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ON DISCRETE SERIES SUBREPRESENTATIONS OF THE
GENERALIZED PRINCIPAL SERIES

IVAN MATIC
University of Osijek, Croatia

ABSTRACT. We study a family of the generalized principal series and
obtain necessary and sufficient conditions under which the induced repre-
sentation of studied form contains a discrete series subquotient. Further-
more, we show that if the generalized principal series which belongs to the
studied family has a discrete series subquotient, then it has a discrete series
subrepresentation.

1. INTRODUCTION

Generalized principal series present a particulary interesting class of the
induced representations of classical p-adic groups. These are the repre-
sentations of the form § x o, where ¢ is an irreducible essentially square-
integrable representation of a general linear group and o is an irreducible
square-integrable (i.e., a discrete series) representation of a classical group.
Reducibility of the non-unitary generalized principal series has been fully de-
scribed by Muié in [13], in terms of the Moeglin-Tadié classification of discrete
series of classical p-adic groups ([9,10]). It still remains to obtain a deeper
insight into the composition series of reducible generalized principal series,
which should have important applications in determination of the unitary
dual. It is of particular interest to determine when the generalized principal
series has a discrete series subquotient.

We note that the reducibility and composition series of unitary general-
ized principal series are an integral part of the Moeeglin-Tadi¢ classification.
This important and essentially combinatorial classification now holds uncon-
ditionally due to recent Arthur’s results ([1]).
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For a strongly positive discrete series o, complete composition series of
the generalized principal series § x o have been described in [11]. We note
that strongly positive discrete series have been introduced in [9] and the def-
inition of these representations is recalled in the following section. We recall
that the generalized principal series § X ¢ is a standard representation if
d = | det |iﬂ(6)5“ for 6* unitary and e(d) > 0. Results of [11] also imply that if
o is strongly positive and the standard representation § X o contains a discrete
series subquotient, then it also contains a discrete series subrepresentation.
Furthermore, if o is strongly positive, then every discrete series subquotient of
the standard representation § X ¢ is a subrepresentation, and the generalized
principal series § x o can have at most two discrete series subrepresentations.

If o is a generic discrete series, then if follows from [3] that the standard
representation ¢ X ¢ contains a discrete series subquotient if and only if it
contains a discrete series subrepresentation. Methods used in that paper
strongly rely on the fact that the generic representation appears in studied
composition series with multiplicity one.

The aim of this paper is to extend the subrepresentation results from [11]
to a larger class of generalized principal series. In the Mceglin-Tadi¢ classifica-
tion, strongly positive representations serve as the basic building blocks in the
construction of all discrete series, and every discrete series can be obtained
by repeated adding of pairs of new and consecutive elements to the Jordan
block of such representation. Thus, it is natural to start our investigation by
considering a discrete series o obtained by adding two consecutive elements in
the Jordan block of a strongly positive representation. This presents the first
inductive step in the construction of discrete series and provides discrete series
which are much complicated than the strongly positive ones. For instance,
such representations can not be distinguished only by their sets of Jordan
blocks, unlike the strongly positive ones. Also, they have played a key role
in the determination of the first occurrence indices for theta lifts of discrete
series of the metaplectic groups in [5].

We will study discrete series subquotients of the so-called positive gener-
alized principal series. In this class of generalized principal series, a discrete
series ¢ is obtained by adding two consecutive elements in the Jordan block of
a strongly positive representation, while § assures that possible discrete series
subquotients of § X o are of the same type as . For the precise definition of
such generalized principal series, we refer the reader to the next section.

Using the Jacquet modules method, based on the structural formula of
Tadié¢ ([16]), which is a version of the Geometrical Lemma of Bernstein and
Zelevinsky ([2]), we obtain the necessary and sufficient conditions under which
a positive generalized principal series contains a discrete series subquotient.
Then we identify a discrete series subrepresentation of each positive general-
ized principal series that contains a discrete series subquotient. To achieve
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this, we again rely on the Jacquet modules method, enhanced by the inter-
twining operators method. We examine all possible embeddings of discrete
series and eliminate the inappropriate ones, using the precise determination
of Jacquet modules of certain non-tempered irreducible representations. Such
representations are viewed as the members of composition series described
in [11]. In some cases, we find discrete series subquotients of the positive
generalized principal series which do not appear as subrepresentations.

One of the main advantages of working with discrete series obtained by
adding two consecutive elements in the Jordan block of an irreducible strongly
positive representation is that a substantial set of their Jacquet modules can
be obtained applying the structural formula of Tadi¢ to certain well-known
embeddings of such representations. Using the description of Jacquet modules
of strongly positive representations given in [6], and also in [8, Section 7], the
classical group parts of the Jacquet modules of investigated representations
can be obtained using [11]. We note that the uniform description of such
Jacquet modules can be found in [7].

At the moment, the general case of generalized principal series seems to
be much more difficult and probably requires other proof techniques. How-
ever, the general case could probably be approached by our method when
having a better knowledge on the Jacquet modules of general discrete series
representations and of certain non-tempered representations appearing in the
composition series of the generalized principal series.

We briefly describe the content of the paper, section by section.

In the following section we present some preliminaries and introduce the
notion of the positive generalized principal series. In Section 3 we prove
two technical results which are used several times throughout the paper. In
the fourth section we obtain necessary and sufficient conditions under which
the positive generalized principal series contains a discrete series subquotient,
while in the fifth section for each such induced representation we explicitly
describe its discrete series subrepresentation.

This work has been supported by Croatian Science Foundation under the
project 9364.

2. NOTATION AND PRELIMINARIES

Let F' denote a non-archimedean local field of the characteristic different
from two. Let J,, = (8; nt+1—5)1<i,j<n denote an n x n matrix, where &; ,4+1—;
stands for the Kronecker symbol. For a square matrix g, we denote by g
(resp., g7) the transposed matrix of g (resp., the transposed matrix of g with
respect to the second diagonal). In what follows, we shall fix one of the series
of classical groups

0 —-Jn 0 —J, _
spinF) ={gecrenm: () " ) (] ) =t
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SO(2n+1,F) = {gGGL(QnJrl,F):ngl}

and denote by G,, a rank n group belonging to the series which we fixed.

A set of standard parabolic subgroups will be fixed in the usual way, i.e.,
in G,, we fix a minimal F-parabolic subgroup consisting of upper-triangular
matrices in G,,. Then the Levi factors of standard parabolic subgroups have
the form M = GL(n1, F) X --- X GL(ng, F) x Gy, where GL(m, F') denotes
the general linear group of rank m over F and ny +---+ng +n’ = n. If §; is
a representation of GL(n;, F) and 7 a representation of G, the normalized
parabolically induced representation Indf[ (01 ® - ® 0, ®7) will be denoted
by 01 X -+ X 0 x 7. We use the similar notation to denote a parabolically
induced representation of GL(m, F').

By Irr(G),) we denote the set of all irreducible admissible representations
of G,,. Furthermore, let R(G,,) denote the Grothendieck group of admissible
finite length representations of G, and define R(G) = @®,>0R(G,). In a
similar way we define R(GL) = ®,>0R(GL(n, F)).

We will also fix the notation that will be used throughout the paper.

The induced representation of the form ¢ x o, where ¢ is an irreducible
essentially square-integrable representation of a general linear group and o is
a discrete series representation of G, is called a generalized principal series.

There is a unique e(§) € R such that »~¢(®)§ is unitarizable, where v
denotes the composition of the determinant mapping with the p-adic norm
of the field F. If e(d) > 0, the generalized principal series § x ¢ has the
unique irreducible (Langlands) quotient, which is also a unique irreducible
subrepresentation of 5o

By the results of [18], such representation ¢ is attached to a segment
and we write & = &([v?p,v’p]), where a,b € R are such that b — a is a
non-negative integer and p is an irreducible unitary cuspidal representation
of GL(n,,F) (this defines n,). We recall that §([v%p,1’p]) is the unique
irreducible subrepresentation of the induced representation v’p x v*~1p x
N l/ap.

For o € Irr(G,) and 1 < k < n we denote by 7 (o) the normalized
Jacquet module of o with respect to parabolic subgroup P, having the
Levi subgroup isomorphic to GL(k,F') x Gp_r. We identify r(o) with
its semisimplification in R(GL(k, F)) ® R(G,—j) and consider

n
po)=1®0+ Y rglo) € R(GL) @ R(G),
k=1
where 1 stands for the one-dimensional representation of the trivial group.

The following lemma, which has been derived in [16], presents the crucial
structural formula for our calculations with Jacquet modules.
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LEMMA 2.1. Let p be an irreducible cuspidal representation of GL(m, F)
and k,l € R be such that k +1 € Z>o. Let o be an admissible finite length
representation of G,,. Write p*(o) =>.__, 7 ®c'. Then

l l
() xo) = 0 DN (v B R x S([W v p]) x 7

i=—k—1 j=i 1,0’

@ (W' p, v pl) 3o,
where p denotes the contragradient of p. We omit §([v=p,v¥p]) if x > y.

Throughout the paper we prefer to use the subrepresentation version of
the Langlands classification and write the non-tempered irreducible repre-
sentation 7 of G,, as a unique irreducible (Langlands) subrepresentation of
the induced representation of the form §; X dy X -+ X 0 X 7, where 7 is
a tempered representation of Gy (this defines t), J; is an irreducible essen-
tially square-integrable representation of GL(ns,, F') attached to the segment
(V% p;, vYip;] for i =1,2,...,k, and a1 + by < ag+by < --- < ap + b, <0. In
this case, we write m = L(d1 X 02 X -+« X 0 X 7).

An irreducible representation o € R(G) is called strongly positive if for
every embedding

0 =V pL X U2py X - X VP o X Ocusps

where p; € R(GL), i = 1,2,...,k, are irreducible cuspidal unitary represen-
tations and oeusp € R(G) is an irreducible cuspidal representation, we have
Re(s;) >0fori=1,2,...,k.

We will now recall the Moeglin-Tadi¢ classification of discrete series for
groups that we consider. Fix a certain tower of classical groups (symplectic
or orthogonal). Every discrete series representation is uniquely described by
three invariants: the partial cuspidal support, the Jordan block and the e-
function.

The partial cuspidal support of a discrete series o € Irr(Gy,) is an ir-
reducible cuspidal representation ocysp of some G, such that there is an
irreducible admissible representation m of GL(n —m, F') such that o is a sub-
represenation of T X Ocysp-

The Jordan block of o, denoted by Jord(o), is a set of all pairs (¢, p)
where p = p is an irreducible cuspidal representation of some GL(n,, F') and
c is a positive integer such that the following two conditions are satisfied:

1. ¢ is even if and only if L(s,p,r) has a pole at s = 0. The local L-
function L(s, p,r) is the one defined by Shahidi (see for instance [14],
[15]), where = A®C™ is the exterior-square representation of the
standard representation on C™ of GL(n,,C) if G, is a symplectic
or even-orthogonal group, and r = Sym?C"™ is the symmetric-square
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representation of the standard representation on C™» of GL(n,,C) if
G, is an odd-orthogonal group.
2. The induced representation §([v=(¢=1/2p, 1(¢=D/2p]) x5 is irreducible.

To explain the notion of the e-function, we will first define Jordan triples.
These are the triples of the form (Jord, o/, €) where

e ¢’ is an irreducible cuspidal representation of some G,.

e Jord is a finite set (possibly empty) of pairs (¢, p), where p is an irre-
ducible selfcontragredient cuspidal representation of GL(n,,F) and
¢ is a positive integer which is even if and only if L(s,p,r) has a
pole at s = 0 (for the local L-function as above). For an irreducible
selfcontragredient cuspidal representation p of GL(n,,F) we write
Jord, = {c : (¢,p) € Jord}. If Jord, # 0 and ¢ € Jord,, we put
c- = max{d € Jord, : d < c}, if it exists.

e ¢ is a function defined on a subset of JordU(Jord x Jord) and attains
the values 1 and -1. If (¢, p) € Jord, then €(c, p) is not defined if and
only if ¢ is odd and (¢/,p) € Jord(¢’) for some positive integer ¢’
Next, € is defined on a pair (c, p), (¢, p') € Jord if and only if p = p
and ¢ # .

The following compatibility conditions must hold for different ¢, c’,c” €

Jord,,:

1. If e(c, p) is defined (hence €(¢, p) is also defined), then €((c, p), (¢/, p)) =

e(e.p) - e(csp) .

2. e((c,p), (", p)) = e((c, p), (¢, p)) - e((¢, p), (<", p))-

3. €((c,p), (¢ p)) = €((c, p), (¢, p)).

Listed properties show that it is enough to know the value of € on the
consecutive pairs (c_, p), (¢, p) and on the minimal element of Jord, (if it is
defined on elements, not only on pairs).

Suppose that, for the Jordan triple (Jord,o’,€), there is (¢,p) € Jord
such that €((c-, p),(c,p)) = 1. If we put Jord" = Jord\{(c-, p), (¢c,p)} and
consider the restriction ¢ of e to Jord U(Jord x Jord’), we obtain a new
Jordan triple (Jord’, o’, €'), and we say that such Jordan triple is subordinated
to (Jord, o', ¢€).

We say that the Jordan triple (Jord, o, €) is a triple of alternated type if
we have €((c_, p), (¢, p)) = —1 whenever c_ is defined and there is an increasing
bijection ¢, : Jord, — Jord),(c"), where Jord},(¢") equals Jord,(¢") U{0} if a
is even and e(min Jord,, p) =1 and Jord;(a’) equals Jord,(¢’) otherwise.

The Jordan triple (Jord,o’, €) dominates the Jordan triple (Jord',o’,€)
if there is a sequence of Jordan triples (Jord;,o’,¢€;), 0 < i < k, such that
(Jordg, 0’ €9) = (Jord, o’, €), (Jordy, o’ €x) = (Jord', o', €'), and (Jord;,o’, €;)
is subordinated to (Jord;_1,0’,€;—1) for i € {1,2,...,k}. The Jordan triple
(Jord, o', €) is called the admissible triple if it dominates a triple of alternated
type.
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Classification given in [9] and [10] states that there is a one-to-one corre-
spondence between the set of all discrete series in Irr(G) and the set of all ad-
missible triples (Jord,o’, €) given by 0 = 0 (jord,o’,c), Such that ocysp = 0 and
Jord(o) = Jord. Furthermore, if (c, p) € Jord is such that e((c_, p), (¢, p)) = 1,
we set Jord" = Jord\{(c_, p), (¢, p)} and consider the restriction € of € to
Jord" U(Jord’ x Jord’). Then (Jord’,o’,€’) is an admissible triple and o is a
subrepresentation of

5([V—(c_—1)/2p7 V(c—l)/2p]) X O (Jord! o7 1)

Such induced representation has exactly two discrete series subrepresenta-
tions, which are non-isomorphic. Moreover, the induced representation

5([V*(C-71)/2p, V(C-*l)/2p]) X O (Jord! o e

is the direct sum of two non-isomorphic tempered representations 74 and 7_
and there is the unique 7 € {74,7_} such that o is a subrepresentation of
S([ple-t1/2p ) (e=1/2 5y 5 7,

We shall also say that the discrete series o and its corresponding admis-
sible triple (Jord, o', €) are attached to each other.

It has been shown in [9, Proposition 5.3] and [10, Proposition 7.1] that
triples of alternated type correspond to strongly positive discrete series. Thus,
the strongly positive discrete series serve as the cornerstone in described con-
struction of discrete series and an algebraic classification of such representa-
tions of metaplectic groups, which also holds in the case of classical groups,
is given in [4]. Definition of the triples of alternated type implies that such
discrete series are completely determined by their partial cuspidal support
and the Jordan block. Since all discrete series which are studied in this pa-
per share a common partial cuspidal support, it suffices to define only Jordan
block when introducing some strongly positive discrete series. Such procedure
has also been summarized in [11, Proposition 1.2].

We will also recall an inductive description of the non-supercuspidal
strongly positive discrete series, obtained in [4, Theorem 5.1].

PROPOSITION 2.2. Suppose that o5, € R(G) is an irreducible strongly
positive representation and let p € Irr(GL(m, F')) denote an irreducible cusp-
idal representation such that some twist of p appears in the cuspidal support
of osp. We denote by ocyusp the partial cuspidal support of osp. Then there
exist unique a,b € R such that a > 0,0 > 0, b —a € Z>o, and a unique
irreducible strongly positive representation aﬁ,l,) without v®p in the cuspidal
support, with the property that o, is a unique irreducible subrepresentation

of §([vep,v°p]) 0211,). Furthermore, there is a non-negative integer | such
that s :=a+1> 0 and v°p X 0cysp Teduces. If I = 0 there are no twists of

p appearing in the cuspidal support of JSD) and if Il > 0 there exist a unique
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b > b and a unique strongly positive discrete series agf,), which contains nei-

ther v%p nor v*T1p in its cuspidal support, such that ngl,) can be written as a

unique irreducible subrepresentation of §([v°tp, V% p]) agf,).

Here and subsequently we assume that o is a discrete series representation
of G;, and that there exist c_, ¢ € Jord,/ (¢) such that o is a subrepresentation
of the induced representation of the form

S([p (=2 D2y s o,

for the strongly positive representation o, such that [c_, ¢] N Jord, (osp) = 0.
In other words, if we put Jord" = Jord(c)\{(c-, p’), (c,p’)} and denote by
€’ the restriction of € to Jord’, then 0sp corresponds to an admissible triple
(Jord', ocusp, €') of alternated type.

Obviously, €((c_, p), (¢, p)) = 1 and pair c_, ¢ with this property may not
be unique. Since o, is strongly positive, there can be at most two such pairs.

We are interested in deriving necessary and sufficient conditions under
which the generalized principal series § x o, with § = 6([v%p, %)), a > %, and
o as above, contains a discrete series subquotient. In particular, in this case
the induced representation § x o reduces, so we may assume that Jord, # ()
and that a — ¢ € Z, ¥2c¢+ 1 € Jord, (this has already been observed in [11,
Section 2] and also implies p = p). Furthermore, by the last case considered
in [3, Subsection 4.2], if § x o contains a discrete series subquotient then
2a — 1 € Jord, and 2b + 1 ¢ Jord,,.

To shorten the notation, we introduce the following concept:

DEFINITION 2.3. We call a generalized principal series § X o positive if
the following conditions hold:

1. § =6([v*p, v°p]), where a,b € R,b— a € Z>q, a > %,
2. there exist c_,c € Jordy (o) such that o is a subrepresentation of the
induced representation

([ DY) s o,
for the strongly positive representation o, such that
[c, c] N Jord,y (osp) = 0,

3. Jord,(0) #0 and a — c € Z, V2c + 1 € Jord,,
4. 2a—1 € Jord,(o) and 2b+ 1 & Jord,(o).

3. SOME TECHNICAL RESULTS

This section is devoted to the proof of two technical results which will be
frequently used later.
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LEMMA 3.1. Let o € Irr(Gy,) denote a discrete series representation and
suppose that there there exist c_, ¢ € Jordy (o) such that o is a subrepresenta-
tion of

(5([1/_(6__1)/2/)1,I/(C_l)/2p/]) X Oap,

for the strongly positive representation ogp such that [c-, c] N Jordy (osp) = 0.
If o is written as a subrepresentation of the induced representation § X, where
d is an irreducible essentially square-integrable representation of GL(ns, F),
and m a non-tempered representation of the form L(d1 X dg X -+ X 0 X T),
then k = 1.

PrROOF. We write 6 = 6([v"p,v¥p]) and m = L(d1 X d2 X -+ X O X T)
where §; = 5([1/“7'pi,ub*pi]) fori=1,2,....k,and a1 + b1 < as+ by < -+ <
ar + br < 0. To obtain a contradiction, suppose that & > 2.

Since 7 is a subrepresentation of d; X L(dz X -+ X § X 7), the square-
integrability of o shows that ¢ is contained in the kernel of the intertwining
operator

0 X861 X L(Jg X -+ X 8 XT) = 01 X X L(Jg X -+ X §p, ¥ 7).
This also implies p; = p. By [18], this kernel equals
S([v™ p, vV p]) X 8([V7 p, " pl) 2 L(82 X - X b5 % 7).

Note that the representation §([v® p, v¥p]) x §([v% p, "1 p]) is irreducible. Fur-
thermore, L(dg X - - - X d X 7) is a subrepresentation of do x L(dg X - -+ X § X T).
This gives us an embedding

o (v p, v p]) x ([vp, v p]) X 6o 3 L(03 X -+ X §p X 7).

Using Frobenius reciprocity, we obtain that the Jacquet module of o with
respect to an appropriate parabolic subgroup contains

([ p, v p]) X 8([v" p, v p) @ 82 @ L(83 x -+ X 8g 3 7).

Since o is contained in §([v~(¢-=1/2p p(e=1/2p/]) x o, applying Lemma
2.1 we obtain that there exist i1 and j; such that —(c-+1)/2 < i3 < j; <
(c—1)/2 and m ® 01 < p*(osp) such that

([ p,vp]) x 8([v" p, " pl) < S([v ! WD) x
(5([l/j1+1p/, V(cfl)/2p/]) X 71
and
(3.1) G @ L(63 X - X 6 % 7) < @ (6([" 1 p, 171 p]) 3 o).

Since o is strongly positive and a; < 0, [6, Theorem 4.6] implies that p = p'.
Furthermore, either —i; = a; or j; +1 = a; and, consequently, i; - j3 > 0.
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Observe that oy is also strongly positive so (3.1) gives i; < j;. We define
z =71 if i1 > 0 and z = —i; — 1 otherwise. It follows that

6o @ L(63 x --- x 0 x 1) < p* (6 (v~ p’ v2p']) x 01).
Here we have used the fact that for every irreducible essentially square-
integrable representation §’ we have p*(6" x 01) = p*(6’ x 01). Repeating
the same procedure as before, we obtain that there exist 75 and js such that
—a1 <9 < jo < zand m ® 02 < p*(07) such that

8([v°2 pa, V"2 pa]) < 812!, 1™ 1)) x S, 15 pl]) x .

Now as < 0, jo > 0 and strong positivity of o1 lead to ps = o/, is > —ay1 + 1,
as = —ip and by = a1 — 1. This contradicts our assumption a; + by < as + bs.
Thus, £k = 1. This completes the proof. O

In the last section we will also need the following correction of the part
(iv) of [11, Theorem 4.1]. Let us shortly recall the required notation.

Let o5, denote a strongly positive discrete series of G, attached to the
admissible triple (Jord, ocusp, €) of alternated type. We suppose that ¢ is an
irreducible essentially square-integrable representation of GL(ns, F') attached
to the segment §([v~!1p, v!2p]) such that Iy — I € Z~g,l; > 0 and Jord, # 0,
ly —c € Z, V2c+ 1 € Jord,. Furthermore, we assume that Jord, n{2l; +
1,2l5+1} = () and that Jord, N[2l; 41, 2l2+1] is a singleton. Let us denote the
unique element of the set Jord, N[2l; +1, 2]y +1] by 2¢+1. Also, we introduce
strongly positive discrete series o1 and o9 such that Jord(o;) = Jord \{(2¢ +
L,p)} U{(2l + 1,p)} and Jord(oz) = Jord\{(2¢ + 1,p)} U {(2l2 + 1,p)}.
Finally, we define a discrete series 045 whose corresponding admissible triple
is (Jord', oeusp, €) such that Jord" = JordU{(2l; + 1,p),(2l2 + 1,p)} and
€((2¢+1,p),(2la+1,p)) = €((2l1 + 1,p), (2¢+ 1, p)) = 1, while on all other
pairs € equals —1. The following result appears to be very important for our
considerations.

PROPOSITION 3.2. In R(G) we have
§ % o = L(0 % )+ L(3([v™"p,v°p]) % 1) + L(3([v = p, v p]) % 02) + 0.

PRrROOF. It suffices to show that o4s is the only tempered subquotient of
0 x 0. First we show that o4 is a subrepresentation of § x o,,. Condition
€((2¢+1,p), (212 + 1,p)) = 1 gives the following embeddings:

o)) xoon

Using [10, Lemma 3.2], we deduce that there is some irreducible representa-
tion 7 such that o4 is a subrepresentation of 6([v "1 p, v'2p]) x 7. Frobenius
reciprocity gives p*(oqs) > d([v " p,v'2p]) @ 7. We will show that the rep-
resentation 7 has to be a discrete series representation. Suppose, on the
contrary, that 7 is not a discrete series. Then [10, Section 8] shows that 7 is
a non-tempered representation and, using the previous lemma, we write 7 as

gas < 8([v=p, v p]) 3 o1 = ([ p, V12 p]) x S([vCp,v
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L(6; x 7). Since §; = §([v* p1,v*p1]) and a; + by < 0, from the cuspidal
support of g4s we obtain that b; < 0 and that p; = p. In the same way as in
the proof of the previous lemma we deduce that og4s is contained in

3([v p,v'2p]) x 8([v =" p, v pl) X 7.

Since

([ p, "2 p]) x 8([v =" p, " p]) 22 6([v ™" p, v p]) x S([v™ p, "2 ),
we obtain that by = —l; — 1 and 045 = 6([v* p,v*2p]) x 7. This also gives
1 < —a1 <ls.
From og4s < 6([v=¢p,v'2p]) x o1, applying Lemma 2.1 we obtain that
there exist i1 and j; such that —c —1 <4 < j; <ly and m ® o] < p*(o1)
such that

S([v* p,v'2p]) <6([v=" p,v%p]) x §([H p, v p]) x m
and
7 <p(S( o, 7 p]) X 0p).

Since o is strongly positive, [6, Theorem 4.6] implies (i1, 1) € {(—c—1,a1 —
1),(—=a1,c¢ —1)}. This gives 7z < 6([v=¢p,v*~1p]) x 1. From the cuspidal
support of 045 we obtain that 74 is strongly positive, and [11, Proposition 3.1]
implies a; = —c. Thus, if 7 is non-tempered then

T = LO([vp, v p]) X 0n).

On the other hand, condition € ((2l; + 1,p),(2¢ + 1,p)) = 1 implies
w*(oas) > 0([v"r+ip,v°p]) @ 7/ for some irreducible representation 7/. Since
04s is a subrepresentation of §([v "1 p,'2p]) x 7 and I > ¢, it is not hard to
obtain p* (1) > §([v!*+1p,v°p]) ® 7 for some irreducible representation 7.

By [11, Proposition 3.1], we have

S([v=pv T p]) ) = L(6(v=p, v 1)) 3 01) + 0

Furthermore, [6, Theorem 4.6] implies that u*(osp,) > §([v11p, v°p]) ® 01 It
follows directly from the definition of o7 and Lemma 2.1 that §([v!* 1 p, v°p])®
o1 is the only irreducible constituent of the form §([v!**1p,v¢p]) @ 7" ap-
pearing in pu*(6([v=¢p,v~1171p]) x 01). Therefore, o4 is not contained in
§x L(6([v=cp, v 1p]) x a1).

This enables us to conclude that 7 is a discrete series representation. Fur-
thermore, from the cuspidal support of 45 we see that 7 is strongly positive.
Using [6, Lemma 3.6] gives T = o4y, 1.€., 045 <> § X 0gp.

It remains to prove that o4 is the only irreducible tempered subquotient
of § X ogp.

Suppose, contrary to our claim, that there is some other tempered subquo-
tient of 6 x 05y and let us denote such subquotient by 7. Using [10, Lemma 8.1],
we deduce that 7 is a discrete series. The description of cuspidal support of 7
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and Proposition 2.2 show that it is not a strongly positive representation. We
assume that 7 corresponds to the admissible triple (Jord(l), Ocusp e(l)), where
Jord®™ = JordU{(2l; + 1, p), (22 + 1,p)}. Since 7 is not strongly positive,
there is some (d, p') € Jord™™ such that ¢((d_, p'), (d,p’)) = 1. In the same
way as in [11, Lemma 4.8] we obtain that p’ = p and that d € {2¢+1,2l3+1}.
If d = 2¢ + 1, we obtain from [10] that u*(r) > §([v="p,v°p]) ® o2, while
if d = 2l5 + 1 then p*(7) > 6([v°p,v*2p]) ® o1. But, one readily sees that
both these representation appear with multiplicity one in p*(d X 0,,) and they
also appear in p*(o4s). Consequently, such representations do not appear in
(7).

This contradicts our assumption and proves the proposition. O

4. DISCRETE SERIES SUBQUOTIENTS

In this section we determine conditions under which a discrete series repre-
sentation appears in the composition series of the positive generalized discrete
series § X o, given as in Definition 2.3. Here and subsequently, we suppose
that o is attached to the admissible triple (Jord, ocusp, €), and we will use the
same notation as in Definition 2.3.

Obviously, if 045 is a discrete series subquotient of § x o, then o4 cor-
responds to the admissible triple (Jord(l),acusp,e(l))7 where Jord™" equals
Jord\{(p,2a — 1)} U {(p,2b + 1)}. Also, inspecting the cuspidal support of
0 X o and using the description of cuspidal support of a strongly positive
discrete series given in [5, Theorem 2.1] and Proposition 2.2, we deduce that

there is d € Jordﬁ)}) such that o4, is a subrepresentation of

§([p= =172 (=172 ) 5 6V

sp o
for the strongly positive discrete series 02;,) such that Jord,, (aﬁ,;,)) N[d-,d] = 0.

We start with the case which follows directly from [17, Theorem 8.2].

LEMMA 4.1. If Jord,N[2a + 1,2b+ 1] = 0, then the positive generalized
principal series § X o contains a discrete series subquotient.

The rest of this section will be devoted to the case Jord, N[2a+1,2b+1] #
(). In the sequel, let ¢min denote the minimum of the set Jord, N[2a+ 1, 2b+ 1]
and let cmax denote the maximum of the set Jord, N[2a + 1,26+ 1]. Note
that in Jord, we have (cmin)- = 2a — 1. First we have an elementary, but
important, technical result.

LEMMA 4.2. If the positive generalized principal series § X o contains
a discrete series subquotient and Jord,N[2a + 1,2b+ 1] # 0, then €((2a —

1’ p)a (Cminyp)) =1.

PROOF. Suppose that o4, is the discrete series subquotient of § x o which
corresponds to the admissible triple (Jord(l), Tcusps eM). Since (p,2a — 1) ¢
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Jord™ | [17, Theorem 8.2] gives p*(oqs) > &([v*p, v(emin=D/2p])) @ 7 for
some irreducible representation m of G,/. This also provides p*(§ x o) >
§([vp, vlemn=1/2p)) @ 1 and Lemma 2.1 implies that there exist 7 and j such
that a — 1 <4 < j < b and an irreducible constituent 7 ® ¢’ of p*(o) such
that

S([v" p, v emin =2 pl) < S([v " p, v p]) X 6(W T p, v p]) x 7.

Since a > 0 and (¢min — 1)/2 is less than b, we deduce that p*(o) contains
§([vp, vlemn=1/2p)) @ 7/, for some irreducible representation 7’. Now [17,
Proposition 7.2] implies €((2a — 1, p), (Cmin, p)) = 1 and the lemma is proved.

O

In the following sequence of propositions, several possibilities will be stud-
ied separately.

PROPOSITION 4.3. If ¢imin < (Cmax)- then the positive generalized principal
series does mot contain a discrete series subquotient.

PRrROOF. If €((2a — 1, p), (cmin,p)) = —1, statement of the proposition
follows from the previous lemma. Thus, in the rest of the proof we may
assume that €((2a — 1, p), (Cmin, p)) = 1. This also shows that p = p'. We
denote by ¢ an element of Jord, such that cmin = c_.

Two possibilities will be considered separately.

i (CmaX)— # c.
Suppose, contrary to our assertion, that there exists a discrete series sub-
quotient ogs of & X o, and that it corresponds to the admissible triple
(Jord™, 6eysp, €M), Then there exists (d, p”) € Jord™ such that

eD((d-, "), (d, p")) = 1.
This implies
W (0as) > 0([py (B2 DR @ o (D)

for the appropriate strongly positive discrete series ag,). Since o4 is an ir-

reducible subquotient of § x o, the same irreducible constituent appears in
1*(d x o). Using the structural formula, recalled in Lemma 2.1, we conclude
that there exist ¢ and j such that a — 1 < ¢ < j7 < b and an irreducible
constituent 7 ® o’ of p*(o) such that

(5([V_(d‘_1)/2p”, V(d_l)/2p”]) < (5([1/_ip, V_ap]) % (5([1/j+1p, pr]) < T

Since by the definition of positive generalized principal series we have a > %,
it follows that 7 is of the form §([v*p”,v!p"]) for some k < 0 and | > 0. Now
from the cuspidal support of o we deduce that p” = p.

If (d—1)/2 = b, then d- = cCmax. Furthermore, since 2b + 1 ¢
Jord,, we have either i = (cmax — 1)/2 and 7 = 6([v=*T'p,1ip]) or 7 =

§([p~(emax=1)/2p 13 p]). These two cases will be studied separately.
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(i) Suppose 7= §([v=2"p,17p]). Since —a+1 <0 and j > (Cmax + 1)/2,
it directly follows that ¢ = j and, using the transitivity of Jacquet
modules, that

1(0) = §([p D12 ylens=D/25)) @ o,

for some irreducible o”. This gives €(((¢max)- £), (Cmax; p)) = 1, which
is impossible, since €((2a — 1, p), (¢min, p)) = 1 and the definition of
positive generalized principal series implies e((z-, p), (z,p)) = —1 for
x > c.

(ii) Suppose 7 2 §([p~(emax=1)/2p 1ip]). Using the well known fact that
§([p(emax=1/2p 1ipl) @ o' < p*(o) implies 25 + 1 € Jord,, we get a
contradiction since the square-integrability of o implies j > (¢max —
1)/2 and j < b.

Thus, d # 2b+ 1 and it follows directly from the square-integrability
of o that 7 is of the form §([v*p,v(4=1/2p]), for some k < 0. This implies
d € Jord, ﬂJordg) and, similarly as in the case d = 2b + 1, we obtain that
€((z, p), (d, p)) = 1, where z is an element of Jord, such that (z, d)NJord, = 0.
By Definition 2.3 and Lemma 4.2, either d = ¢ or d = ¢pin. Note that d = ¢
implies €((¢min, ), (¢, p)) = 1, while d = ¢pin implies 2a — 1 > min(Jord,).
We will discuss only the case d = ¢, the other case can be handled in the same
way but more easily.

Assumption d = ¢ implies €V ((¢min, p), (¢, p)) = 1. This clearly implies

W8 % ) 2 6((p V2 D2 !
where oy, is the strongly positive discrete series such that Jord(oj,) =
Jord(o) \ {(¢min,p), (¢,p)}. Using Lemma 2.1, we obtain that there exist ¢
and j such that a —1 < i< j<band 7 ® 7" < p*(0) such that

([ (Emn=1/2, (eD/20]) < ([ p, ) x 8([17 p, 1)) x 7
and of, < 6([v""1p,v7p]) x 7', Since b > (¢ — 1)/2, it follows that j = b. By
the square-integrability of o, we have the following two possibilities:

(a) i = a — 1. This gives 7 = §([p~(emin=1)/2p p(¢=1/2 ) and [12, The-
orem 2.3] shows that 7/ is the strongly positive discrete series such
that Jord(r") = Jord(c) \ {(cmin,p), (¢, p)}. It follows that of, is an
irreducible subquotient of the induced representation &([v%p, v°p]) x 7/,
contradicting [11, Proposition 3.1].

(b) i = (Cmin — 1)/2. This gives 7 = §([v=F1p,v(c=1/2p]). Using the
embedding

o = §([plemnm D2 (D)) s g,

where o, is the strongly positive discrete series such that Jord(os,) =
Jord(o) \ {(¢min, p), (¢, p)}, it directly follows that 7’ is an irreducible
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subquotient of §([%p, v(emn=1/2p]) x4 5y, This gives
(4.1) U;p < 5([V(cmm+1)/2p7 vPp]) x §([v%p, V(cmm—l)/2p]) X Ogp.

It follows from [6, Theorem 4.6] that p*(c%,) > 8([vp,v®=D/2p]) ®
a;’p, for x € Jord, such that z_ = c and strongly positive discrete series
oy, such that Jord(cy,) = Jord(of,)\ {(z,p)}U{(2a—1,p)}. Applying
the structural formula for p* on the right-hand side of (4.1), we obtain
that there exist i1, 42, j1, j2 such that (cmin — 1)/2 < i1 < j1 < b,
a—1<iy < jo < (emin—1)/2 and @’ ® ¢’ < p*(0sp) such that

([ p, V2 pl) < 6([v " p, v emin D2 p]) s §([W7 1 p, 1 p] )
3([v=" p, v p]) x 8([p7*F p, wlomin =2 p]) !
and
o, < (W o, v pl) x S([WE T p, 72 p]) 3o

Since a > 0,b > (x — 1)/2 and ¢min > 0, we deduce that i1 = (cimin —
1)/2, j1 = b and ia = a — 1. This gives

S([vp, D2 p]) < §([p2H p, lemin T2 p]) e

Applying [6, Theorem 4.6], we directly obtain that jo = a — 1 and
7’ 22 §([plemint1)/2p 1 (@=1)/2 )y Using [6, Theorem 4.6] again, we get
that o’ is the strongly positive discrete series such that Jord(c’) =
Jord(osp) \ {(, p)} U{(Cmin, p)}. This implies o7, < §([v*p, " p]) x o,
contradicting [11, Proposition 3.1].
This ends the proof in the case (¢pax)- # ¢. We will now consider the remain-
ing case.
® (Cimax)-=c.
Again we suppose, contrary to our claim, that there is a discrete series sub-
quotient og4s of § x 0. We denote by (Jord(l),acusp, e(l)) the admissible
triple attached to o4s. Again, there must be some (d, p”) € Jord™® such that
eM((d_, p"),(d, p")) = 1. In the same way as in the case (Cmax)- # ¢ We
conclude that p = p” and d equals either ¢ or cp;y,. First, if we assume that
2a—1 # min(Jordp), then d = cin leads to a contradiction in the same way as
in the previous case. Furthermore, if 2a — 1 # min(Jord,) and d = ¢, then the
properties of e-functions summarized in Section 2 imply that we have either
6(1)(((Crﬂin)—a p)a (cminvp)) = 1lor 6(1)((07 p)a(xap)) =1, for z € JOI‘dp such
that z_ = c¢. We have already seen that both these situations are impossible.
It remains to consider the case d = ¢ and 2a—1 = min(Jord,). Obviously,
we can assume that € (((¢min), p), (¢, p)) = 1 and that €M ((c, p), (z,p)) = —1
for an x € Jord, such that z_ = ¢. Using [17, Theorem 8.2] we deduce
that ogs < 6([v%p, v(emn=1/2p]) x o', | for discrete series o/}, attached to the
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admissible triple (Jord®, o4ysp, €) such that Jord® = Jord™ \{(cmin, p) }U
{(2a—1,p)} and € ((2a—1, p), (c, p)) = 1. Furthermore, from [10, Section 9]
and [11, Theorem 1.1] we get

ol > 6 p, VT 2p]) T

for the tempered subrepresentation 7 of §([v=2T1p, 2~ 1p]) x o’ , where o,

sp? P
is the strongly positive discrete series such that Jord(og,) = Jord® \{(2a —

1,p), (c,p)}. This gives
aas = O([v* p, v emin =2 p]) (v p, v\ p])

Since the induced representation §([v%p, v(emin=1/2p]) x §([%p, v(c=D/2p]) is
irreducible, Frobenius reciprocity gives

w(0as) = 5([vp, v =V 2p)) s 5([2p, TV 2 @ 7

Thus, the same irreducible representation has to be contained in p*(§ x o).
Since ¢ is a subrepresentation of the induced representation of the form
S([p=(emn=1/2p 1(c=D/2p]) % o4, where oy, denotes the strongly positive
discrete series such that Jord(os,) = Jord \{(cmin, p), (¢, p)}, we deduce that
there exist i1, 42, j1, j2 such that a — 1 <43 < j13 < b, —(Cmin — 1)/2—-1 <
12 < jo < (c—1)/2 and 7 ® 0’ < p*(osp) such that

3([v*p, v o=V p]) 5 §([v p, v V2 p])
<[ p, v p]) X O([ H p, 00 p))
x 6([v 72 p,plemin=V/2 pl) 5 52 p, D2 ) e
and
(4.2) T < O([w o, v p]) x ([ p, 72 p]) 3o

In analogous way as before, using a > 0, (¢ —1)/2 < b and [6, Theorem 4.6],
we deduce that 11 =a—1, j1 = b, i = a and jo = a — 1. Now we can rewrite
(4.2) as

(4.3) T < 8([vp,v0p]) 3 S([v™ v p]) X 0y

We have already observed that p*(7) contains d([v=*"'p, v p]) ® o, Ap-
plying the structural formula to the right-hand side of (4.3), we conclude that
o’ is an irreducible subquotient of §([v%p,vp]) ¥ ogp. This contradicts [11,
Proposition 3.1], since for (¢max, p) € Jord(osp) we have 2a—1 < cmax < 2b+1.
This completes the proof. 0

PROPOSITION 4.4. If €((2a — 1, p), (Cmin, p)) = 1 and ¢min = Cmax, then
the positive generalized principal series contains a discrete series subquotient.
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PrRoOF. To shorten the notation, we write ¢ = cmin. Let oy, denote
the strongly positive discrete series such that Jord(os,) = Jord(o) \ {(2a —
1,p),(c,p)}. Then o is a subrepresentation of §([v=21p,v(¢=1/2p)) x oy,
By the classification of discrete series, this induced representation has one
more discrete series subrepresentation, which we denote by ¢’. Similarly, the
induced representation §([v=(¢=1/2p, 1 p]) x oy, contains two discrete series
subrepresentations, let us denote them by aé? and O'éz,). For i € {1,2}, we

suppose that aéi) is attached to the admissible triple (Jord(i), Ocusp e(i)). Note
that € ((c,p), (2b+1,p)) = 1 and we have the following embeddings:

G

O‘d) s 5[V 2p, b)) X oy

= 6([vp,v"p]) x 8([v T, v T p]) M 0.
By [11, Theorem 2.1], in R(G) we have
S([v= V2 b)) M oy = 0 + 0 + L6([v ™ p, v e™D/2p]) %1 0p).
Let us prove that 0((1?, i € {1,2}, is not a subquotient of the induced repre-
sentation
3([v*p,v"p]) 3 L(S([v™ " p, v ™D /2p]) x o).
It follows from [17, Theorem 8.2] that p* (aéi)) > §([v2p,vie1/2p]) @, for
some irreducible representation 7. Assume, on the contrary, that 0((;8) is a
subquotient of §([v%p, v°p]) x L(5([v=%+p, v(¢=V/2p]) x 54,). The irreducible
representation §([v%p, v(¢=1)/2p]) @ 7 is then contained in the Jacquet module
of §([vep, °p]) x L(5([v= " p, v(¢=V/2p]) x 04, with respect to the appropri-
ate maximal parabolic subgroup. Applying Lemma 2.1, we deduce that there
exist j1 and jo such that a — 1 < j; < jo < b and an irreducible constituent
@7 of W (L(S([v= 2 p,v¢=1/2p]) x 04,)) such that
(v p, v\ 2p)) < 6([v 7 p, %)) x S([W2H p, P p)) x .
Using @ > 0 and (¢ — 1)/2 < b, we obtain that
‘LL*(L((S([I/iaJrlp, V(cfl)/Qp]) “ Usp)) > (5([1/0'/), V(cfl)/Qp]) ® 7.
It follows from [10, Corollary 4.7] that exactly two irreducible constituents of
the form 0([v®p, (¢ 1/2p]) @ 7/ appear in p*(5([v=(¢"D/2p, 127 1p]) X o)
and, by [10, Section 9] and [11, Theorem 2.1], none of them appears in
(LS (v~ p, (e 1/2p)) x 04,)), a contradiction.
Thus, U((;S) is contained in
5([vp, 1)) x o + 8([v%p, %)) x o,
for i € {1,2}. It remains to prove that neither of the positive generalized

principal series § X ¢ and § x ¢’ can contain both representations 0&? and
O'éz,). Note that u*(ags)) > ([ /2p, vbp)) @ o) for i € {1,2}. Now we
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calculate the multiplicity of §([v=(¢=1/2p, vt p]) R0y, in p* (6 x o). There exist
iand j such that a —1 < i< j<band 7 ®c” < p*(o) such that

S D 2p, b)) < 5[ p,v %)) x S([W T p, 0 p]) x

and

osp < 6 p, 7)) 3o

Since 2b+1 ¢ Jord, (o) and ¢ = cmax, it follows that j < (¢—1)/2. Also, using
the square-integrability of o we deduce that ¢ = (¢ — 1)/2. Hence i = j and
7= §([v=otp, v D/2p]). Tt directly follows that ¢” = o4, and, since the
representation §([v =21 p, v(¢"1/2p]) ® o, appears in p* (o) with multiplicity
one, we get that the multiplicity of 6([v=(¢=1/2p, 1Pp]) ® 05 in p* (6 x o) also
equals one.

In analogous way we deduce that the multiplicity of & ([V_(C_l)/ 2p,0%p)) ®
osp in p*(6 x ') also equals one. Therefore, neither of representations 6 x o
and § x ¢’ can contain both representations U((ils) and U((fs), and it follows that
each contains exactly one of them. This completes the proof. O

PROPOSITION 4.5. Ife((2a— 1, p), (¢min, p)) = 1 and ¢min = (Cmax)-, then
the positive generalized principal series contains a discrete series subquotient

Zf and Only Zf 6((¢min7ﬁ)7 (cmaxvp)) =1

PROOF. As in the proof of the previous proposition, we denote by o)
the strongly positive discrete series such that Jord(csp) = Jord(o) \ {(2a —
1,0), (¢min, p)} and by ¢’ the discrete series subrepresentation of the induced
representation & ([~ 2t p, p(emin=1)/2 p]) 5q osp different than o. Suppose that o
is attached to the admissible triple (Jord, ocysp, €) with €((¢min, £); (Cmax, p)) =
1. Also, let ¢’ correspond to the admissible triple (Jord,ocusp,€’). Then
we have € ((¢min, £); (Cmax, p)) = —1 and €(((2a — 1), p), (2a — 1,p)) = 1, if
2a — 1 # min(Jord,). Furthermore, let us denote by agp the strongly positive
discrete series such that o is a subrepresentation of

(5([l/f(cmnﬁl)/2p7 V(cmaxfl)/2p]) % U;p
and by o, the strongly positive discrete series such that Jord(oy,) =
Jord(og,) \ {(2a — 1,p)} U {(2b + 1,p)}. Then the induced representation
§([p(emin=1)/2p ylemax=D/2p]) 5 gl has two irreducible subrepresentation

which are both in discrete series. We denote these two representations by 0&?

and aéi) and observe the following embeddings and intertwining operator, for
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i€{1,2}:
o) < 5[y (Emin=D/2p ylemax=D/2 ]y 5 o7
s §([p (omin= D2 lemax=D/2 p)) 5 5([0% p, 0P p]) 1 0,

— 5([°p, 1 p]) x §([p (emin =12y (emax= D2 pl) 5 ]

Let o be the discrete series subrepresentation of the induced representation
§([p(emin=1)/2p plemax=1)/2p)) 54 g/ . different than o. If 0’ is attached to
the admissible triple (Jord, ocusp, €”), then €’((2a — 1, p), (¢min, p)) = —1. In
R(G) we have

§([pLemin =112 gy (emax=/2p]) 5 o

= o 4 L e D ) i),

and one can see, in the same way as in the proof of the previous proposition,
that a((;s) is not an irreducible subquotient of

5 X L((g([y—(cman—l)/Qp, V(cmax—l)/2p]) % ng).

Also, [17, Theorem 8.2] shows that u* (0'((;2), i € {1,2}, contains an irre-
ducible constituent of the form &([v%p, v(em»=D/2p]) @ 7. Thus, if for some
irreducible representation 7’ the induced representation § x 7/ contains aéi),
for some i € {1,2}, Lemma 2.1 and the fact that (cpin — 1)/2 is less than b
imply p*(7') > §([v?p, v(emin=1/2p]) @ 7" for some irreducible representation
7. Now [17, Proposition 7.2] shows that 0((1?, 1 € {1,2}, is not an irreducible
subquotient of § x ¢’/ and, consequently, both representations aé? and aéi)
appear in the composition series of § x o.

It remains to prove that the positive generalized principal series § x ¢’
does not contain a discrete series subquotient.

Let as first assume that discrete series aé? is attached to the ad-
missible triple (Jord™", Ocusps €)) such that 2a — 1 # min(Jord,) and
eD(((2a — 1)_,p), (cmin,p)) = 1. To simplify the notation, we denote
(2a — 1)- by z. From [10, Section 9] and [11, Theorem 1.1] then follows that
w* (U((ils)) > §(petD/2p plemn=1)/2pl) @ 71, where 71 is one of the tempered

subrepresentations of §([v~(@=1/2p p(==1)/2 ) ag,), for the strongly positive

discrete series aﬁ,l,) such that Jord(ag,)) = Jord(oy,) \ {(z,p)} U {(cmax, p)}-

Since aé?

176 x 3([ " p, eI p)) 0 ) 2 ST 2, lemin D)) @ 7y

is a subquotient of § x o, it follows that

Using Lemma 2.1, in analogous way as before we deduce that 71 is an
irreducible tempered subquotient of

(4.4) 3([v%p,vp]) x 8([v= "D 2p, 027 p]) 3 0.
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Now we calculate the multiplicity of 6([v=(=D/2p, v@=1/2p)) @ ¢} in (4.4).
There exist i1, i2, j1, jo such that a — 1 < i3 <j; <b, —(x—1)/2—-1<iy <
jo<a—1and 7 ®¢” < p*(osp) such that

§([= D2 p @Vl < ([ p, v p]) X S([WH p, 1 p))
S([v 2 p, v D)) s 6([7  p, v ) x

and
O—ggl)) < S(w 7 pl) x ([t p, v72p]) 3 o

Since (z —1)/2 < a—1, a —1 < b and o, is strongly positive, it follows
i1=a—1,751=0b, ja=a—1and iz = (x — 1)/2. This gives

(4.5) aly) < 8([vp, v p)) x S(W T2 p, v p]) 1 oy

By [6, Theorem 4.6], 1* (o)) contains &([p/(@+1D/2p, plema—1)/2p]) o, In-
specting p* of the right-hand side of (4.5), since no representation of the form
§([ e+ D/2p plema=1)/2p)) @ o appears in p*(0sp), we obtain that ol is
contained in &([v%p,%p]) x aﬁf,), where aﬁf,’ is the strongly positive discrete
series such that Jord(agi)) = Jord(osp) \ {(cmax,p)} U {(2a — 3,p)}. From
[11, Proposition 3.1] follows that it is contained there with multiplicity one.

Therefore, if we denote by 7o the tempered subrepresentation of the in-
duced representation §([v~(=1/2p p(==1)/2p]) ag,l;) different than 71, then
T2 is not an irreducible subquotient of (4.4). We recall that 7 and 75 are not
isomorphic.

We also note that cfg,l,) is an irreducible subquotient of

5([v%p,0p]) 3 L(S(W D 2p, 07 p]) 3 04p),

so this induced representation reduces.

Suppose that there is some discrete series subquotient aé‘z) of 6x¢’ and de-
note the admissible triple attached to aé?;) by (Jord(l), Ocusps ¢®). Then there
is (d, p") € Jord™ such that €3 ((d_, "), (d, p")) = 1. In the same way as in
the proof of Proposition 4.3 we deduce that p” = p and d € {cmin, Cmax, 20+1}.
Since we have already seen that aé‘z) % 0&? and aé‘z) 2 oéi), we obtain
that 6(3)((Cmax, p),(2b+1,p)) = 6(3)((cmin,p), (Cmax, p)) = —1. Properties of
the e-function imply d = cpin and z = min(Jordp), for x as before. Since
u*(a((ii)) > §([p@tD/2p plemin=1)/2 1) @ 15 and o’ is a subrepresentation of
S([v=ottp,plemin=1/2p)) 5 g, it follows that

(8 x 5[t p,plemin D2 p]) s o)

also contains §([v/(*+1/2p, p(emin=1/2p)y @75 It is not hard to see that this can
happen only if 75 is an irreducible subquotient of the induced representation
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given in (4.4), and we have already seen that this is impossible. Thus, the
proposition is proved. O

In the following theorem we summarize the main results obtained in this
section.

THEOREM 4.6. The positive generalized principal series 6 X o contains a
discrete series subquotient if and only if one of the following holds:

(i) Jord,N[2a+1,2b+ 1] = 0.

(ii) Jord,N[2a + 1,2b+ 1] # O and, for cmin and cmax such that c¢min =
min(Jord, N[2a + 1,2b + 1)) and cmax = max(Jord, N[2a + 1,2b + 1)),
we have €((2a — 1, p), (Cmin, p)) = 1 and either

(a) Cmin = Cmax
or
(b) Cmin = (Cmax)— and 6((Cmina p)a (Cmaxa P)) =1

5. DISCRETE SERIES SUBREPRESENTATIONS

In this section we identify a discrete series subrepresentation for every
positive generalized principal series which contains a discrete series subquo-
tient.

We start with the most elementary case, which follows directly from [17,
Theorem 8.2].

PROPOSITION 5.1. If Jord,N[2a+1,2b+ 1] = 0, then the positive gener-
alized principal series 0 X o contains a discrete series subrepresentation.

In the rest of this section we are concerned with the case Jord, N[2a +
1,2b+ 1] # 0. As in the previous section, we denote by cpin the minimum
of the set Jord, N[2a + 1,2b + 1] and by ¢max the maximum of the same set.
We suppose that § x o has a discrete series subquotient and write o as an
irreducible subrepresentation of §([v=%+! p, p(emin=1)/2p)) x4 5y, where o), is
the strongly positive discrete series such that Jord,(osp) N [2a — 1, ¢min) = 0.

PROPOSITION 5.2. Suppose that €((2a — 1, p), (¢min, p)) = 1 and cmin =
Cmax- Then the positive generalized principal series contains a discrete series
subrepresentation.

PROOF. As in the proof of Proposition 4.4, we write ¢ = cpin and denote
by o4 a discrete series subrepresentation of 6([v~(¢=1/2p 12p]) x 7, which
is contained in § x o.

Obviously, we have o4s < § x §([v=(¢"1/2p, 1971 p]) x o4, and, by [10,
Lemma 3.2] there is some irreducible representation 7 such that og4s is a
subrepresentation of 6([v%p, °p]) x w. We will show that 7 = o.
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Let us first show that the representation 7 has to be a discrete series
representation. Suppose, on the contrary, that 7 is not a discrete series repre-
sentation. Then, from the cuspidal support of m, we deduce that it is a non-
tempered representation. Using Lemma 3.1, we write 7 in the form L(d1 X 7),
with 51 = 5([Va1p1, l/blpl]), a1+ b1 <0.

This implies

Ods > 0 X 01 XT— 01 X0 XT.
The square-integrability of o4s shows that this representation is contained in
the kernel of the last intertwining operator. Thus, p1 2 panda—1<b; <
b — 1. It follows that og4s is a subrepresentation of

(5.1) S([v™ p, vbp]) x 8([vep, v* p]) x T,
which is isomorphic to

(5.2) 3([vp, v p]) x ([ p,v°p)) .
There are two possibilities to consider:

e by >a—1.
Now (5.2) implies that v*1 p® 7’ appears in p*(04s) for some irreducible repre-
sentation 7’ and, by [10, Lemma 3.6], (2b1+1, p) € Jord(oqs). Since a1+b1 <0
and, by (5.1), a3 +b > 0, we deduce that 2b; +1 = ¢, i.e., by = (¢—1)/2. Us-
ing (5.1) again we see that p*(o4s) > d([v* p,°p]) ® 7 for some irreducible
representation 7 and a3 < —(c — 1)/2, which is impossible by the definition
of Ods-

[ ] bl =a—1.
Using Frobenius reciprocity, from (5.1) we obtain that

W (040) > ([0 p,v00]) @ 7.

Since 045 is contained in §([v~(¢"V/2p vbp]) X 74y, using Lemma 2.1 we get
that there exist ¢ and j such that —(c+1)/2<i<j<band 7’ ®0c’ < u*(0sp)
such that

([ p,vPpl) <6([v " p, D2 p)) x S([v T p, 1)) x 7
and
7 <6([v'p, 7T p]) x 0.

In the same way as before, we obtain that either i = —a; or j +1 = a;.
Furthermore, it follows from [6, Theorem 4.6] that if v"p ® 7/ appears in
1 (osp) then < (¢ —1)/2 or b < z. It follows that 7 is a subquotient
of §([v~Fp, (e 1/2p]) x 0,4, Since T has to be a tempered represen-
tation, we conclude that a1 = —(¢c —1)/2 and 7 = o,,. Consequently,
w2 L(S([v= D 2p, v pl) M o).

On the other hand, using [17, Theorem 8.2] we deduce that p*(og4s) >
S([vep, v e=/2p)) @ o), for an appropriate discrete series o/,,. Consequently,



DISCRETE SERIES SUBREPRESENTATIONS 147

(6 x ) > 6([vep, v c=V/2p]) ® o/, and (c — 1)/2 < b implies that p*(7) >
5([vp, v e=V/2pl) @', for some irreducible representation 7’. Representation
L(5([v=(¢=Y/2p 121 p]) x 04,) is an irreducible quotient of the induced repre-
sentation §([v=%+ 1 p, v(¢=V/2p]) x gy, Tt follows from [10, Corollary 4.7] that
w* (5(v=9 1 p,v(e=1/2p]) x 0y,) contains exactly two irreducible constituents
of the form §([v®p, v(¢~1/2p])@7’, which both appear in the Jacquet modules
of discrete series subrepresentations of 6([v =2+ p, v(¢=1/2p]) x 74,. Therefore,
w3 L([r (=D 2p, 0271 p]) x Tsp)-

Consequently, 7 is a discrete series representation and we denote by
(Jord', ocusp, €') the corresponding admissible triple. It directly follows that
Jord" = Jord. We have already seen that p*(w) > §([v%p,v(¢=/2p)) @ n’,
which implies €((2a — 1,p),(¢,p)) = 1, and 7 is a subrepresentation of
S([v=oH p, v D/2pl) oy, If T % o then it can be concluded in the same way
as in the proof of Proposition 4.4 that o4s is not an irreducible subquotient
of § x w. Therefore, m = ¢ and the proof is complete. O

The remaining case is treated in the following proposition.

PROPOSITION 5.3. Suppose that €((2a — 1,p), (cmin, p)) = 1, Cmin =
(Cmax)- and €((Cmin, P); (Cmax, p)) = 1. Then the positive generalized principal
series contains a discrete series subrepresentation.

PROOF. Let us denote by ogp the strongly positive discrete series such
that Jord(oy,) = Jord(osp) \ {(cmax,p)} U {(2b + 1,p)} and by of, the
strongly positive discrete series such that Jord(c7,) = Jord(osp)\{(cmax, p) }U
{(¢min, p)}. Then the induced representations

(53) (oD 2, s D 2g])
and
2 B o 1)

have a unique common irreducible subrepresentation, which is a discrete series
representation and we denote it by o4s. Also, we denote the admissible triple
attached to ogs by (Jord’, Ocusp, €)-

From (5.4) follows that there is some irreducible representation 7= such
that o4s is a subrepresentation of § x w. We will show that 7 is a discrete
series representation. Let us first show some results regarding the Jacquet
modules of 7, which will be used later.

Using the Frobenius reciprocity, from (5.3) we deduce that p*(ogs) >
S([p~(emn=1)/2) V(Cmax_l)/Qp])Q@a;p. Since 045 is a subrepresentation of § x,
using Lemma 2.1, we deduce that there exist ¢ and j such that a—1 <7 < j <b
and ¢’ ® 7’ < p*(m) such that

§([p tomin =2 p ylemex =02 p) < (v p, v %p]) x 6([17 T p, 1)) x 8.
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From b > (cmax — 1)/2 follows that j = b, so ¢ has to be equal either
S([p=(emin=1)/2p plemax=1)/2 ]y or §([=oF1p, p(emax=1)/2p]). In any case, using
the transitivity of Jacquet modules, we obtain that

(5.5) () = ([t p,plem D)) @ 7!
for some irreducible representation «’. This also allows us to conclude that
(5.6) () = 5([plemin D2 gy (emax= 2]y 0 6,

for some irreducible representation o”.

Furthermore, by [17, Theorem 8.2], we see that there is some irreducible
representation o’ such that p*(ogs) > 6([vp, v(emin=1/2p]) @ ¢ and in the
same way as before we deduce that

(57) () 2 6" .2 p))

for some irreducible representation 7.

Suppose, contrary to our assumption, that 7 is not a discrete series rep-
resentation. Using a cuspidal support argument as before, we deduce that m
is a non-tempered representation and, using Lemma 3.1, we write it in the
form L(61 x 7), with 61 = 6([v* p1,v" p1]), a1 + b1 < 0. In the same way as
in the proof of Proposition 5.2, we deduce that p;1 2 p,a—1<b; <b—1and
04s 18 a subrepresentation of

(5.8) 3([v?p,v™ p]) x 6([v* p,v"p)) >0 7.
Again, there are two possibilities to consider:
e by >a—1.
This shows that (2by +1,p) € Jord’. Thus, 2b; + 1 equals either ¢pax OF
Cmin- If 201 + 1 = ¢pax, then we have a1 < —(¢max — 1)/2 and, since
([ p, v p]) x 6([™ p,v°p]) 22 6([v* p, v p)) x 8([v" p, " p)]),

we obtain that there is some irreducible representation ¢’ such that p*(o4s) >
S([p~(emaxt/2p 1P pl) @ o’ But, since in Jord we have (20 +1)_ = ciax, We
get a contradiction with [9, Section 3].

It remains to consider the case 2b; + 1 = cpin.

Let us first show a1 = —(¢max —1)/2. Applying the structural formula for
u* to (5.4), we obtain that there exist ¢; and j; such that —(cpax +1)/2 <

11 <ji1 <band 7’ ® aﬁ,l,) < w*(oy,) such that
510 ) x 8 p, e 2]
< S([y " p, o2 p]) x §([p Hp, 1)) x 7
and

T < (W, 7 p)) 1 o).
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" we deduce that 7/ = §([vp, v(emin=1)/2p]) and
(i1,J1) € {(—(cmax + 1)/2,a1 — 1), (—a1, (¢max — 1)/2)}. Furthermore, this
implies

From the definition of o”

R )RR

where, by [6, Theorem 4.6], aﬁ,l,) is the strongly positive discrete series such

that Jord(ag,)) = Jord(osp) \ {(cmax, p)} U{(2a —1,p)}.
Since a1 < —(Cmin — 1)/2, the representation

B, e /24]) s D)

contains a tempered subquotient only if —a; + 1 > (cmax — 1)/2, i.e., if a1 =
—(emax — 1)/2. This gives

722 L(([p (emex /2, plemn=/2 )y 50 g (1),

It follows from [10, Corollary 4.7] that p* (§([p~ (emin=1)/2 5 p(emax=1)/2 ]} 54
a§}g)) contains exactly two irreducible constituents of the form §([p(cmint1/2),

plemax=1/2p)y @ ¢’ and, by [10, Section 9], none of them is contained in
(L o2, o125 5 60,
But, this contradicts (5.6).
[ ] b1 =a—1.
This clearly implies 045 < d([v* p,v%p]) x 7 and Frobenius reciprocity
shows that p*(o4s) > 0([v* p,v’p]) ® 7. Since a; < 0, Lemma 2.1, applied

to (5.4), implies that the tempered representation 7 appears as an irreducible
subquotient of the induced representation

(1 oD Ig])

From [11, Proposition 3.1], we get that either a1 = —(cmax—1)/2 or 2(—ay) +
1 € Jord,(of,) and (2(—a1) + 1, cmax) N Jord,(oy,) = 0. Tt follows directly
that a1 € {—(¢max—1)/2, —(cmin—1)/2}. Furthermore, if a1 = —(¢max—1)/2
then 7 & og’p, while a1 = —(cmin — 1)/2 gives 7 = ogp.

In the first case we have m = L(§([v—(emax=1/2p 1a=1p]) x ¢ ). By

sp
Proposition 3.2, in R(G) we have
([, eV 20]) 1 071 = 1t g+ L(3(= D 2, 157 ]) 3 0,y
+ L((g([y—(cmax—l)ﬂp, V(cman—l)/Qp]) “ Ug;))-

Let us now determine all irreducible constituents of the form §([v=2*1p,
plema=1)/2p]) @ 7/ appearing in p* (§([v=2+! p, v(emax=1/2p]) x4 o1/ ), together
with their multiplicities.

From Lemma 2.1 we get that there exist ¢ and j such that —a <i < j <
(cmax —1)/2 and ¢’ ® o' < p*(0y),) such that

S([v= et p, om0/ 2pl) < 5([v ™ p, v p]) x S([7 T p, wlemax T2 p]) x
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and
' < S([p, v p]) x o’

Obviously, either —i = —a+1lor j+1=—-a+1. If j+1 = —a+ 1, then
' =oy. If i = —a+1and j+ 1 = a, again we obtain that 7’ = o{/,.
It remains to consider the case —i = —a + 1 and j + 1 > a. Then we have
8" = §([v*p,7p]) and 2j 4+ 1 € Jord,(cl,). Since a < j < (Cmax — 1)/2, it
follows that j = (e¢min — 1)/2 and, using [6, Theorem 4.6], we obtain that

7 < §([vep, viemin=1/2p]) ogzl,). By [11, Proposition 3.1], in R(G) we have
3([v*p, v min=D2p)) 3 o () = L(3([v=(mn=D/2p, 7)) 3 0})) + ol
We have already seen that the only irreducible constituents of the form

([t p, vlemax=D/2ply @ n' appearing in p* (§([v =+ p, vlemax=1/2p]) s o )

are 6([v=ot 1 p, vlemax—1/2)) ® oy, (and it appears there with multiplicity

three) and

Syt p,plome D2y @ L(5([v=Cmin= D2 p,07p]) 1 0())

(and it appears there with multiplicity one).

On the other hand, o and L(§([v~(emn=1/2p 19=1 ) 0,) are irreducible
subquotients of §([v~a%1p, plemin=1/2]) x g,. Let us also determine all ir-
reducible constituents of the form §([y=2F1p, p(emax=1/2pl) @ 7/ appearing in
p ([t p,plemin=1/2p)) 54 5,). Similarly as before, there exist i, j such
that —a < ¢ < j < (cmin — 1)/2, and §' ® ¢’ < p*(0sp) such that

([ p, plemex D2 )y < G ([ p, v p]) x 5[ p, Cmin D2 ]y
and
' <6t p, 7 p)) x o,
Since o), is strongly positive, [6, Theorem 4.6] shows that either —i = —a+1
orj+1=—a-+1.

If 41 = —a+1, then i = j, & = §([plemntD/2p plemax—1)/2p])
and ' = og,. Assumptions —i = —a + 1 and j = a — 1 again give
§ =2 §([plemint /2 plemax—1)/2p)) and 7' = og'p. Finally, if -4 = —a + 1
and j > a — 1, using [6, Theorem 4.6] again, together with the description
of the strongly positive representation oy, we deduce that j = (c¢min — 1)/2,

5 2 §([vp, vAm=/2p]) and 7' < ([ p, vienin=D/2p]) ¢ ol}).
Consequently, the only irreducible constituents of the form
§([v= 1 p, vleme=/2p)) @ 7!

appearing in 1" (3([v= 1 p, p{emin= /2 p]) xar,,) ave ([ p, vene /2 p)) @

1

oy, (and it appears there with multiplicity three) and
3([v =" F p,veme D2 p]) @ LS ([p =D 2p, 07 p]) 30 o))
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(and it appears there with multiplicity one).

It follows from [11, Theorem 2.1] that §([v =%+ p, p(emin=1/2p]) % 5y, is a
length three representation, and we denote its discrete series subrepresenta-
tion different than o by ;. Also, we denote the admissible triple attached
to o1 by (Jord, ocusp,€1). Since o 2 o1, it follows that € # €1 and, con-
sequently, €1((Cmin, £), (Cmax, p)) = —1. Using [17, Proposition 7.2], we con-
clude that p*(o1) does not contain an irreducible constituent of the form
S([v=ettp, vlema=/2p]) @ ',

It follows directly from Proposition 3.2 that both representations o and
L(§([p=(emin=1)/2p 1a=1p]) 4 04,) are contained in §([v =2+ p, p(emax=1)/2 g}y
olf,. Now the calculation of p*(§([v=*Hp,v(emax=1/2p]) 3 o7 ), based on
Lemma 2.1, implies that

P (L emn= D2, 107 pl) s o))
does not contain an irreducible constituent of the form
(e 2 o

contradicting (5.5).

In the second case we have m = L(§([pv(cmin=1/2 19~ 1p)) 5 o). We
have already seen that p*(5([v=%+!p, p(emin=1)/2p]) x og,) has exactly two
irreducible constituents of the form §([v%p, v(emin=1/2p]) @ 7/ and none of
them is contained in p* (L(§([p~(emin=1/2p 121 p]) % 5,), contrary to (5.7).

Consequently, 7 is a discrete series representation. Let us denote its
corresponding admissible triple by (Jord”, ocusp, €”). It directly follows that
Jord” = Jord. Using [17, Proposition 7.2], together with (5.6), we obtain
that €’ ((Cmin, p), (Cmax, p)) = 1. Also, [17, Proposition 7.2] and (5.7) imply
€’((2a—1, p), (¢min, p)) = 1. Properties of the e-function imply that ¢ equals
—1 on all other pairs. Therefore, ¢’ = € and, consequently, m# = ¢. Thus, o4
is a subrepresentation of § X o and the proposition is proved. O

We emphasize that from the last part of the proof of Proposition 5.3 is
easy to deduce that a discrete series subquotient of § x o different than og4s,
which exists by Proposition 4.5, is not a subrepresentation.

The previous sequence of propositions, together with results obtained in
the previous section, implies the following result:

THEOREM 5.4. Positive generalized principal series contains a discrete
series subquotient if and only if it contains a discrete series subrepresentation.
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