odd number, then two generating functions z,(zp,:) “are placed

at” the first n”g_l tensor factors (from right to left), and the last generating
function zq, (zp,;) “is placed at” “24—

o L 1+ 1 tensor factor. Therefore, for a
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given monomial b € BWLc(l) (ko)
l

(5.2)
b= anu) ot (mrﬁl),l) T Tng o (mlal) T mnr(l) X (mrl(1>,l) T Tng o (mlJ)
i D

colored with color-type (r1,...,r;), charge-type S8’ and dual-charge-type R,
the projection is a coefficient of the projection of the generating function (5.1)
which we denote as

ﬂ-mvacl(l)(kAO)'
5.3.2. A coefficient of an intertwining operator. With A,,,,

~1
Ay, = Res, z I(ULC;”(AZ)’Z)’

we denote the coefficient of an intertwining operator I(-, z) of type
( LCZ(U (Al) )
Lcl(1) (Al) LCL(1) (AO)
defined by

(5.3)  I(w,z)v =exp(zL(-1))Y(v,—2)w, w € L_u(A),ve€ ch”(AO)’

c®

which commutes with the quasi-particles (see 4.3.2). From definition (5.3),
we have

A, v = .
wy Lcl(m(/\o) Lcl(m(/\z)

Let s < k. As in the case Bl(l) we consider the operator on LC<1>(A0) ®
l
- ® Lo (Ap), which we denote by the same symbol as in 4.3.2
l

As:1®...®Awl®1®...®1.
N—_——

s—1 factors

Set b € By, ( as in (5.2). From the consideration in Subsection 5.3.1,
C

1) (kA0)
l
it follows that

AsTRbUL_ ) (ko)
l
is the coefficient of
ASWRQC”?.F) lal (Z'fil),l) et Zsal (zl,l)vLc(l) (kAo)>»
’ l
where operator A,, acts only on the s-th tensor factor from the right

e ® T, (s) o (ZT§2‘9—1)71) T ()

’7‘52571) 1 (2s) ,1a1 (ZT§2S>71) o xnf}oﬂ (21’1)

e wn(ji) lal (Zrl(s)J) c Ty (ZL[)ULCl(l) (AO) (R ,
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where 0 < ”;()Sl) <1l for1<p< rl(s) and 0 < nl(fz) <2 forl1<p< r§2571),

1<i<1—1 (see (5.1)). Therefore, in the s-th tensor factor from the right,
we have

EEG G ) T 6 (B 1) e, (1)
(5.4) Lo L
e ggn(s(l) lo‘l (ZTZ(S>,Z) e g;al (ZLl)vLcl(l) (Ao) [
(),

5.3.3. Simple current operator e, . For w; € h we denoted by e, a simple
current operator (cf. [28]) between the level 1 standard modules

(SR Lc(1) (Ao) — Lc(l)(Al),
! !
such that
ewlecl(l) (Ao) — ULCL(I) (A1)
and
(2%
To(2)ew, = e 22 z4(2),
for all o € R.
We can rewrite (5.4) as
T (s Z (25— R A Z (2s T (s z
® n(()zs—l) al( r§2 1),1) n(()%) al( r§2 ),1) ng’ial( 1’1)
1 )1 1
T (s) Z (2s—1) e X (s) Z (2s) e X (s) Z1,01—1
" (2s-1) 1710471( Ti—1 7171) n (2s) lilalfl( Tzflvlfl) ”1,1710‘1( ? )
-1 -1

Z'n(s(;v) o (Zrl(k)J)zrl(k)J c Loy (Zl,l)zlﬁlewlvl:cl(l) (Ao) R e
)

By taking the corresponding coefficients, we have
— +
Asﬂ'mb'ULCl(l) (kAo) — Bsﬂ-mb ULcl(l) (Ao)
where
Bi=1®--®1®e, ®1®---®1
—_—————

s—1 factors

and where the monomial b7 :
bt =bT(ay)--- b (),
is such that
b (o) = b)), 1<i<l—1

b+(al) = Tn_ o (mrl(l) 1 + 1) T Tsay (ml,l + 1)
D, )

= xnr(l) lal (m:;(l) l) T xsal (mil)
s s
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5.3.4. Operator e,,. On the level 1 standard module Lcl(l) (Ao) we define
the “Weyl group translation” operator e,
€a; = €XP Tq, (1) exp (—zq,(—1))exp 2_q, (1) exp Zq,(0)
exp (—2_q, (0))exp zq,(0).
The properties of e,,, which we use in the proof of linear independence are
described in the following lemma.

LEMMA 5.6. a) ealec{U (Ao) = *xaz(*l)vLclm(Ao)

b) Loy (Z)eoéz = Z2€azxaz (Z)
C) $a171(2)€al = Z_leazmazfl(z)
d) 2o, (2)eq, = €0, Ta,;(2), 1 <i<1—2.

Let b be a monomial
(5.5)
b=b(a1) - blay-1)b(ar)zsa, (=)

= an§1),1al (m'fél),l) “Tnygon (ml,l) e .mnrﬁ)l,l—lalfl (m'rl(ljl,l—l) e

e .mnl,l—lal—l(le_l)mn ) e (mrfl) l) o Tng oy (mQ,l)msaz (_5)7
L )

of dual-charge-type
R= (rg),...,?“fk);...;rl(l) ...,rl(zkl);rl(l),...,rl(s),O...,0) .

1
As in Subsection 5.3.1, let mx be the projection of principal subspace

WLcl(l) (Ao) ® - ® WLCL(1) (Ao)

on the vector space

Wy (1) (Ao) ®-- QW (1) (Ao)
< < I

k k s :
1550 50) (P50

® WLc(1>(A0) ®---® WLC<1>(A0)
l l

(1755 50$)

1 1 1 ’
(/J‘g );“‘;p‘g );T§ ))
[Ile p]O'eC(iO 1

b (”Lc;m(Ao) @BV ) (A@)

of the monomial vector b (UL 1y (ho) ® - @UL ) (Ao)) is a coefficient of the
< S
generating function

ﬂmmnrgl)’lal (ZT§1)71) Tng o (2171) e xnrl(l)’lal (ZTL(I),Z) o Tng oy (22,l)

(”Lc<1>(Ao) Q- ® VL 1) (Mo) ® Ty (*1)"’130(1)(/\0) R (71)”130(1) (A0)>
l l l l

:Cw (k) Z(2k—1) .. (k) Z(?k) cee (k) le
" Gk—1) 1a1( Ty ,1) nr(%) 1a1( Ty ,1) "1,10‘1( ’ )
1 , 1 )
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T (k) Z (2k—1) s X (k) Z (2k)
Y ok_1) . 104;,1( 2y ,lfl) k) al,l( 2y ,lfl)
Tl-1 T Tl—1'7
e xnﬁ’“,)az (Zl’l)vLcl(l) (Ao)
R ®
T (s Z (25— e L (s Z (2s e L (s z
@ e 0‘1( r 1)71) " 0‘1( ri? )71) ”(1%0‘1( 11)
e 1 ri7% ’
ST (s (z 2s1) ;)" T (o) (z 29y, 1)
nTl(zsfl),l—lalil =y -1 nTl(zsl),l—la171 Y l=1

N xnf;,lazfl (Zl’lfl)xn(‘z),) o (Zrl(s),l) e xné“}az (ZQJ)ealec(l) (Ao)
’ Sl ’ l
0
R--®
D0, a0 o ), ) 1)
ry 1 i g ,
. x Z PR x Z DY l‘ Z _
n®) e E ) o Ee ) e o (B
1 -t ’
il'n(l()1 a (Zr(l) l) te xngll)al (22,l)€alecl(l) (Ao)>
"l

(see (5.1)). Now if we shift operator 1 ® -+ - ® €4, ® €q, ® - - - @ €4, all the way
to the left we get

(]_ & - ®eal ®eal (SRR ®€al)ﬂm/b/ <ULC(1)(A0) X ... ®ULC(1)(AO)> ,
l l

where
1 (,.() (2s), (D) (s)
R = (7"1 eyt yeeenm =17 =1
and
bl_bl )bl )bl )
=V (s (Q1—1)b'(eu
= Tnp (1) 1a1 (mr§1) 1) o 'xnl,lal (ml,l)
i, )
(1) (s)
=z m -n )
nrl(ljl,zflalfl( -1 rl(i)l,l—l r§1),1)
(1) (s)
'$n1,zf1a171(m1,l—1 Ny 1~ nl,l—l)

Tn gy (M), +20 1) Tny o (M2 + 201 )
T; )al ol i ,

fr— DR ! PR
- xnrgm Lo (mr§1)71) Tni1on (m171)$nrl(17)1’l71a171 (mﬁ(i)l,lfl)
li li /
o Tny 1o (ml’l_l)xnr(l)al (mrl(l) l) o Tng oy (m271)-
( ;
LEMMA 5.7. If b (5.5) is an element of the set By, () (+A0) then the

C
1
monomial V', from the above consideration, is also an element of the set

Wr kAg)
Cl(l)( 0)
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PROOF. This lemma easily follows by considering the possible situations
fornp;, 2 <p< rl(l) and np;—1,1 <p< rl(i)l from which it follows that m;m-,
[l —1 <+¢ < comply the defining conditions of the set By, ) (kAg)”

<

5.3.5. The proof of linear independence of the set By, @) (kAg) In this
section, we prove the following theorem: “

THEOREM 5.8. The set %WLCu)(kAo) forms a basis for the principal sub-
space Wchl)(kA") of ch” (kAo).

ProOF. Assume that we have

(56) Z CabavLcl(l) (kAo) = 0,
acA

where A is a finite non-empty set and

ba € BWLC(l) (kAg)
1

Assume that all b, are the same color-type (r1,...,7).
Let b be the smallest monomial in the linear lexicographic ordering “<”

b=>b(a1) - blag—1)bley)
=Tn gy o (mr(l) 1) iy goen (mi,) - an (1) al—l(mf,«(l) 171)
i, 1 -1 1—1°
o '$n1,171a171(ml,l—l)fnr(l) o (mrfl),l) o Tng oy (_j)v
o,
of charge-type
(5.7) (nr§1>71, AN R AR ;nTﬁ)pl—l’ s, M 1—15 nrl(l)J’ ce ,nl,l)
such that ¢, # 0 and such that, for every b, in (5.6), we have
myp > —j.
Denote by
R = (r§1), .. ,r§2k); .. ;rl(i)l, .. ,rl(fll’lfl); rl(l), .. ,rl(nl’l)> ,
the dual-charge-type of b. For every 1 <t < k such that
t 2t 2t—1
/%(' ) _ TZ( ) 4 TZ( )
where 1 < i <[ —1 let oy be the projection of

WLclu) (Ao) ® -+ @ WLclu) (Ao)

k factors
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on the vector space

WLC<1) (Ao) ;
j "

®...0 WE .
(u§";..:50) L(ho) (g1t

.;0)

@ Wg A
(1) (Ao)
c; (M(lnl,z);mwim,z))

Q- Wi (1) (Ao) :
C (1) (1)
l (.Uq 5ee5T )

It is not hard to see that the projection wg; maps to zero all monomial vectors
bavr, (1) (kAo) such that b, has a larger charge-type in the linear lexicographic
<

ordering “<” than (5.7). So, in (5.6) we have a projection of bavr, ,, (kA):
=
where b, are of charge-type (5.7)
(5.8) Z CaﬂmbavLc(1>(kAo) =0.
acA !
On (5.8), we act with operators
An” :1®...®Awl® 1®---®1
, —_———
ny,;—1 factors

and
Bm,z =1l® Re,@1®--x1
ny,;—1 factors

until j becomes —ny ;. In that case, we get
> cammba(an) - ba(@1-0)bF () Tm, o (~11.0)0L sy (ko) = 0,
L
a
where b} ()n, a,(—n1,) is of color i = [ and
ba(a) - ba(u-1)bg ()T, 00 (=120)VEL ) (k0o) € BWe | ng) -
1 [h

From the Subsection 5.3.4 it follows

Trbg (041) - be (O‘lfl)b;r (O‘l)xm,zaz (777’1,1)0110(1) (kAo)
)

(1 R - 1®ey Qe Q@ eal)ba(al) e b/(al_l)b’(al)’ULc(l)(kAO),
1

where by (aq) - - - b, (ay) does not have a quasi-particle of charge n; ;. Monomial
b(ag) -+ b'(ay—1)b () is of dual-charge-type

(7"51), e ,7"52“; . ;Tl(i)p . ,rl(ikl);rl(l) —1,... ,rl("l’l) — 1) ,
and charge-type

(nr§1)71, RPN L2 W P ;nh(i)lylfl’ ceeyM1—15 nrl(l),l’ . 7n2,l) s
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such that
(nril),l’ e ,Tllyl; ey n'r'l(l),l’ e ,Tlgyl)
< (nrél)717 N T ;nn(l)J, sy M2, nu) .
From Lemma 5.7, it follows that we get elements from the set By, @ (ko)
C

We apply the described processes on 5.8, until we get monomial “colored”
with colors 1 <i <[ — 1. Assume that after a finite number of steps we get

(5.9) Z CaTrba(0r1) - 'ba(al—l)vLcl(l) (kAo) = 0,
acA

where
ba(al) .. .ba(al_l) € Ax- C Bw, () (kh0) "
<

By Ax- we denote the set of monomial vectors of dual-charge type

- 1 2k 1 2k
R = (7‘5 ),...,7“5 );...;rl(i)l,...,rl(il)).

From the condition z34,(2) = 0, (1 <4 <1 —1), it follows that monomial
vectors in (5.9) are from vector space

WL 4 200) @@ WL () (200)
Ay A1

k factors

where W ) 280) = WL 1 (A0) is the principal subspace of the standard
Al < 0-a

module LAgljl (2A0) C LAl(l—)l (Ap) of the affine Lie algebra Al(i)u with the

highest weight vector vr, 1 (Ao) = UL (1) (Ag)- Denote by
Al <

WLA(1) (2A0) = WLc(l) (Ao) )
-1 1

(U1yeeeyuy—1) urarttup 1o

h-weighted subspace of Wy, (1) (2A0)- On every factor in the tensor product
Al

WLA<1> (200) @+ - .®WLA(1> (2A0) Of k principal subspaces WLA(l) (2A0), We have
1—1 1—1 -1

embedding
WLA(I) (280) (p) (»)
-1 (T
= > WL ) () ®WL 1) (80) )
UlseoyUg_ 1,01 se s 1 EN i=1 (w13 5ur—1) I-1 ((v13..501-1)
18P =i 40;,1<i<i—1
for1 <p<k.

Denote by mg,_ the projection of the vector space

WL ) 200) @ @WL () (200)
Al Al



102 M. BUTORAC

on subspace

Wiy, A QR Wi, A
Afi)l( 0)(r§2’“>; ) A?i)l( 0)(,.5%71)7 P2E1)

ST
@ W, A Wy, A
A AR

1 1
T (7£ )7 o

ST

In particular, extending the above projection on the space of formal series
with coefficients in

WL ) (a0) @ @ WL ;) (a0)
1—1 -1

2k factors
from the condition z24,(2) =0 (1 <i <[ —1) it follows

Tgp— (mea(Oq) e ba(all)vLc(l)kA())
1

e Wy, (Ao) Wy, (Ao) Q- ®
1 0 1 )
R e S AT )
O WL, ) (ho) @, @ Lyw Bo) oy
=1 (Tl yeesTy 1) -1 (Tl SeeesTy 1)
Georgiev showed that
Ty— O TR Aoy

e (1)1 (2kAg)

is a linearly independent set. Thus, it follows that the set ¢, = 0 and the
desired theorem follows. O

5.4. Characters of the principal subspace W, (1) (kAg)- In determining the
C

l
character formulas of W7, 1) (kAg) We will use the expressions in Lemma 5.9.
C
l

LEMMA 5.9. For the given color-type (r1,...,r;), charge-type

(nr§1)71,...,n1,1;... nrl(l)’l,...,nLl)
and dual-charge-type
1) (2 2k 1) (2 k
(10,2, 19,5 0D, a9,

we have:
i @
(5.10) Z me{npl 1,2nq,} = Zrls) 51 l(f'l)),
p=1g=1
(1) T(l)

(5.11) Z me{nm,nq it1} = Zr (s) 1(1)17

p=1g=1
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(1)
T

p=1 p>p'>0

k

N2

(512) >0 2min{npa,nya} +np) =
s=1

O

p=1 p>p'>0

2k
(5.13) Y (> 2min{nyi,ny it +np) = 2755)2,1 <i<l-1.
s=1

Now, from the definition of the set By,
C

103

and (5.10- 5.13), (4.21)

(1) (kAg)
l
follows the character formula of WLc (1) (kA
l
THEOREM 5.10.
Ch WLC(I)(kAO)
l
2 2
q’“il) +'”+7‘£2k)
— E T1
B (@) . @ (q) o Yy
Tﬁl)ZmZTFk)ZO =Ty T
2 2
qrém +.“+7_§2k) —r§1>r§1)—~~~—7‘§2k)7'é%) .
E Yo
w__@ (2k)
D5 e (@), 0@ - (2),¢
(1?2 (2R2 (1) (1) (2k) (2k)
q7171 L N PO e Tkt S _—
E , Y1
®_ @ - (q) @m
r > >0 (Dt iy W
2 2
e D D) = 2 2

Z q

rM > >r0 >0

5.5. The basis of the Wy (1) (kAo)- As in the case of Bl(l) we can prove:
S

THEOREM 5.11. The set

(@), (@),

%WNC(I)(R:AO) = {bvNcl(l)(kAO) be BWNC(I)(k:AO)} )
1 1

where

Wn kAg)
Cl(l)( 0)

<..<
g S

nrl(1)17171§---ﬁn1,171

”7.1(1),13»5711,1

U or, equivalently U
>

"
NP

T
yll-
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{b = blar)---b(au)

= an(l) Lot (m.,-gl),l) “Tnyion (ml,l) o '1’"7,(1) Y (mTL(UJ) o Tng oy (ml,l) :
1 [

; (1),
Mpi = —Mp — Zp>p’>0 2 mzn{npylvnp/,l}a 1<p<nr;

. (1) .
Mpt1,0 < My — 20 if Npt =Nptr11, 1 <p<r’ — 1
1
T .
Mp,i—1 < —Np -1+ qu=1 min {2nq,1, np,1-1}

- Zp>p’>0 2 min{np,np 1}, 1 <p<r

. (1) .
Mpi1,-1 < Mpi—1—2Np 11 if Npy11-1 =Npy-1, L<p < — 14
W

”’i . .
Mp,i < —Np,i + Zqif mmn {nq,iJrlv npyi} - Zp>p'>0 2 mzn{np,i; np’,i}a
1 .
1<p<r,/, 1<i<1 -2
. 1 .
Mpi1i < Mpi — 2Np if Npyr1="np4, 1 <p < 7’§ J 1, 1<i<i-2

1.
l

)

is the base of the principal subspace Wy (1) (kAo)-
=

5.6. Characters of the principal subspace Wiy (1) (kAg)- From the defini-
<
tion of the set %WNcu)(’vAo) and (5.10- 5.13), (4.21) it follows the character
1
formula of the principal subspace Wy (1) (kAo)
<

THEOREM 5.12.
(5.14)

B WN, ) (ko)

2 2
O ENC Y

— g ry
a 1 (2u1) (Q)Tu)_,@) T (Q),ﬂul) .
T§ )ZMZTI “1) >0 1 1 1
u120

1)2 2u9)2 1) (1 2u 2u
(1) +~~~+r§ 2) _Ti )Té)—"'—”'i 2)ré 2)

)
Z q

Tél) 2‘“2,'0521;42)20
UQZO

Yo
(Q)Tél>_,.éz> e (Q),.guw ?

2 (2u;_1)2 (2uj_1) (2u;_1)
l(i)l +"'+Tz:11 1 7Tz(i)2rz(1) T B

-1 -2 -1

‘s
> v

(@), @ (@) @u_
rDzzn 220 T i
u;—1>0
2 )2 2 " 2u;—1 2u
rl(l) +"~+7‘l(”) —7'1(1)(7“1(?1-%7‘1(7)1 _"'_7'1(”)(7'1(:11 )+7'l(:11>)

> e
rM > >r) >0
ULZO

'
e
(Q)’“f”—mm T (Q)Tl(“z)
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By Poincaré-Birkhoff-Witt theorem, we obtain the base of the universal
enveloping algebra U(L(ny)<o):

Lay (m%) T (mil )xa1+a2 (m%) o Tagtaz (m§2) e
1 Si—1 1
“ Tagtastetaro (M_1)  Tagtast+ay (M7 )Tay 42004420, (M7 ) -
Loy 4200+ +20y (mfl) © Tagfagt42ay (m%l—Q) e
Tartazt 2 (m;?l:;) S @201 4200+t (Myg_1) -

— S12 _
200 +200 4ty (m;?—f) o Tayy (mll2—3) Loy (ml"'li;)) ’

P20y 1ty (mll271) P20y 1ty (m?éial)xaz (ml12) Ty (mf’f )a

with m} <---<mf s; € Nfori=1,...,1% Now, we also have a following
character formula
(5.15)

ch WNc(l)(kAO)
!

1 1 1 1
B H (T—qm™y) L —qmyy2) (A —q™y1---yi—1) (1 — ¢™y1y3 - y7)

m>0
1 1
(1= q™yy2---y7) (1 — q™yiys 1)
1 1 1 1
(1 —qm™y2) (1 —q™y2ys) (1 —q™y2---yi—1) (1 — q™y293 - - - y})
1 1

(1= q™yays---y7) (1 — q™y393 - w1)

1 1 1 1
(1=¢"Y 1 —qgmy-1y?) 1 —qmyi u) (1 —q™u)

From (5.14) and (5.15) now follows:

THEOREM 5.13.

1 1 1 1
Il —

(1 —qmy1) (1 —q™ny2) A —q™yr - yi—1) (1 — q™y1y3 -y

m>0
1 1
(1—q™yry2---y?) (L —q™viv3 - w)
1 1 1 1
(1 —qmy2) (1 —q™yays) (A —q™y2--yi—1) (1 — q™y2u3 - y7)
1 1

(1 —q™y2ys---y?) (1 —q™y3y35 - w1)
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1 1 1 1
(1—¢"Y) 1= qmry—1y?) (L—qmy? u) (1 — q™w)

2 2
PO e

= Z q1 y?

r{V> > >0 (q)T§1)*T§2) o (q)T§2u1>

Ul ZO

2 2
qrém +~~~+ré2”2) 7T§1)Té1)7.“77{21@2)62%)
§ : ra
(Q) (1) (2) *° (Q) (2ug) Y2
Tél)Z---ZT?uQ)ZO ry ) —Ty ry
uz>0
(12 @u_1? 1) (2u_1)_(2u_q)
teetr T T T T -1

‘s
q -1 yrl—l
E , -1
L Cu;_ 1) (Q)T<1> _r® "'(q)T(QUl—l)
> > Y >0 -1 -1
u;—1>0

2 u 2 u u; — u
O ka0 el 0 (2O )

> oL
> >r >0
’LLLZO

'
(Q)Tlu),rl@) T (Q)Tfun
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