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DETERMINATION OF THE BENDING MOMENT - CURVATURE RELATIONSHIP FOR
REINFORCED CONCRETE HOLLOW SECTION BRIDGE COLUMNS

Ivan Curié, Jure Radié, Marin Franetovié¢

Subject review
The paper deals with accurate determination of the relationship between bending moment and curvature of hollow rectangular bridge columns. With the
calculation procedure to determine accurate curve of relationship, the method of determining the idealized diagram typically used in practice is also
shown. The aim of this work is to point to a reserve in load capacity of an element when comparing the results of an accurate curve and the idealized
diagram, and to analyse the impact of various calculation situations on the curve shape. The conclusion is that for practical use it is sufficient to use the
idealized diagram, but for detailed scientific analysis the exact relationship between bending moment and curvature must be determined.
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Iznalazenje odnosa momenta savijanja - zakrivljenosti armiranobetonskih stupova Supljeg presjeka na mostovima

Pregledni ¢lanak
Predmet rada je tono odredivanje odnosa momenta savijanja i zakrivljenosti Supljih pravokutnih stupova mostova. Uz postupak proracuna toéne krivulje
odnosa prikazan je i na¢in odredivanja idealiziranog dijagrama obi¢no koriStenog u praksi. Cilj rada je ukazati na zalihu nosivosti elementa u usporedbi
to¢ne krivulje i idealiziranog dijagrama te analizirati utjecaj razlicitih proraCunskih situacija na oblik krivulje. Zakljucak je da je za prakti¢nu uporabu
dovoljno koristiti idealizirani dijagram dok se za detaljne znanstvene analize mora odredivati to¢an odnos momenta savijanja i zakrivljenosti.

Kljucnerijeci: moment savijanja; stupovi mostova,; suplji presjek; zakrivijenost

1 Introduction third point is the point of collapse, which could be a

In seismically active areas, ductility of structures is
an important parameter for structural design because the
modern dimensioning of structures resistant to seismic
action is based on absorption of energy and its dissipation
through targeted plastic deformation in order to preserve
the majority of the structure in an event of a major
earthquake.

Accurate determination of the bending moment and
section curvature relationship curve of reinforced concrete
sections is a reliable indicator of the load capacity of
structures subjected to seismic load [1]. To assess the
bearing capacity of bridge columns under seismic load,
according to the current European standards [2+5]
nonlinear methods like the Pushover-Analysis and similar
are used. In order to achieve a more accurate simulation
of the real structural behaviour, designers need accurate
data entry (input) required for the calculation, in this case
the bending moment and section curvature relationship
curve (M—¢ diagram). Sectional curvature is also used
when calculating the rotational capacity of plastic hinges
[6], etc.

For a known form of element’s cross section and
material characteristics it is possible to calculate the
diagram of bending moment — curvature relationship.
Designers typically use the idealized M—¢ diagram, which
is described with three characteristic points that is, three
states in which a cross section can be found by gradually
increasing the load (Fig. 1).

The first characteristic point is reaching of the tensile
strength of concrete at the edge of section in tension.
After reaching the tensile strength a crack in concrete
appears and spreads with the increase of tension load,
which automatically decreases the cross section’s moment
of inertia. The next characteristic point is the moment of
occurrence of "flow" in the tensile reinforcement. The

collapse of tensile reinforcement, compressive failure of
concrete and very rare, though possible, the simultaneous
collapse of both materials.

Idealized diagram is obtained by taking the
relationship between the above mentioned characteristic
points as linear (trilinear diagram). More accurate form of
the diagram can be determined by gradually increasing
bending moment and calculating the corresponding
curvature or gradually increasing curvature and
calculating the corresponding bending moment.
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Figure 1 Idealized M—¢ diagram

Due to the fact that reinforced concrete is a composite
of two materials with different characteristics (Fig. 2),
that designers work with sections of different forms that
are subjected to cracking, changing of the effective height
of elements, etc., and that we have different combinations
of bending moments and compressive forces, it can be
concluded that the exact determination of the M—¢ curve

Tehnicki viesnik 23, 3(2016), 907-915

907



Determination of the bending moment — curvature relationship for bridge concrete columns

1. Curic¢ et al.

is a rather complex problem and that there is no practical
and simple expression for its computation.

Stress &

Steel

Concrete

Strain

Figure 2 Stress-strain diagrams for concrete and steel

Expressions for calculating the M—¢ curve, given
below, refer to the reinforced concrete columns with
rectangular hollow sections typical for bridges whose
superstructure is high above the ground.

General rules and assumptions regarding calculation
of reinforced concrete elements and design of
reinforcement were based on the work done in [7+9],
based on European standards and Croatian tradition and
experience in bridge construction and design. The
calculation procedure proposed in the paper is suitable for
modification to other standards, which will be commented
later in the paper. Geometrical relations described in the
paper are generally applicable.

2 Previous research

Through the advancement of science and seismic
construction design, this topic has been becoming more
and more interesting for authors as the basis of scientific
research. So far, a lot of work on a similar topic and with
very "colourful" results has been done, but most with the
same or close to, general conclusions about the behaviour
of elements subjected to bending or pressure and bending.
Some of the better known studies are discussed below.

The conclusion of one of the first studies dating back
to the 1964 on this subject [10], which is still accurate
today, is that it would be most practical to have an
expression which would include relationship between
compressive strength, bending moment and curvature, but
because of the properties of reinforced concrete as a
composite material and its ways of response to external
stimuli for full bearing capacity, this is a very difficult
task. The authors of this study in their research have
analysed the impact of various input data such as the
thickness of the protective layer of reinforcement, the
impact of changes in compressive force, share of
reinforcement, etc. on solid rectangular sections. An
excellent input parameter that the authors of this study
took into account is not the maximum compressive force
that section can handle but compressive force at which the
loaded element loses stability.

By far the most detailed theoretical development of
the bending moment and curvature relationship has been

created by a group of authors headed by Professor S.
Chandrasekaran from the Indian Banaras University [1],
also on the problem of bending of solid rectangular cross
sections. The work analyses the effects of different input
data on M—¢ diagram’s shapes and different structure
collapse scenarios. The authors have attached with the
theoretical background a program that is very simple to
use, which after entering basic parameters calculates
moment and curvature relationship. The problem lies in
the fact that there is no connection between the theoretical
background presented in the paper and the program that is
used to obtain the results and because of that potential
users cannot be sure of the accuracy of the information
received?! The comment of the authors of this article is
that the proposed method of calculating is very
complicated and even enters the sphere of complex
numbers, and that for this reason the ability of applying it
in everyday practice is questionable but it can be said that
the concept of the book [1] and the results obtained serve
as a conceptual basis for research in this article.

In a very interesting paper [11] the authors analysed
behaviour of elements with the occurrence of cracks due
to bending. The impact of cracks on the M—¢ diagram,
behaviour in between the cracks as well as the
phenomenon of "reinforcement" of reinforcing steel has
been analysed. The disadvantage of this study is that the
authors used the stress-strain diagram of concrete as
bilinear in disregard of reduction of the elastic modulus
by increasing pressure load, which automatically tends to
decrease the accuracy of the final result.

Croatian authors [12] have produced a similar
calculation of bending of beams with solid rectangular
and "T" intersection. Interesting feature of this study is
that the authors have shown a way of getting the "correct"
diagram in two ways: by gradually increasing the bending
moment and by gradually increasing curvature of the
cross section. From here other values required to obtain
the diagrams are calculated. In this paper the intention to
accurately display the section’s behaviour after exceeding
the tensile strength of concrete is visible.

It is evident from the described text that the
individual researchers based themselves only on certain
types of sections or loads due to the high complexity of
this type of calculation per se and because it regards a
composite material consisting of two materials with
completely different properties. The conclusions of
previous studies, which relate to the general behaviour of
elements, are that increase of the share of reinforcement
reduces sections ductility, the greater strength of the
material results in increased bearing capacity... The
problem arises in the fact that each of the authors in their
study provides different results and different relations
between bending moment and curvature. So far the point
of reaching the tensile strength of concrete with start of
cracks spreading in the cross-section, and the question of
the impact of stability of the element on actual behaviour
compared with numerical methods is insufficiently
researched, which leaves room for improvement in this
area.

One of the questions raised by the analysis of
previous research is also how to find out which research is
really accurate and suitable for everyday use. Comment of
the authors of this article is that all previous studies are
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correct to the extent that they meet their basic

assumptions and logic of the calculation. The difference is

in how much influence and input data has been taken into
account when forming the calculations themselves, how
the possible experimental research has been analysed and
how the results were presented. It is very difficult to
gather, until now proposed, calculation procedures and
subject them to comparison with "live" results, the results
obtained by extensive experimental studies on real
samples. The reason may lie in the fact that all of the
above authors came to the conclusion that for everyday
practice it is accurate enough to use an idealized diagram
which is a counter-argument in search of financing
expensive testing that this problem requires so that we can
verify and calibrate any expression obtained by numerical
methods.

Expected scientific contribution of this study
compared with previous works is:

1) A new concept of exact calculation of M—¢ diagram,
using the existing terms, which takes into account the
influence of compressive force, variation of the
concrete’s modulus of elasticity and changes in
geometric characteristics of the cross section due to
the appearance of cracks. Not taking into account all
these parameters was a major drawback of previous
research and had effect on the accuracy of their
results.

2) Understandable and easily usable algorithm for
writing a computer program with focus on automated
calculation of M—¢ diagram in which after entering
the required input data, results are obtained without
any further action by the user.

3) Clearly diagrammatically shown and proper
interpretation of the research results, which represent
the real behaviour of processed elements.

3 Analytical expressions for calculation of the bending
moment - curvature relationship of hollow section
concrete bridge columns.

In preliminary dimensioning of columns, for initial
geometric size of cross sections designers can use the
following values [cm] depending on whether the columns
are articulated (Tab. 1) or individual (Tab. 2):

Table 1 Recommended dimensions of hollow articulated columns

Height B H D
<50 m 180 + 250 200 + 220 30 +40
>50m 250 =350 220 +250 40 + 60
Table 2 Recommended dimensions of hollow single columns
Height B H D
<50 m 400 + 500 200 + 300 30 +40

>50m 500 + 800 300 + 500 40 + 60

The real M—¢ diagram will be determined with the
exact value of the relation of bending moment and
curvature between the characteristic points (Fig. 1). The
diagram area from 0 to the point where concrete tensile
strength is reached can be taken as linear in reference to
linear part of stress-strain diagram (Fig. 2), and the rest of
diagram must be accurately calculated.

To calculate curvature, it is necessary to calculate the
geometrical characteristics of the cross section and the

critical moment at which it reaches the observed situation
with active compressive force. For the example of M—¢
diagram calculation the selected hollow section is as
follows: width B = 400 cm, height # = 200 cm and
thickness D = 30 cm of which concrete cover is d =3 cm
(Fig. 3), material characteristics: concrete fi, = 40 N/mmz,
reinforcement f; = 500 N/mm” and under compressive
force of 2000 kN. Reinforcement of the ridge was ignored
because simplification of the calculation process,
resulting in a reserve of bearing capacity compared to the
results obtained.

Xc

0 0 0o 0 0o o o o4do o o o 0 0 o o o0 o0 o 0 o

o B
Figure 3 Columns hollow section
3.1 Reaching the tensile strength of concrete
The cross section is loaded with compressive force
and bending moment in the amount necessary to reach the

tensile strength of concrete.

- curvature [13] is calculated using the expression:

g =Mer (1)
E, xI

where: ¢ — curvature; E., - secant modulus of elasticity of
concrete; / - second moment of area of concrete cross
section; M, - critical bending moment at which the tensile
strength of concrete is reached.

- position of neutral axis is calculated from the
relationships in stress diagram (Fig. 4)

fam + P/A P/A fam + 2P/A

Xc

H - Xc

[ A V4
fom + P/ A fetm

Figure 4 Strain diagram at reaching tensile strength
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xc — (fctm +2P/A)XH , (2)
2 fom +2P/ A

where: x. - position of the neutral axis at the moment of
reaching the tensile strength; f., - mean value of axial
tensile strength of concrete; P - compressive force; A4 -
section area; H - section height.

- cross sections moment of inertia for the overall height
H is calculated as:

L =T+ A x (H[2=1,)7 +(agy = D)X [Ty X1y +

+ A XN % (¢, —d —rscl)2 + 1y XNy +

4 Agy XNy X (t; =D+ d +1,9)* + 1y X gy + (3)
+ Ay xngy X (H — ¢, —af—rsﬂ)2 + 14y XNy +

+ Ay XNy x(H —t; =D +d — 1)1,

where for the selected geometric section properties and
materials applies: /; - moment of inertia of the cross
section taking into account the reinforcement moment of
inertia; A, - area of concrete section without excluding the
area of the reinforcement; # - section centroid; a, - steel
and concrete modulus of elasticity relationship; I, -
moment of inertia of the reinforcement in the n™ row of
the cross section compression zone; ng, - number of
reinforcing bars in the n™ row of the cross section
compression zone; Ay, - area of reinforcement bars in the
n™ row of the cross section compression zone; 7y, - radius
of reinforcement bars in the n™ row of the cross section
compression zone; I, moment of inertia of the
reinforcement in the n™ row of the cross section tension
zone; ng, - number of reinforcing bars in the n™ row of the
cross section tension zone; Ay, - area of reinforcement
bars in the n™ row of the cross section tension zone; ryy -
radius of reinforcement bars in the n™ row of the cross
section tension zone.

- the sections centroid is calculated as follows:

ti :[ACXH/2+(acp _1)XAscl ><(d'i'rscl)'k
+A502X(D_d_rsc2)+AstlX(H_d_rstl)+ (4)
+ Ao x(H=D+d —r1)]/ 4,

where: 4; - area of the section taking into account the area
of reinforcement.

- bending moment at which the effect of compressive
force reaches the tensile strength of concrete was
calculated as follows:

Mo = ®

With this we obtain the first characteristic point of
M—¢ diagram (M.; ¢;), i.e., the bending moment and
curvature relationship at reaching the tensile strength of
concrete. Flowchart diagram of calculation steps is shown
in Fig. 5.

Input data:
geometrical characteristics section,
material properties,
compressive force

e

T

1t characteristic
point

Figure 5 Calculation steps flowchart diagram
3.2 Reaching of reinforcements yield point

If we continue to increase the bending moment above
the critical moment at which tensile strength of concrete
is reached the appearance of crack occurs and the crack
expands over the cross section which results in reduced
section height, and thus the reduction of section’s moment
of inertia (Fig. 6).
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Figure 6 Cross section after crack propagation

By increasing the load further, the point at which
yielding of reinforcement in tension occurs is reached and
the belonging deformation is:

b =50 ©)

The curvature is calculated from relationship of the
position of neutral axis and deformation of concrete - Eq.
(7). Reason for this is that the deformation of concrete
being the value to be varied in a spread sheet in order to
obtain exact position of the neutral axis, which will be
explained later in the paper.

¢2 =—=, @)
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- where ¢ is the deformation of concrete at edge of the
section in compression as result of compressive force and
bending moment

- neutral axis' (at this point of calculation we can use
an expression from other norms and standards as [6, 14])
position is calculated as:

X = (gch+gP)><(H_d_r)

C

®)

Estl + EeeM + €p

where: €. - concrete deformation at the edge in
compression as a result of the bending moment; &.p -
concrete deformation at the edge in compression as a
result of the compressive force; &y - deformation of
reinforcement in tension at the moment of yield
occurrence - .

The value of concretes compressive deformation at
the edge of the section as a result of the bending moment
(¢cem) 1s calculated by iterating deformation values until
balance of inner forces in the cross section applies (Fig.
7):

OZFSII+F;t2_F;CI_F;CZ_FCC’ (9)
Fscl
Fsc2
/
Fcc
N
Fst2
Fstl

Figure 7 Horizontal forces balance

- if the neutral axis is in the web of the section, force in
concrete (F) is calculated as:

Fcc:OJSSXfchavX[BxD_Ascl_ (10)
_Asc2+2XDX(Xc_D)]7

- if the neutral axis is in the flange of the section, force
in concrete (F.,) is calculated as:

Fcc:O’SSXfcdxavX(BXXC_ASCI_ASCZ)s (11)

where for e.. = gom Tt Eccp < 0,002.

_ IOOOX(gCCM +SP) x

a, D [6—-1000x (g, +&p)],  (12)

where for g, = geem T Eccp = 0,002.

3000 (e +£p) 2

13
Y3000 (s +Ep) (13)
- forces in reinforcement are as follows:
Fscl =Ascl><gscl><Es7 (14)
Fch :A302xgs02XEs’ (15)
Fstl =Ast] ngtlesﬂ (16)
Fst2 = Ast2 X gstZ XEs’ (17)

- section deformation as result of compressive force
action is:

P

= 18
AxE, (1)

&p

To calculate the critical bending moment, at which the
yield of reinforcement in strain occurs, for our case, we
have to calculate the effective height and the exact
moment of inertia of the cross section after the crack
propagation.

- effective height of the section is:

Hr: xCX(gCC+gCt). (19)

gCC

Concrete’s modulus of elasticity decreases with
pressure load increasing and if this fact is ignored, we
cannot be sure that the results obtained reflect the actual
behaviour of the element. So in order to get accurate
strain in concrete the following terms are used:

- if g < & = 0,002 then the concrete strain at
compressive edge of the cross section is calculated as:

2
oo = fra X 2x5°°—(‘i] : (20)

€0

- if g, > & = 0,002 then the concrete strain at
compressive edge of the cross section is calculated as:

O'cc=fcd><(1—0)2><ﬂ} 1)

Eeu ~€c0

Geometrical characteristics of the effective cross
section are calculated according to the following
expressions:

- if the neutral axis is in the sections web i.e. x, > D,
geometrical characteristic of the section are calculated as:

A =BxD+2x(X,=D)xD+(ag, —1)x 4, (22)
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t; =[(BxDxD/2+2x(x,—D)xDx

X (D +(x, = D)/2) + (g —=1)x Ay X (d +7) +
+ A x(D—d—-r)+ Ay x(H—-d—-r)+

+ Ay x(H-D+d +r))/4,

(23)

Bx D’

"3
L= < Bx Dx(t, - Dj2)? + XD

12
+Dx(H'-D)x ((H'-D)/2=1;)* + (agy — 1) X

X[(zrf @2n*

X g + Ay X (¢, —d —r)2 +

@2n?
64

XNgen +
24

+ A, x(t,—D+d+r) + Xy, +

+Ast1><(H—t,-—d—r)2+ X Ry +

@2n*
64
+ Ay x(H =t; =D+d +r)*],

- if the neutral axis is in the sections web i.e. x. < D,
geometrical characteristic of the section are calculated as:

A; =x, xB+(ag, —D)x 4, (25)

t; :[(xchxxc/2+(aep—1)><Asc1><(d+’”)+
+A502X(D_d_r)+Asth(H_d_r)+ (26)
+Agp x(H-D+d +r)]/ 4,

B 3
Ii: rzxc XBXXCX(ti—xC/2)2+(aep_l)x

@

2r)*

2
Ngel +Ascl><(ti_d_r) +

2r)*
64

x[

XNgen +

+A302x(ti—D+d+r)2+

X gy + 27)

2 4
+Ast1X(H_ti_d_r)2+(6r4)_ XNy +

+ Ay x(H—t;, —D+d +r)?],

- bending moment at which flow of the tensile
reinforcement appears can be calculated in several ways.
In the paper the following expression was selected:

S-S0 8 (28)

With this we get the first characteristic point M—¢
diagram (M.»; ¢,), i.e., the bending moment and
curvature at reaching flow of reinforcement. Flowchart
diagram of calculation steps is shown in Fig. 8.

As the diagram being non-linear after the first
characteristic point, in order to get its exact form we need
to calculate moment and curvature relationship in as many
points as depending on how precise we want to be.

To accurately define the form of the diagram we
determine the step of increase in curvature and
deformation from the first to the second characteristic
point from which we calculate other values required to
obtain the corresponding bending moment.

18t characteristic

point

Y |

Input data: assuming the &p
deformation of concrete from
> bending moment Eccm

ITERATION

No!

Force balance?

]Mch

2" characteristic
point

Figure 8 Calculation steps flowchart diagram
3.3 Construction collapse

Last point of M—¢ diagram is the point where
construction loses its bearing capacity. The structure
collapse may occur through concrete in compression,
reinforcement in strain or even but very rarely over both
materials in the same moment, as mentioned before. In
order to know which form of collapse is characteristic for
the case that is considered, we carry out two calculations
as described in Section 3.2. and Fig. 8. If we assume the
collapse of concrete, we calculate as the deformation of
concrete is equal to the maximum permitted, i.e. &,=
0,0035 and vary the deformation of reinforcement in
tension until we achieve balance of inner forces in the
cross section. In the second calculation, a collapse
through reinforcement in tension is assumed. We
calculate with the deformation being &3, = 0,0500 and
vary the value of deformation of concrete on the edge of
section in compression until the balance of horizontal
inner forces in the cross section is achieved. Relevant is
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the case where the collapse occurs at lower force and
bending moment.

Thus the third characteristic point of M—¢ diagram is
obtained (M.s; ¢3) i.e., the bending moment and the
curvature in the moment of the structure losing its bearing
capacity. The exact form of the diagram is determined as
in the section 3.2 by incrementally increasing curvature
and deformation, and accordingly calculating other values
required to obtain the corresponding bending moment. In
this way we find the maximum bending moment that a
cross section can handle at the corresponding curvature.

In Fig. 9 the dashed curve represents the actual M—¢
diagram, calculated with the above proposed procedure
and the continuous curve represents the idealized diagram
(used in everyday practice) for the cross section and
conditions in Fig. 3. We notice a significant reserve in
bearing capacity when comparing the real and idealized
diagrams.

35.000,0
32.096,30
M I
30.000,0 7
// \\\
/l AN
’ ~ N
25.000,0 M, My
23.888,29
20.000,0
Idealized
curve M/¢
----- Realistic
15.000,0
! curve M/¢
10.000,0
5.000,0
0,0 + T T 1
0,0000 0,0020 0,0040 0,0060

Figure 9 Bending moment - curvature relationship diagram

3.4 Comparison of the impact of the basic parameters of
the cross-section and material to the curve form

Besides the calculation of a realistic M—¢ diagram the
aim of this research was to discover how various inputs
affect the shape of M—¢ diagram. Different amounts of
reinforcement, geometric characteristics of the section,
material strength and levels of compressive force were
varied through the proposed calculation procedure.
Results were obtained as follows. The dashed curve in the
figures below represents the realistic M—¢ curve in Fig. 9.
Every curve in the diagrams below is obtained in the
calculation principle described in this paper.

Fig. 10 shows the M—¢ diagrams for different
amounts of reinforcement in the cross section,
symmetrically arranged in tensile and compression zone,
(cross section: 400/200/30 cm, material: f, = 40 N/mmz,

Sy = 500 N/mm?). The share of reinforcement in the
analysed cross section ranges from 1 to 4 %, as
recommended in standards.

45.000,0 -
m |l T 2,51%
reinforcement
40. i
0.000,0 Los%
reinforcement
35.000,0 - 1,99%
reinforcement
3,02%
30.000,0 1 reinforcement
4,02%
25.000,0 - reinforcement
20.000,0 -
15.000,0 4
10.000,0 4
5.000,0
0,0 T T : . ")

0,0000 0,0020 0,0040 0,0060 0,0080 0,0100

Figure 10 Bending moment - curvature relationship diagram for
different amounts of reinforcement

60000,0
M
-—-=b/h=
50000,0 400/200 cm
b/h =
500/200 cm
40000,0
b/h =
300/200 cm
30000,0
\'\F b/h =

>~ 400/250 cm
20000,0 b/h =
400/300 cm

10000,0

0,0 ¢
0,0000 0,0010 0,0020 0,0030 0,0040 0,0050 0,0060

Figure 11 Bending moment - curvature relationship diagram for
different geometrical characteristic of section

On the diagram (Fig. 10) is evident that reducing the
amount of reinforcement decreases total bearing capacity
which was to be expected, but unexpectedly increases
ductility of the section and although we have less
reinforcement section withstands greater deformation
before construction collapse.

Fig. 11 shows the M—¢ diagrams for geometrical
characteristics of a rectangular hollow section with an
equal amount of reinforcement distributed symmetrically
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in tensile and compression zone, with the same material
properties for all cases (fi, = 40 N/mmz,fv =500 N/mm?®).
Total area of reinforcement for all sections is 0,0814m2,
while the share varies from 2,1to 3,1 % depending on the
section size.

The results were as expected. Increasing the size of
section is increasing the capacity i.e., section can "handle"
higher bending moments.

A specific comparison of two sections (400/300 and
500/200 cm) is that of equal area one with the larger
bearing capacity is one with smaller width and larger
height (higher moment of inertia of the section), while the
section with greater width and lower height may "suffer"
greater curvature before the construction collapses.

M—¢ diagrams (Fig. 12) for different characteristic
values of concrete strength are shown for sections with
equal geometric characteristics (400/200/30cm) and
constant amount of reinforcement (2,51 %).

Increasing characteristic compressive strength of
concrete increases total capacity of the cross section and
the same section can be submitted prior to the collapse to
more curvature as it was to be expected.

70000,0
M
60000,0
- - — - Fck=40
50000,0 N/mm2
Fck =30
40000,0 N/mm2
Fck = 50
30000,0 N/mm2
Fck = 60
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Figure 12 Bending moment - curvature relationship diagram for
different concrete characteristic strengths

Analysed were also M—¢ diagrams for different
amounts of compressive forces along the same geometric
sectional characteristics and the same material in all cases
(400/200/30 cm, fy = 40 N/mm’, £, = 500 N/mm’, 2,51 %
armature). Results are shown in Fig. 13.

It is evident that reaching the tensile strength of
concrete (1. characteristic point of M—¢ diagram) occurs
at higher bending moment as it is expected.

Slight differences of the maximum bending moment
and bending moment and curvature at collapse are
characteristic for the observed different cases.
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Figure 13 Bending moment - curvature relationship diagram for
different amounts of compressive force

4 Conclusion

The paper discusses current practice of determining
bending moment — curvature relationship diagrams and
after all shown we can freely conclude that an idealized
diagram is accurate only in 3 points, while in other parts,
we find drastic deviations from the actual behaviour of
the cross section. Both the lack and reserve of capacity in
comparison of the real and the idealized diagram in
certain segments are possible. Also very interesting
results how various inputs impact the form of M—¢
diagram have been obtained.

The conclusion of the study is that for practical use
on simple structures idealized diagrams are sufficient
while for detailed scientific analysis they cannot and
should not be the basis for any serious calculation, but it
must be resorted to the exact calculation of the
relationship of bending moment and curvature of the
section of observed elements.

Contribution of this scientific research are
expressions for accurate determination of the M-—¢
diagram that can be, as shown in the article, written in an
algorithm and used in everyday practice. Also the
presented diagrams can serve as an example to engineers
of what and how affects the shape of the curve, and how
to vary the input data to get the required results in a
simple manner.

5 References

[1] Chandrasekaran, S.; Nunziante, L.; Serino, G.; Carannante,
F. Seismic Design Aids for Nonlinear Analysis of
Reinforced Concrete Structures. CRC Press, Taylor &
Francis Group, Boca Raton, 2010.

[2] Eurocodel: Actions on structures - Part 2: Traffic loads on
bridges. Brussels, 2003.

[3] Eurocode 2: Design of concrete structures - Part 2: Design
and detailing rules. Brussels, 2005.

914

Technical Gazette 23, 3(2016), 907-915



I. Curigidr. Iznalazenje odnosa momenta savijanja — zakrivljenosti armiranobetonskih stupova na mostovima

[4] Eurocode 8: Design of structures for earthquake resistance -
Part 1: General rules, seismic actions and rules for
buildings. Brussels, 2004.

[5] Eurocode 8: Design of structures for earthquake resistance -
Part 2: Bridges. Brusseles, 2005.

[6] The fib Model Code for Concrete Structures 2010. Wilhelm
Emst & Sohn, Verlag fiir Architektur und technische
Wissenschaften GmbH & Co. KG. Berlin 2013.

[7] Radi¢, J. Mostovi. Dom i Svijet, Zagreb 2002.

[8] Radié, J. Masivni mostovi. Andris, Zagreb 2007.

[9]1 Radié, J. Betonske konstrukcije priru¢nik. Andris, Zagreb
2007.

[10] Pfrang, E. O.; Siess, C. P.; Sozen, M. A. Load-Moment-
Curvature Characteristics of Reinforced Concrete Cross
Sections. // Journal of the American Concrete Institute, July
(1964), pp. 763-777.

[11] Creazza, G.; Di Marco, R. Bending moment-mean
curvature relationship with constant axial load in the
presence of tension stiffening. // Materials and Structures.
26, (1993), pp. 196-206. DOI: 10.1007/BF02472612

[12] Kisicek, T.; Sori¢, Z. Dijagram moment savijanja —
zakrivljenosti za armiranobetonske grede. / Gradevinar, 55,
4(2003), pp. 207-215.

[13] Simi¢, V. Otpornost materijala 1. Skolska knjiga, Zagreb
2002.

[14] AASHTO LFRD Bridge Design Specification, American
Association of State Highway and Transportation Officials,
Washington, D. C. 2012.

Authors’ addresses

Ivan Curié, mag. ing. aedif.

Massa d.o.o.

Ul Svetog Leopolda Bogdana Mandica,
31000 Osijek, Croatia

E-mail: ivan.curicl@gmail.com

prof. dr. sc. Jure Radié, dipl. ing. grad.
SveuciliSte u Zagrebu,

Gradevinski fakultet,

Fra Andrije Kaci¢a-Miosica 26,

10 000 Zagreb, Croatia

E-mail: jradic@master.grad.hr

Marin Franetovié, dipl. ing. grad.
Sveuciliste u Zagrebu,
Gradevinski fakultet,

Fra Andrije Kaci¢a-Miosic¢a 26,
10 000 Zagreb, Croatia

E-mail: mfranetovic@grad.hr

Tehnicki viesnik 23, 3(2016), 907-915 915



	1 Introduction
	2 Previous research
	3 Analytical expressions for calculation of the bending moment - curvature relationship of hollow section concrete bridge columns.
	3.1 Reaching the tensile strength of concrete
	3.2 Reaching of reinforcements yield point
	3.3 Construction collapse
	3.4 Comparison of the impact of the basic parameters of the cross-section and material to the curve form
	4 Conclusion


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [595.276 841.890]

>> setpagedevice





