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ON THE ALMOST CONVERGENCE OF DOUBLE
SEQUENCES

Davor BuTkovi¢

University of Zagreb, Croatia

ABSTRACT. We find necessary and sufficient conditions for transfor-
mations of double sequences almost convergent in the sense of G. H. Hardy
to double sequences convergent in the sense of F. Pringsheim. The results
extend the work of F. Méricz and B. E. Rhoades on transformations of
sequences almost convergent in the Pringsheim’s sense.

The first definitions and investigations of the convergence of double se-
quences are usually atributted to F. Pringsheim, who studied such sequences
and series more than hundred years ago (see [1, p. 78]). Pringsheim defined
what we call the P limit and gave examples of convergence (P convergence) of
double sequences with and without the usual convergence of rows and columns
([13, pp. 104-112]). G. H. Hardy ([6]) considered in more details the case of
convergence of double sequences where, besides the existence of the P limit,
rows and columns converge. F. Moéricz discovered an alternative approach to
the Hardy convergence, which significantly influenced the whole theory ([9]—
[11]; cf. [2]). Moreover, following G. G. Lorentz ([7]), F. Méricz and B. E.
Rhoades found necessary and sufficient (N.S.) conditions under which P al-
most convergent double sequences are transformed into P convergent double
sequences ([12, Theorem 1, p. 285]).

In a previous paper [3] the author of this article found conditions un-
der which double sequences almost convergent in the Hardy (H) sense are
transformed into P convergent double sequences. The results were not com-
pletely satisfactory because they were obtained under a uniformity condition
inherited from the usual H convergence (cf. [3, p. 252] and [14, p. 14]).
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In this paper we have N.S. conditions for transformations of double se-
quences that H almost converge without any further restriction. These con-
ditions are the same as the Moricz-Rhoades conditions for transformations
of P almost convergent double sequences. Uniformities of row or column
convergence now give various particular cases. Moreover, we have results on
transformations of double sequences that H almost converge only by columns
or only by rows. For some results that can be reduced to results at [12] and
[3] our approach here gives alternative proofs.

1. THE HARDY CONVERGENCE

Let us denote the set of all double sequences x = (z;5), 4,5 € N, of
complex (or real) numbers by s. We consider (z;;) as the function on the
ij-coordinate plane: (z;j)ien is the j-th row, and (z;);en is the i-th column
of x. Let b be the set of all bounded double sequences from s. A double
sequence x from s converges to L if, for every € > 0 there exists V. € N such
that

(1.1) |Iij —Ll <e if 1,7 > Ne.

After [1, p. 78] and [6, p. 88] this kind of convergence we call the convergence
in the sense of Pringsheim (P convergence). The limit L is denoted by lim,;
and is called the P limit (see [13, p. 103]). The set of all convergent double
sequences from s is the class c¢. Bounded and convergent double sequences
form the class bc.

Starting from double series, both G. H. Hardy and later F. Moricz studied
convergent double sequences with convergent rows and convergent columns.
Such double sequences besides the P limit L = lim;; x;; have row limits
L} = lim; z;; for every j and column limits L;' = lim; x;; for every 4. If (L)
and L exist we say that (x;;) converges in the Hardy (H) sense by rows. If
(L) and L exist we have the H convergence by columns. The class of double
sequences that H converges by rows and by columns form the class of H
convergent double sequences. It is denoted by rc (regularly convergent, after
Hardy [6, p. 88] and Hamilton [4, p. 30]). The P limit of double sequences
from rc is also called the principal limit.

Double sequences from rc are bounded: rc C bc ([4, p. 33]). Double
sequences from rc with equal row and column limits we denote by rcr. For
these double sequences L’ = L] = L. Subclasses of ¢ of double sequences
that converge to 0 are denoted by an n at the end: we have bcn, ren and
rcrn. The last class has all row limits and all column limits as well as the P
limit equal to 0.

By the definition of rc,
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The convergence of rows to L; and the convergence of columns to L is uniform
with respect to j’s, resp. to i’s (see [14, Theorem 9, p. 14] and [4, Theorem
003, p. 34]). The convergence of rows and columns means that for every e > 0
there exist N7, N’ € N such that for every j

and for every i
(1.4) lzij — LY| <e if j> N!.

A double sequence x from s is almost convergent (a-convergent) to L if
m+p—1n+qg—1

(1.5) ag?lnzi Z Z Tij,
pq =

i=m
for p, ¢ — oo converges to L uniformly with respect to m and n. This means
that for every € > 0 there exists N. € N such that, for every m, n € N,

(1.6) lopg" — L] <e if p,g> Ne.

We denote L by Lim ;;x;; and consider it as the P a-limit of . The set of all
a-convergent double sequences we denote by ac.

A single sequence (z;) a-converges if % f::: o converges when p — 0o
uniformly with respect to m € N. This notion was introduced by G. G.
Lorentz ([7]). It was extended to double sequences i. e. to the class ac by F.
Méricz and B. E. Rhoades ([12]). Among others, they proved bc C ac C b
([12, pp. 283-4]).

The double sequence x H a-converges by rows if every row a-converges
to L; = Lim ,;z;; and the P a-limit L of z exists (cf. Lemma 1.1). In such a
case L is the principal a-limit, and L; are row a-limits. Column a-limits and
the H a-convergence by columns are similarly defined. The double sequence
x H a-converges if it is H a-convergent by rows and columns to the P a-limit.
The class of H a-convergent sequences are denoted by rac. The racn is the
subclass of rac with the P a-limit 0. The racr is a subclass of rac with equal
L, L; and L} for every i,j. If L = L’ = L] = 0 we have the class racrn.

LEMMA 1.1 ([2, Theorem 1, p. 132]).Let (x;;) P a-converge to Lim ;;x;; =
L, and, moreover, let every row (zi;)ien a-converge to Lim ;x;; = L. Then
(L}) a-converges and

Similarly, if the P a-limit and all column a-limits exist,

COROLLARY 1.2 ([2, p. 132]). Let a-limits of rows, a-limits of columns
and the principal a-limit of the double sequence x exist. Then
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This corollary excludes the existence of the P a-limit if a-limits of L; and
of LY exist and are unequal (for P limits cf. [13, p. 107]).
By row-column uniformities we have a partial inverse of Lemma 1.1.

LEMMA 1.3. Let rows of x = (z;;) a-converge to L’ uniformly, and let the
sequence (L;) a-converge. Then the P a-limit of x exists and x H a-converges
by rows. Similarly for uniform a-convergence of columns.

PRrROOF. By the uniform a-convergence of rows
m-+p—1

1
]—) :Z LL‘ijfL;-

for every j € N. By the a-convergence of row a-limits,

. /
(1.10) < if p>N:

£
2

1" €
/ . / . ’
(1.11) 5 Z L} —Lim;L}| < 3 if qZN%.
j=n
Therefore,
1 n+qg—1 1 m+p—1
- - Z xij — Lim ;L
q j=n p i=m
(112) 1 n—+q—1 1 m+p—1 1 n+q—1
<= |- vy — L+ |= Y Lj—Lim,L}
q j=n p i=m q j=n
< 3 n € c
-2 2 7
This means that

2. TRANSFORMATION CONDITIONS

Let A = [aéﬂ, i,j,k,l € N, be a doubly infinite matrix of complex (or
real) numbers. A double sequence x = (x;;) € s is transformed into a double
sequence Ar =y = (y*') € s by

(2.1) =200 ahw

i=1 j=1
if the double series (2.1) P converges for every k,l € N. It means that the
partial sums Y7, >°7 | have the P limit if r,s — oo ([13, (3) p. 113]).
The partial sums for A are called A-means ([12, p. 284]). The matrix A
is bounded-regular if every bounded and P convergent double sequence (z;;)
is transformed by the bounded set of A-means to the P convergent double
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sequence (y*') with the limit equal to the limit of (z;;). The matrix A is
strongly regular if every P a-convergent double sequence (x;;) is transformed
to the P convergent (y*') with the limit equal to the a-limit of (z;;), and the
A-means are also bounded (y P converges boundedly). The above definitions
extends to double sequences the notion of regularity and of strong regularity
of single sequences (see [7, pp. 171, 176]).

We consider bounded transformations of classes which are between rcrn
and b. Necessary conditions that rcrn transforms to b include the existence
of C' such that

(2.2) ZZM | < C <+

i=1 j=1

for every k,l € N ([4, 5., p. 42]). This implies that for every bounded y
the series (2.1) which defines (y*!) converges absolutely. Because our y are
at least bounded, conditions on A always include (with the notation (2.4)
below), (v) € b.

We use the notation

kl _ ki kl kl _ Kkl kl
Aloaij = Q5 — Qi 4 A01(1 = Qi — Qs

kL kl Kl Kl
Daj; = Aij — Qi1 — @i g1 Jraz+17J+1

(2.3)

Series are denoted by Y7, = >37%,, 32, = >_72,. Also, we give notations for
sequences derived from {aiﬂ The list is a slightly enlarged list ([3, p. 254]).

The only change is that instead of (#i's ) we write (iia). Also, we have a;; for

kl
1]

(2~4) (Z) (V ivj) A5

(Z’L) {( ) Z Qi (”A) {(Vj) Zi AOlaz’j
(Vi) Zj Qi (Vi) Zj Aqoai;

(i) {Zj 22 %

Zi Zj Qij

(w ) {(VJ) Z |A10aij|

(i) {(Vj) > las] (i) X ldonay] {(w) > Oyl
(Vi) >, lass] (V7) > [Dorai]
{(VZ) > Ao

(Vi) >2; 10 as]

o) S5 g oA 22 | Dorag]
(v) 2225 lai| ( ){ZZ

7

(vo) 22225 10 ayl

|Avoaij|
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(’U'L) Z]|Z'La]| ('UZA) Z]|Zz Ola]| (’U'LD) Z]|Zz a’]|

o122 asl 22 1225 Doai| > 122 Dagl
For members of (2.4) which have { and two lines, the first and the second line
are denoted by ()1 and ( )2. E. g., (via)2 € ben means 37, |37 ASTIA NS
bcen; (via) € ben means that (via); and (via)s belong to ben.

LEMMA 2.1. (cf. [5, (17) p. 279]). Let (v) € b. Then

00 0o o0 o} oo o0
(25) Z|A10aftl| S ZZlDafjl 5 Z‘Amafﬂ S ZZlDafjl .
i=1 i=1 j=t Jj=1 i=t j=1

PROOF. The (v) € b implies (vg) € b and

(2.6) i ‘ i Dak!

o0

o0 o0
- Z ‘ Z(Amaf} - Aloaf,ljﬂ)‘ = Z | Avoagy].
i=1 j=t i=1

i=1 j=t
Therefore,
oo (oo} [ee]
@) () 3 Iowall < 33 [P
i=1 i=1 j=t
Similarly for Ag;. O

By this Lemma, if (v) € b,

(iUA)l € ben
2.8 € ben =
2 ot cven ({0
LEMMA 2.2 (cf. [8, p. 806, (8) and (3)]). Let (v) € b. Then
29 Dod <S> andl], Do <3 Aa|.
i=1 j=1li=1 j=1 i=1|j=1

PrOOF. With a;; = aff and C from (2.2),

o0 o) o) (o)
(2.10) ‘ (aij — ai,j+1)‘ < QZZ |aij| < 2C.
j=1 =1 i=1j=1
Let
(2.11) Z‘Z(aij *az‘,jﬂ)‘ =D.
j=1 =1
By

(o) (o)
(2.12) > an - an
i=1 i=1

o0 o0
+"'+‘Zait_zai,t+1‘ <D
i=1 i=1
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we have
o0 o0 o0 o0
‘(Zaﬂ 720‘,1-2) + 4 (Zait 7Zai,t+1)‘
(2.13) i=1 N i=1 N i=1 i=1
= Zail - Zai,t+1 <D.
=1 i=1

If t — oo, |3, an| < D. Starting with Y°2° = we have |}, a;s| < D for
s =2,3,.... Therefore

(214) (v) | >

and similarly for Ajg. By the notation (2.4), if (v) € b,
(2.15) (via)1 € ben = (ii); € ben, (via)2 € ben = (ii)2 € ben
(cf. also Remark 2.8). O

LEMMA 2.3. Let (v) € b. Then

i

(Vi,5) lagf] < Z ‘Amaff
(2.16) =

o0
(Vi 5) laffl <> ‘Awaff
=1

and therefore
(iva)2 € ben = (i) € ben,

(2.17) (iva)1 € ben = (i) € ben.

Proor. By the proof of Lemma 2.2 with aff instead of ), aff for every
i we have the first inequality. The second inequality is obtained in the same
way. 0

The next corollary follows from Lemma 2.1 and Lemma 2.3.

COROLLARY 2.4. Let (v) € b. Then

(2.18) (vg) € ben = (i) € ben.
By Lemma 2.3
(2.19)
o0 (o) o0 (o) o0 o0
(v) Dl < 3" [Aaall| ) Do lak <D0 D | Ak,
i=1 i=1 j=1 j=1 i=1 j=1

which gives
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COROLLARY 2.5. Let (v) € b. Then
(2.20) (va)1 € ben = (iv); € ben, (va)2 € ben = (iv)2 € ben.

REMARK 2.6. By Corollary 2.5, (v) € b and the Méricz-Rhoades (va) €
bcn are N.S. for transformations of double sequences from racrn to double
P convergent null-sequences. These conditions include (%), (iv) € ben (cf.
[12, pp. 286-287]).

LEMMA 2.7. Let (v) € b. Then

o0 o0 o0 o0
S Y0t <233 Aol

)

i=1 j=1 i=1 j=1
(2.21) - o o o
>3 Oatf| <2303 Aol
i=1 j=1 i=1 j=1
Therefore
va)1 € ben = (vg) € ben,
(2.22) (va) (vo)

(va)2 € ben = (vpg) € ben.

The results of lemmas are summarized in (2.23). Arrows give implications
if members of (2.23) belong to ben and if to every initial condition the (v) € b
is added. E. g. (va)2 — (via)2 means that 7, >, |Aroaf]| € ben and

i |af]l| €bimply >, |>; Aloafﬂ € ben.

(2.23)

(viy), — (i), — (ii,),

I

(VA)| — (v), — (iV'A)l,(iVA)l

Voo

— 0 — O

b

(Vp)y == () —= (iv,), (V,),

S

Vi), — (i), — (ii,),

REMARK 2.8. The schema (2.23) neglects uniformities that in some cases
follow from lemmas above. For example, by (2.20) we have that (va); € ben
implies (iv); € ben for every j, but also that the convergence by (k,1) is
uniform with respect to j. Similarly for estimates by (v), (via), (vo), ete.
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REMARK 2.9. Instead of (v) € b, many papers start with (vg) € b
(and the notation Aq; for our O). Hardy ([6, 4.(2), p. 89-90]) has a bounded
variation for bounded (vg) and (iva). Mears ([8, p. 805]) defines absolutely
convergent sequences by (vg) € b, with classes ac, arc, etc. Hamilton ([5, p.

276]) has bounded Zf;zl |O a;j;| jointly with other conditions.

3. ALMOST CONVERGENCE BY ROWS AND COLUMNS

The a-convergence by rows and columns can be described by o™ because

of
m+p—1 n+qg—1

, 1 ,
(3.1) Tij = U;:;qjv a Z Tij = Uiz
Jj=n

The j-th row a-converges to L; if, for every € > 0 there exists N.(j) such
that, for p > N.(j) and every m,

(3.2) oot — L)| <e.

The i-th column a-converges to L} if, for every & > 0 there exists N/ (i) such
that, for ¢ > N/ (i) and every n,

(3.3) join — LY| <.

If x H a-converges by rows, L;- a-converges to the P a-limit L, and for
every € > 0, there exists N! such that, for ¢ > N/,

1 n+q—1
(3.4) p Y Lj-L|<e.
j=n

If # H a-converges by columns there exists N/ such that, for p > N7,

1 m+p—1
(3.5) 5 > Lj-L|<e

LEMMA 3.1. Let x H a-converges to L. Then, with N, from (1.6),
(3.6) N.,N/ < N..
PROOF. Because of (1.6),

1 m+p—1n+q—1
> - Ll <
- ¥ =
(3.7) p,q> N, = Z Z zi; — Ll < e.
Pq i=m Jj=n

Increasing p we obtain (3.4), and increasing ¢ we obtain (3.5). As a result,
we have (3.6). O
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For z € racrn, which has at least one x;; # 0, it follows that N, = N/ =0
and N, > 0. If x has equal rows convergent to 0 and at least one x;; # 0, we
have N, = N. >0, N/ =0.

In what follows we use abbreviations

m+p—1n+qg—1

o= a0y zwwzzamq,

m=1n=1 i=m m=1n=1
Kl 00 1 m+p—1 SIS
_ kl L kl _mj
(3.8) ZR = g amj]; g Tij = E g Ui Tp1
m=1 j=1 i=m m=1 j=1
SIS n+q—1 S SINe)
R L N Kkl _in
c — aznq Tij = aznalq
i=1n=1 j=n i=1 n=1

With L as a P a-limit of x,
ki Kl Kl
Y *L:(ERC *Z/kl) - (ER *ykl) - (Ec *ykl)
Kl Kl Kl
(X pe-L)+ (Xr-L)+ (X -1L).
For L = 0 as well as for L # 0,
Kl ki Kl ki Kl Kl
(3.10) ykl"’ERC_ZR_EC = (ZRC_ykl)_(ER_ykl)_(ZC_ykl)-
The subclass of rac with uniformly a-convergent rows and columns is
denoted by rac un. This means that (3.2) holds uniformly with respect of
j, as well as (3.3) with respect of i. The class racrn un has uniform a-

convergent rows and columns to 0. These classes are in [3] denoted by arc,
resp. by arcrn.

(3.9)

LEMMA 3.2. Let x be bounded. For every p,q € N, ¢ >0 and k,l = oo
sufficient conditions on A = [af}] such that

E1) Y= (Do) - (Tr - - (Do -
is by absolute value less of € are
(3.12) (v) € b; (vp) € ben.
PRrROOF. We change the order of summation of the left-hand-side of (3.10).

Instead of af} we write a;;. If the sum runs over an index that does not

appear among indexes, the argument of the sum is constant. For example,
i
D meiopt1 Gij = Daij-

p—1g—1 oo g—1 i

(3.13)  yM sz”azﬂr ZZIEW Z @ij

=1 j=1 1=p j=1 m=1—p+1
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plql oo gq—1 i

o D3 ST DYEE. 3) SETED R
11]1 ijl m=i—p+1
p—1 oo

L ST D S

=1 j=q m=1n=j—q+1

D WD DD S

i=p j=q m=i—p+ln=j—q+1

plql oo gq—1 i J
(3.15) X = ZZ%Z% Y Y Ya
11]1 n=1 zp]l m=i—p+1n=1

oo

p
+- szz] Z Ain
=j—q+1

1
zqu n=

+pq Z Tij Z Z Qin,
Jj=q

1=p m=1—p+1n=j5j—qg+1
p—1g—1 oo g—1 i J
(3.16) 2 e = Z%ZZ%H-ZZ% D D amn
i=1 j=1 m=1n=1 i=p j=1 m=i—p+1n=1

p—1 oo

+mzz%z >

=1 j=q m=1n=j—q+1

—ZZ% S Y o

i=p j=q m=i—p+1n=j—q+1
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Grouping the corresponding terms of (3.13)—(3.16) we get

—ZI;Z—EM Ekl

p—1lqg—1 p 1g—1
DI IIIEES D) P >
i=1 j=1 i=1 j=1 m=1
1P 1g—1 p—lg-1 i g
——ZZ%Z%H—ZZ%ZZW
i=1 j=1 n=1 i=1 j=1 m=1n=1
(317) oo gq—1 i 1 7 7
+ Z ZZ” [ Z (aij—amj) - — Z Z(amfamn)}
i=p j=1 m:iprrl Pq m=i—p+1n=1
p—1 oo j 1 i J
+ZZ$’L]|: Z (aij_azn - Z Z amj_amn)}
=1 j=q njq+1 pqm ln=j—qg+1
+Zz:czj[1 Z Z (Qij—m;— aeramn)}
1=p j=q pqueranqul

Differences of terms of A are finite sums of a,,, ANpau,, DNorau, and Oay,
by

Qmn — Qin = g Aloa,un; Umn — Amj = g No1Gmuy,

(3.18) Amj — Gij = Z VAN R Qin — Q35 = Z No1aiy,

i—1 j—1

Qmn — Qin — Qmj + G5 = E g Oauw.

p=mvr=n

Therefore, increasing k and [ for every € > 0 the estimate
Kl Kl Kl
(3.19) ‘ykleRfECJrZRC‘gs

is possible reducing the left-hand-side to the linear combination of

o o0

(3.20) |afjl 5 Z|A10af} 5 Z|A01a ZZ“:G

i=1 j=1 i=1 j=1

By Corollary 2.4 and Lemma 2.1 (v) € b, (vg) € ben imply (i), (iva) € ben.
Estimates by using >, [Ja;;| are given in [3]. For a fixed v

1
(3.21) p Z Z

m=1—p+1n=j—qg+1 p=m

Da.l

i—1 j—1
v=

n
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is a sum over a triangle with vertices
(3.22) (i—p+1l,i—p+1), (—-1,i—p+1), (i—1,i—1).

It is dominated by the sum over the rectangle with vertices (3.22) plus (i —
p+1,i—1):

i—1 i—1 i—1
(3.23) Yo Y Bawl=m-1) > [Dau.l
m=i—p+1 pu=1—p+1 p=1—p+1

The same operation on the plane (v,n) extends (3.23) to

(3.24) PRI SEE SN =P

p=l—p+lv=j—q+1

As the result, the corresponding term of (3.17) is dominated by

“’*”( L S z 06,

(3.25) 1=p j=q p=i— p+1 v=j—q+1
(p—1)*(q —
= —Supw ol 33 O
Pa i=1 j=1
as it is in [3, p. 259, (30)]. 0

REMARK 3.3. The proof of [3, Theorem 1, p. 256] has few obvious mis-
prints. E.g., at p. 257[1(24) the bracket must be (anm; — a;;); p. 258[4(25)
instead of l must be l' p. 261[1 instead of € must be ¢; [9(33) after ak“l

must stay xm, the sum [10 must be 2377, ZQW ', and instead of = must
be >. Similarly, at p. 263, (40)(d) must start with 1}13? > |Aa?l|; the words

rows at [22 and columns at [24 must be canceled. Instead of [12][15, [11][16
at p. 255 must be [13], [12].

LEMMA 3.4. Assume that (x;;) a-converges to 0. Then, sufficient condi-
Kl
tions for ‘ZR‘ < e for a givene >0 as p,q,k,l — oo are
(3.26) (v) € b; (va)1 € ben.
Kl

Similarly, a sufficient condition for ‘EC‘ <easp,q,k,l = oo in case that
(xij) a-converges to 0 is
(3.27) (v) € b; (va)2 € ben.

PRrROOF. We start with

(3.28) Y= (Zhe-2%).
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The part of (3.28) in the brackets is

Kl n+q—1m+p—1 m+p—1
329) i Th= Ly S (Y Y w0 Y ).
Pq n=1m=1 j=n i=m i=m
The RC in (3.29) we transform as follows:
ki 1 SIS m+p—1 m+p—1
Dhe= LSSt ot Y iasan)
pq m=1n=1 i=m i=m
1 %) m+p—1 m+p—1 m+p—1
(3.30) :_Za’;gl( S ozt Z Tigo1 + Z xzq)
pq m=1 i=m
+ .
1 [e'e) m-+p—1 m+p—1
DI (D IETEEED WEY
Pq m=1 i=m
+ .
1 o] 1 m+p—1 1 o] m+p—1
= —Zafél— Z Ti1 + — (af,fl—i—af,ig)— Z Tio +
q m=1 p i=m q m=1 i=m
1S 1"t
+- Z (amy +---+ a%,q—l)_ Z Liq—1
q m=1 p i=m
1 0o oo 1 m+p—1
kl
+-= Z Z (avlfrlbn +o 4+ am,nJrqfl)_ Z Timn4q—1-
q m=1n=1 p i=m

ki
Denoting the sum of the first ¢ — 1 lines above by ) re(I), and the last line
by

1 0o 0o m+p 1
(3'31) Z'RC II o Z Z (alnfin +o m n+q— 1 Z Lin+q—1
pq m=1n=1 i=m

we obtain
(3.32) Yo = 2 po(D) + X haiD).

Splitting the sum with respect to j of 2 g in (3.29) for the part with j < ¢—1
and the part with j > ¢ it follows that

ki 1 oo g—1 m+p—1
ER(I) - E Z afrﬁjq Z xl])
(3 33) m=1 j=1 i=m
Ekl 1 o\ kl "t
R(II)*p_qZZam]q Tij
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Therefore
kl kl kl
D=2 n()+ X pUI
1 m+p—1
— M
(3.34) Z Am Z Tij +
1 m+p—1 1 o o m+p—1
D g D Tt D 4 an; D @y
1 p i=m Pq m=1 j=q i=m

with

> a
(3.35) m: i=a =
>

We estimate (3.28) by
(3.36)

|25l <12 kol 4|12 e~ X
<X el +15 me (D] + | 2 0 ()] + |2 we ) — X ).

Now we look at members of (3.36). First, we take N, defined by (1.6)
and C' defined by (2.2). For p,q > N. we have

n+q—1m+p—1

1
630 | Thel=| X Dk Y w<
For a particular n and £ > 0, by (2.20) and a sufficiently large k, I,

[e'S)
(3:39) S lakl <
m=1

for every n (Corollary 2.5 and Remark 2.8).
kl
By (3.30), | 2/ pe(1)] is estimated from above by

m+p—1

0SS

(3.39) R

+Z| ol 30wl
i=m

+...
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By (3.38) and choosing k, ! large enough we obtain

[ee]
ki € .
With
(3.41) sup,; |zij| = B < +oo,
we have
00 m+p 1

1 1 €

3.42 - ‘ vl <EB—S— j=1,...,4-1

for every p € N. Estlmatmg (3.39) we obtain

ki (g—1)gq 1 € B
3.43 X (D < 2B ——
(3.43) |20 re(D)] < 5 L3

[©)

Kl
The estimate for ER(I) in (3.33) differs from (3.39) having no coefficients
a=1 .. L1 Therefore

q q

Kl
(3.44) |2 R ()] < Be.
To complete the estimate of (3.36) we estimate the difference of (3.31)

and (3.35):

X eI - 2’“’(11)
(3.45) :_Z Z ~ Omata-1)

nlml

m+p 1
+ -+ (akl Z;
m,n+q—1 " m n+q— 1 i,n+q—1-

For g > 2 the above differences are sums
kl Kl Kl Kl
( A, — am,nJrl) +F (am,n+q72 - am,nJrqfl)

kl kl kl kl
(3.46) (@mnt1 = Gmong2) T+ (g2 = Gmnig—1)

terms

. : (g—1)
with ¢ —1,¢ — 2,...,1 terms. For every m in (3.46) there are 454

with Amaféj (counting separately members that in the sum of lines (3.46)

result to be equal).
The (va)1 € ben in (3.26) means that

(3.47) 11mklZZ| —afl ) =0.

n=1m=1
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The same equality is valid if we have Amam o (e=0,1,...,q — 2) instead

of Agrakfl, . The (3.46) is reduced to the sum of

m+p 1

(3.48) - Z ( Z Noral! n+g Z Tinta1)

with 9 = 0,...,q — 2. The absolute value of (3.48) is less or equal to

(3.49) - Z ‘ Z AOlam n+g

nlml

where by B = sup; |2;|. By the _=;-estimate for (3.47) the (3.49) is <
Therefore (3.45) is estimated by

Be
q(g—1)"

(3.50) \ERC II) EZ(H)\ < B

By (3.50), (3.43) and (3.44)

(3.51) 12 e (ID) = X (D) + | X he(D)] + 12 R (D) < 2Be.

Therefore, with (3.37) we have the estimate for (3.36):
Kl
(3.52) |2 5| < (C+2B).
Kl Kl
This means that Lemma 3.4 holds for 2./ R~ Similarly for 2 c- 0

THEOREM 3.5. The matriz A = [af]l] transforms the space racrn into the
space ben if and only if

(3.53) (v) € b; (va) € ben.
PROOF. Suﬁciency. With (3.10) and (3.11), y*! is estimated by estimates

Kl ki
for Ykt ERC, ZR and ZC Let p,q be such that |ZRC| < eC, which
is p0551b1e by the existence of the P a-limit 0 of 0" and C from (2.2).
Lemma 3.2 gives Y*' as small as we please with condltions (v) € b and

ki ki
(vg) € ben. For ER and ZC, conditions on (va)1, resp. (va )2, are given
by Lemma 3.4. Conditions (3.26) and (3.27) assure that, by k,I — oo and

Kl 1
every x € racrn, both 2 r and 2 ¢ converge to 0. The same conditions
imply (vg) € ben (Lemma 2.7). Therefore y*! from (3.10) also P converges
to 0.

Necessity. We assume (v) € b and (i) € ben which are N.S. for the
transformation of rern to ben. The necessity of (va)1 € ben for the space of
all double sequences with columns uniformly a-convergent to 0 and rows non-
uniformly a-convergent to 0 is proved in [12, pp. 287-288]. The proof there is
given for uniformly a-convergent rows. Moreover, the bounded regularity of
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[ak! ] is assumed. It includes (iv) € ben which is not needed for the necessity

proof but follows from (va) € ben by Corollary 2.5. 0

REMARK 3.6. The sufficiency proof in [12] uses (va )1 and (va )2 together.
Kl Kl
In our setting they are related to ZR, resp. to EC. In the case of the

ki
uniformly a-convergent columns ) o is small for large ¢ and Y'*! is estimated
via Lemma 2.7. Notice that the p and ¢ are determined by (3.37) and hereafter
remain fixed.

COROLLARY 3.7. Let subspaces of racrn be sets of all (x;;) such that
their a-convergence to 0 is

i. uniform by rows and columns

i1. uniform by columns
(3.54) .
1it. uniform by rows

w. without uniformity restrictions.

Conditions on [aff], N.S. for the transformation of the classes above into ben,
corresponding to the respective cases are

i'. (v) €b, (vp) € ben
ii’. (v) €b, (va)1 € ben
(3.55) o B e
iii’. (v) € b, (va)2 € ben
iv'. (v) €b, (va) € ben.

THEOREM 3.8. The matriz A = [a}}] transforms the space rac into the
space be such that limy, y*! of y = Ax is equal to Lim ;2% if and only if

(3.56) (791) € bc limg =1; (v) €b; (va) € ben.
PROOF. Sufficiency. We estimate
ki Kl kl
(357 P -L=vH— (Mpe—L)+ (Za-1)+ (Yo -1L).

By the Lemma 3.2, (v) € b and (vg) € ben are sufficient for |[Y*| < e if k,
are sufficiently large.
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The last three terms of (3.57) are
m+p—1n+qg—1

N S ICAT D S SR

3
A
3
|

A

WE
hE
=
3
N
-~

+(
m=1n=1
Kl oo oo 1 m+p—1 1 m+p—1
D D) UL SRR (3 SN 7]
0o o0
H(X S 1)
m=1n=1
ki co 0o 1n+q—1 n+q—1
S MIPD IR B SR
i=1 n=1 Jj=n

hE
hE
s
3
|
N
h

+(

By (iii) € be, limyy = 1, increasing k,l we have | Y0~ > afl —1||L] < £.
With C from (v) € b and the P a-convergence of x, the choice of p, g glves

kl
o — L| < & and [ X po — L| < £ By Lemma 3.1, |1 371 Ly —

=m

3
I
_
S
I
N

and %Z”Jrq ! L — L| are also < g&. The terms (x5 — L) resp. (zi; — L)

J=n

Kl Kl
in ER — L and Ec — L a-converge to 0. Lemma 3.4 applies on x;; — LY
because (z;;) and (L7 ) as double sequences a-converge to L: x € rac and
Zmﬂg 'l Znﬂ L= Zmﬂ) "LV converges to L if p,q — oo. By
(3 26) and (3 27) ie. by (v ) € b and (va); € ben, resp. ('UA)Q € ben, if
k,l — oo, the absolute value of these members becomes < g. Therefore, the
linear combination of (3.58) is by absolute value < ¢ and |y —L| < 2e.

Necessity. The N.S. conditions for the a-convergence of sequences which
have uniformly a-convergent rows and columns (the class rac un denoted in
[3] by arc) are necessary conditions for transformations of sequences from
rac. This means that (v) € b, (ii4) € bc with limy; = 1 and (vg) € ben
are necessary. Other conditions, given in [3, Theorem 2, p. 361] follow by
implications (2.23). Also, necessary are (va) € ben because of racrn C rac
and the Theorem 3.5 above. O

Similarly to Corollary 3.7, subclasses of rac are characterized by unifor-
mities of row, resp. column, a-convergence.
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COROLLARY 3.9. Let subspaces of rac be sets of all (x;5) such that their
a-convergence is
i.uniform by rows and columns
ti.uniform by columns
(3.59) L
iii.uniform by rows
iv.without uniformity restrictions.
Conditions on A, N.S. that y = Ax belongs to be with limy y* = Lim i Tij
are

(3.60) (iii) €be, limm =1, (v)eb
and, moreover, for cases i—iv,
i'.(vo), (via) € ben
ii'.(va)1, (via)2 € ben
(3:61) iii/.EUA;Q, E’UZA;I € ben
iv'.(va) € ben

PROOF. The proof for i is given in [3]. We look at the proof for i.
kl
Sufficiency. For ZR — L in (3.58) we apply (3.60) and (va); € ben as in
Kl
the proof of Theorem 3.8. For 2 ¢ — L we have

oo 0o n+q—1
ki 1
X *L:ZZG%KE Z Tij *Lgl) +(L;’7L)}

(3.62) =t ”j N j=n

+ (Z Zafén—l)L.

m=1n=1

Because of the uniformity for € > 0 by increasing g we obtain H Z?;‘fl Tij—
L;" < e for every n,i = 1,2,.... For the transformation of (L} — L) we apply

(via)2 € ben.

Kl
Necessity. For b)) o and Y* transformation conditions follow from [3,
Theorem 2, p. 261] where N.S. conditions are given for the case i. Conditions

(), (#9) € ben in [3] are superfluous by Lemmas 2.2 and 2.3. For EI;, as
for Theorems above, necessity follows from the proof for y*! in [12]. Méricz-
Rhoades conditions for transformations of the class ac in [12] are conditions
of our Theorem 3.8. For the transformations of acn the (iii) € b, limy = 1
in [12] is superfluous (cf. also [4, 35. RCN — BCN, p. 49]). Conditions that
follow from [12] for transformations of acn are the same as our conditions for
transformations of racrn and therefore also for our racn (Theorem 3.5). 0O
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Proofs of the cases (ii) and (iii) in Corollaries 3.7 and 3.9 remain valid
without the a-convergence of rows, resp. columns (see Remark 3.6). We denote
subspaces of acn and of ac with H a-convergence by columns, resp. by rows,
by rijacn and rjac, resp. by rpacn and reac. Therefore, ryac is the class of
sequences with the P a-limit L and with columns that a-converge to L. By
Lemma 1.1 the L a-converges to L but row a-limits don’t necessarily exist.
The class riacr is a subclass of riac with LY = L for every ¢ and rjacn is
a subclass of rjac with L = 0. For # € rjacn and ¢ € N the L7 are not
necessarily 0. The class rjacrn is a subclass of rjac with LY = L = 0 for
every 4. If the a-convergence of columns to L} is uniform, to the designation
of the class we add un. If instead of columns we have the a-convergence by
rows, instead of ry we have rs.

Because the classes rjacrn and rjac as well as roacrn and rsac are in
the between of racrn and ac, N.S. conditions for transformations of these
classes to ben and be are conditions of Theorems 3.5 and 3.8. In case that
the H a-convergence by columns or by rows is uniform, the corresponding
conditions differ from conditions [12].

THEOREM 3.10. The matriz [ak!

ij] transforms the space riacrn un into
the space ben if and only if

(3.63) (v) €b, (va)1 € ben.
Conditions N.S. for the transformation of rgacrn un into ben are
(3.64) (v) €b, (va)2 € ben.

The matrix A = [afjl] transforms riac un into be such that limy y* of
y = Az is equal to Lim j;z;; if and only if
(365) (Z’LZ) € bc, limg =1, (’U) € b, (’UA)l € bcn, (UiA)g € ben.

The N.S. conditions for the analogous transformation of rgsac un are
(3.66) (iti) € be, limy =1, (v) €b, (va)2 € ben, (via): € ben.

The N.S. conditions on A for the transformation of riacr un, resp. raacr
un, into be with limy yu = Limjz,; are (3.63) resp. (3.64), with added
(ZZZ) € bc, limg; = 1.

The N.S. conditions on A for the transformation of rijacn un, resp.
rsacn un, into ben are (3.65), resp. (3.66) without (iii) € be, limy = 1.

ProoOF. With inclusions commented in the introduction of classes with
r; and rg the various cases above are deduced by the corresponding cases in
Corollaries 3.7 and 3.9. See also Corollary in [3, p. 261]. O

REMARK 3.11. In accordance with the notation for classes in Theo-
rem 3.10 we can denote classes in Corollaries 3.7 (i), (ii4) and 3.9 (i4), (ii) by
racrn unp, racrn ung and rac uny, rac unz. The necessity counterexample
in [12] is from racrn uns.
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