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PULSED WATER JET GENERATED BY PULSE MULTIPLICATION 
 
Richard Dvorsky, Libor Sitek, Tomáš Sochor 
 

Original scientific paper 
First theoretical papers, summarizing the high mechanical energy cumulation when high-speed drops impact on the solid surface as a result of the water 
hammer effect, have been known since 1960’s. Heymann has demonstrated that pressure maximum during the impact of a spherical drop of a liquid is 
several times higher than the presupposed maximum for the classical waterhammer effect. The mentioned maximum pressure exceeds the stagnation 
pressure of the continuous jet several times over. When developing devices for pulsed jet generation, a new generalization of the classical water hammer 
theory for high pressures has been introduced. Based on this a new patented principle of "pulse multiplication" has been formulated. The pulse multiplier 
is the source of high-pressure pulses with 100 % depth of modulation of discharge velocity of a liquid jet. It enables to significantly increase the jet 
disintegration effect without addition of abrasives. 
 
Keywords: high-pressure pulses; pulse intensifier; pulsed water jet; water hammer effect 
 
Pulsirajući vodeni mlaz dobiven multiplikacijom impulsa 
 

Izvorni znanstveni članak 
Prvi teorijski radovi, koji su opisivali stvaranje velike količine mehaničke energije kad kapljice velike brzine udare u čvrstu površinu kao rezultat 
hidrauličkog udara, poznati su još od 1960-tih. Heymann je pokazao da je maksimalni tlak kod udara loptaste kapljice tekučine nekoliko puta veći od 
pretpostavljenog maksimalnog u slučaju klasičnog hidrauličkog udara. Spomenuti maksimalni tlak nekoliko je puta veći od tlaka kontinuiranog mlaza u 
stanju mirovanja. Kod stvaranja uređaja za generiranje pulsirajućeg mlaza, za visoke je tlakove uvedena nova generalizacija klasične teorije hidrauličkog 
udara. Na tom je temelju zasnovan novi patentirani princip "multiplikacije impulsa". Multiplikator impulsa je izvor visokotlačnih impulsa sa 100 % 
dubinom modulacije izlazne brzine tekućeg mlaza. Omogućuje značajno povećanje dezintegracijskog učinka mlaza bez dodavanja abraziva. 
 
Ključne riječi: pojačavač impulsa; pulsirajući vodeni mlaz; rezultat hidrauličkog udara; visokotlačni impulsi 
 
 
1 Introduction 

 
The technology of high-energy liquid jet (Water Jet) 

[1, 2] (hereinafter "liquid jet") originated in 1971 in 
NASA laboratories [3, 4] for the purpose of cutting and 
machining of hard high-temperature ceramics without 
significant thermal influence on cutting surfaces. Thanks 
to this feature, the liquid jet is a tool with high application 
potential that has not been fully explored yet. New 
findings and applications are expected especially in the 
field of micronozzles with very narrow apeture, vapor 
microcavitation [5÷8] and in the area of pulsed mode 
[9÷13] where the water hammer effect multiplies its 
erosive efficiency and rapid changes of a velocity field 
result in an intense cavitation. 

Since several recent decades, a very old idea of 
erosive water stream (coming from ore and mineral 
mining) has undergone a turbulent development. It has 
resulted in creation of highly sophisticated devices using 
the high-energy liquid jet as a relatively very precise 
machining tool [1]. The liquid jet enables processing of a 
wide range of materials, from minerals, metals and 
plastics to soft biological tissues. The current high level of 
the technology was achieved by design and 
manufacturing of high-pressure pumps with output 
pressure of thousands of MPa. 

The high-energy liquid jet represents an extremely 
narrow free stream of a liquid flowing out of a sapphire or 
diamond nozzle. Its standard medium cutting speeds vary 
from values of approx. 600 m/s up to the commercial 
maximum of approx. 1000 m/s, used in devices in the 
Flow Internantional Company. The current development 
of jets operating in the pulsed mode in the field of nano-
grinding is enhanced by extreme disintegration efficiency 
of this type of jets caused by pressure multiplication 

through the water hammer effect and high intensity of 
cavitation in the liquid dispersion of a material being 
ground. In the pulsed mode, a significant cavitation field 
occurs in the liquid environment in the time-periodic 
areas of the pressure release. 

Another specific feature of liquid jets is the time 
behaviour of the flow of the liquid through the nozzle. If 
the liquid flow in the nozzle varies periodically in time, 
the jet is generally modulated. The jets can be classified 
according to the depth of modulation as modulated jets, 
with the depth of modulation significantly smaller than 
100 % of the pump pressure, and pulsed jets, with very 
significant depth of modulation up to 100 % of the total 
pressure value. It should be noted here that practically all 
current operating systems belong (from the point of view 
of primary actuating pressure) rather to medium pressures 
with medium discharge velocity. Fully functional pulsed 
jets of high pressures of hundreds of MPa have not yet 
been developed for practical technical applications. 

 
2 Comparison of effects of pulsed and continuous jets 

 
Erosive effect of the pure water jet in the continuous 

mode has proven to be not efficient enough for cutting of 
the majority of hard materials. Therefore, its local erosive 
effects are often multiplied by inserting of soft abrasive 
material into the stream of liquid flowing out [1]. There is 
a quite promising option to replace the erosive effect of 
solid abrasive material by implosion of cavitation bubbles 
at the interface between the liquid and the solid 
material.This is characterized by a very high volumetric 
density of a released mechanical energy [1]. In case of the 
currently used cavitation jets, there is a lack of both 
sufficient volumetric density of cavitation bubbles and 
kinetic energy of the water stream in cavitation mode The 
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third prospective option how to increase the erosive effect 
of the water jet is the pulsed mode of the outflow of the 
pure liquid jet in a form of relatively compact 
macroscopic drops with dimensions comparable to the 
diameter of the outflow nozzle within the range of several 
tenths of millimeters. 

First theoretical papers by Heymann [14] and Huang 
[15] have been known since late 1960's that summarize 
the high cumulation of mechanical energy during the 
impact of very fast drops on the solid surface as a result of 
the water hammer effect. Heymann has demonstrated that 
the pressure maximum during the impact of a spherical 
drop of a liquid is several times higher than the 
presupposed maximum given by the classical Zhukovskij 
equation for hydraulic shock. The mentioned maximum 
pressure already exceeds the stagnation pressure of the 
continuous jet several times over. The theoretical 
predictions were confirmed by experiments performed by 
Smith and Kinslow [16]. In addition to high maximum 
values of pressure, the erosive effect of the pulsed jet has 
been also improved due to extreme dynamics of periodic 
shock waves in the area of impact. It leads to high 
deformation speeds and increased probability of brittle 
fracture. One of other erosive mechanisms to be 
considered is the significant cavitation intensity when the 
jets flow out into a liquid. 

 
3 Experience with generating pulsed liquid jet gathered 

so far 
 
Basic classification of pulsed jets shows two 

completely different directions of the current 
development. The first group, called "pulsed guns", is 
formed by a series of successive individual pulses – 
drops. This direction has its origin in machines able to 
generate individual pulses either by an explosion of 
explosives behind the actuating piston or by a very fast 
opening/closing of valves at the reservoir (blowdown 
water canon) of high-pressure liquid (approx. 400 MPa) 
[17]. The second group of devices is based on the 
modulation of discharge velocity of the originally 
continuous jet. In case of 100 % depth of modulation, that 
is very similar to the mode of the "pulsed gun", various 
types of mechanical interrupters located behind the nozzle 
are usually used [18].Those mechanisms have not proven 
to be prospective enough for the future development due 
to high cavitation damage, energy loss and other 
complications. 

From the point of view of practical application, 
methods of the internal modulation of discharge velocity, 
followed by a forced jet breakup behind the nozzle, seem 
to be much more important. The classical breakup driven 
by the Rayleigh mechanism [19] is caused by the 
amplification of shape defects due to surface tension 
effect. Unlike the classical breakup, the forced breakup 
that is influenced by the discharge velocity modulation 
based on the Pimbley's theoretical analysis [20] is 
dominantly caused by the periodical inertial dynamics of 
the liquid jet. While in the case of passive modulation, 
where especially acoustic resonance is employed [21], 
[22], relatively small depth of modulation is achieved and 
technically significant increase in erosive effects has not 
been proven yet, significant progress has been achieved 

using methods of an active flow modulation around the 
nozzle. 

In 1990's the first equipment applicable in practice 
based on the high-frequency mechanical modulation of 
flow cross-section at the nozzle inlet was developed by 
Vijay [9]. However, its greater expansion has not been 
possible so far because of the necessity of modification of 
the nozzle that cannot be ingrated into already existing 
hydraulic systems using the classical nozzle. Secondly, 
only relatively low operating pressures in the order of tens 
of MPa can be used due to an extreme increase in 
technical problems with the sealing of the oscillating tip. 
An ultrasonic device, integrated into a standard inlet of 
pressured liquid and allowing to achive the pulsed mode 
at medium pressures, was developed by Foldyna and 
Švehla [23] in 2008. 

 
4 Classical theory of hydraulic shock and Zhukovsky 

formula 
 
The classical theory of hydraulic shock is based on 

the situation at the time of its origin. It was applied only 
to low-pressure processes in water supply networks. In 
the conditions of low pressures, the relative change of 
water density depending on the increase in pressure is 
negligible. Both the density ρ and the corresponding 
velocity of the pressure wave a can be considered to be 
constant  

 
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

=  0,
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

= 0 .  (1) 

 
Based on the theoretical assumption of the total 

transformation of the kinetic energy of a water column of 
the length L into the pressure energy, the following 
formula determining the pressure maximum p of a shock 
wave was derived by N. E. Zhukovsky [24] 

 
𝑝𝑝 = 𝜌𝜌𝜌𝜌𝜌𝜌 . (2) 

 
In the case of validity of the Eq. (2), the liquid 

flowing through the tube of the length L at the cross-
sectional velocity v must be completely stopped for the 
period τ at the closure. The time period must be shorter 
than the time of return of the pressure wave a reflected 
from the beginning of the tube 

 
𝑎𝑎𝑎𝑎 ≤ 2𝐿𝐿 . (3) 

 
And thus the condition of the total hydraulic shock 

with complete transformation of the kinetic energy into 
the pressure energy is formulated. The pressure wave 
flowing from the closure in the opposite direction to the 
flow towards the beginning of the tube is reflected from 
there and flows back towards the completely closed end. 

The graph in Fig. 1 illustrates the conditions for the 
practical validity of the classical theory that correspond to 
real velocities of the flow in a water supply network. 
There is only one practical application of the hydraulic 
shock in history - i.e. in automatic pumps called water 
ram pumps. In the majority of cases, this phenomenon 
was rather undesired, as it could even result in cracking of 
the water supply tubes. Therefore, its eliminatation was 
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necessary. This paper presents a new technical solution 
allowing the application of the hydraulic shock in the 
range of medium and high pressures. 

 

 
Figure 1 The graph of the relation between the amplitude of the pressure 

p developed by the total hydraulic shock, based on the classical 
Zhukovsky equation, and the initial velocity of the liquid in the tube 

 
5 Generalization of hydraulic shock theory at high 

pressures 
 
The movement of compressible viscous liquid in a 

thin long shock tube of a circular cross-section can be 
described in cylindrical coordinates due to the rotary 
symmetry, see Fig. 2. 

 

 
Figure 2 Scheme of the introduction of cylindrical coordinates of 

𝑿𝑿(𝒓𝒓,𝝋𝝋,𝒙𝒙) in ashock tube and depiction of the vector 𝒗𝒗 = 𝒗𝒗𝒓𝒓 + 𝒗𝒗𝝋𝝋 + 𝒗𝒗𝐱𝐱 
of the local velocity of the liquid 

 
The behaviour of state parameters of the liquid 

column (i.e. the pressure p and the macroscopic velocity v 
without turbulent fluctuations) is simplified by acceptance 
of the following model conditions: 
I. Particles of the liquid move in the differential layer 

Δx only in the axial direction: 
 
v�𝑣𝑣𝑥𝑥 ≠ 0, 𝑣𝑣𝑟𝑟 = 0, 𝑣𝑣𝜑𝜑 = 0� = 𝒗𝒗𝑥𝑥 . (4) 

 
II. For the given value of the axial coordinate x, the 

liquid has a constant velocity profile along the whole 
cross-section of the tube: 

 
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

=  0,
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

= 0 . (5) 

 
III. The velocity of the liquid flow through the tube of 

the radius R = 0,5 mm along the x axis is uniquely 

representedby the mean "cross-sectional" velocity in 
the given point of the cross-section  

 

𝑣𝑣 ≝  
1
π𝑅𝑅2

� � 𝑣𝑣𝑥𝑥
2π

0

𝑅𝑅

0
d𝜑𝜑d𝑟𝑟 =  𝑣𝑣𝑥𝑥  (6) 

 
This velocity reaches the maximum value of 

200 m/s at the beginning of the tube x = 0 at the time 
t = 0 and corresponds to the local acoustic velocity of 
the shock wave. 
IV. The liquid density is homogeneous at any level of x: 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0. (7) 

 
V. The studied barotropic liquid is the water with the 

pressure dependence of the density (see Fig. 3) given 
by the regression of compressibility data [25] 

 

𝜌𝜌 = 𝜌𝜌0e𝛾𝛾0𝑝𝑝−𝛽𝛽𝑝𝑝
5
3 

𝜌𝜌0 = 998,2 kg/m3, 
𝛾𝛾0 = 4,83 ×  10−10 Pa−1, 
𝛽𝛽 = 2,94 × 10−16 Pa−3/5 

(8) 

 

 
Figure 3 Graph showing the dependence of the density of water on the 

pressure (regression function (8) based on experimental results 
according to [25]) 

 
VI. The dynamic viscosity of water is dependent on 

the pressure, as seen in Fig. 4 [26]. In the 
estimated range up to 350 MPa, it will be 
approximated by a constant value of 

 
𝜂𝜂 = 1,05 × 10−3 N · s/m2 . (9) 

 

 
Figure 4 Graph showing the dependence of the dynamic viscosity of 

water on the pressure according to [26] 
 

VII. For the maximum velocity of v = 200 m/s, the 
Reynolds number gets the value of  
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Re =
2𝑅𝑅|𝑣𝑣|𝜌𝜌
𝜂𝜂

≈ 188 000 . (10) 

  
In this mode, the flow is significantly turbulent. 
VIII. The tube walls are considered to be 

hydrodynamically "smooth" and the loss 
coefficient of the turbulent flow λ is defined as a 
proportionality constant in the Darcy-Weissbach 
equation for the amount of the pressure loss [27] 

 

Δ𝑝𝑝 = 𝜆𝜆
Δ𝑥𝑥
2𝑅𝑅

�
1
2
𝜌𝜌𝑣𝑣2� → 𝜆𝜆 ≝ 2𝑅𝑅 �

∆𝑝𝑝
∆𝑥𝑥
� �

1
2
𝜌𝜌𝑣𝑣2�

−1

. (11) 

 
For anticipated flow velocities, the Blasius semi-
empirical relation holds for λ [27] 
 

𝜆𝜆 = 𝛼𝛼 ·  Re−
1
4  to Re ≈ 105 . 

 
 

(12) 

IX. For the loss coefficient  λ of the turbulent flow in the 
macroscopic profile, the impact of the wall effect on 
inter-phase tension between the liquid and the tube 
is not considered. 

 
Assuming the above-listed conditions, the basis for 

the general formulation of a system of differential 
equations of a one-dimensional description of the 
hydraulic shock in a thin long shock tube is determined. 

In the considered case, the non-stationary flow of the 
compressible liquid at the velocity v is subjected to the 
mass balance equation 

 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝒗𝒗 ∙  ∇ 𝜌𝜌� + 𝜌𝜌∇ ∙ 𝒗𝒗 = 𝑞𝑞 (13) 

 
Regarding the fact that the source term q is equal to 

zero as a consequence of the mass conservation, the 
general balance equation for one-dimensional liquid flow 
gets the well-known form of the continuity equation in 
one dimension 

 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� + 𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 

= 0 . (14) 

 
For the liquid pressure p  and the velocity 𝑣𝑣, the Eq. 

(14) holds the general form of 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�1 +

𝑣𝑣
𝑎𝑎
� + 𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 

= 0 . (15) 

 
where the parameter a represents the absolute velocity of 
the shock wave propagation in the tube 

 
d𝑥𝑥
d𝑡𝑡

= 𝑎𝑎 . (16) 

 
Given the dependence of the density on the pressure 

(8), it is convenient to rewrite the continuity equation (15) 
in the final form of 

 

�
1
𝜌𝜌

d𝜌𝜌
d𝑝𝑝
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ �1 +
𝑣𝑣
𝑎𝑎
�
−1 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 . (17) 

The other governing equation for the hydraulic shock 
in the thin long tube is the momentum balance of the 
flowing liquid. The driving force of this motion is 
represented by the components of mechanical stresses Tx, 
Tr, Tφ of the stress tensor Tij 

 

𝜌𝜌 �
𝜕𝜕𝒗𝒗
𝜕𝜕𝜕𝜕

+ 𝒗𝒗 ∙ ∇ 𝒗𝒗� = 𝒆𝒆𝑗𝑗 ∙ ∇ 𝑻𝑻𝑗𝑗 . (18) 

 
With regard to the character of the flow (4) and (5) 

and the rotary symmetry of the problem, the general 
momentum balance (18) can be written in a specific form 
using the two non-zero components of the stress tensor 

 

𝜌𝜌 �
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝑣𝑣𝑥𝑥
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

� =
𝜕𝜕𝑇𝑇𝑥𝑥𝑥𝑥
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑇𝑇𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕

   . (19) 

 
As a consequence of Pascal’s law, the tensor 

component Txx corresponds to a negative liquid pressure 
Txx = ‒ p. The other non-zero component Trx corresponds 
to hydraulic friction losses of the viscous flow in a 
cylindrical tube. For a very thin liquid layer Δx in a thin 
long tube, the Eq. (19) can be rewritten in an integral 
form as a balance of the total momentum of the liquid in 
the volume of  π𝑅𝑅2Δ𝑥𝑥: 

 

∆𝑥𝑥� � 𝜌𝜌 �
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝑣𝑣𝑥𝑥
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

�
2𝜋𝜋

0
d𝜑𝜑𝜑𝜑d𝑟𝑟 

𝑅𝑅

0
= 

−∆𝑥𝑥� �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

2𝜋𝜋

0
d𝜑𝜑𝜑𝜑d𝑟𝑟 

𝑅𝑅

0
+ ∆𝑥𝑥� �

𝜕𝜕𝑇𝑇𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕

2𝜋𝜋

0
d𝜑𝜑𝜑𝜑d𝑟𝑟 

𝑅𝑅

0
 . 

(20) 

 
Regarding the conditions (4), (5) and (7), the Eq. (20) 

can be significantly simplified to the form of 
 

𝜌𝜌 �
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝑣𝑣𝑥𝑥
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

�𝑅𝑅2 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑅𝑅2 + 2�
𝜕𝜕𝑇𝑇𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕

𝑟𝑟d𝑟𝑟
𝑅𝑅

0
 (21) 

 
In accordance with the boundary layer theory 

𝛿𝛿𝑚𝑚 ≪ 𝑅𝑅, the radial dependence of the friction component 
Trx can be approximated by a piecewise linear function 

 

𝑇𝑇𝑟𝑟𝑟𝑟 = −
𝑣𝑣𝑥𝑥

|𝑣𝑣𝑥𝑥|
𝑇𝑇0
𝛿𝛿𝑚𝑚

𝑟𝑟 − 𝑅𝑅 − 𝛿𝛿𝑚𝑚 for 𝑅𝑅 − 𝛿𝛿𝑚𝑚 ≤ 𝑟𝑟 ≤ 𝑅𝑅 

𝑇𝑇𝑟𝑟𝑟𝑟 = 0                                          for 0 ≤ 𝑟𝑟 ≤ 𝑅𝑅 − 𝛿𝛿𝑚𝑚 
(22) 

 
where T0 represents the friction stress at the wall of the 
tube with radius R. Having substituted the function (22) 
the Eq. (21) obtains the form of 

 

𝜌𝜌 �
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝑣𝑣𝑥𝑥
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

�𝑅𝑅2 =

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑅𝑅2 −
2𝑣𝑣𝑥𝑥
|𝑣𝑣𝑥𝑥|

𝑇𝑇0
𝛿𝛿𝑚𝑚

� 𝑟𝑟d𝑟𝑟
𝑅𝑅

𝑅𝑅−𝛿𝛿𝑚𝑚
 

(23) 

 
and after the integration and neglecting of the minority 
term of second order 𝛿𝛿𝑚𝑚2 , the following holds 

 

𝜌𝜌 �
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝑣𝑣𝑥𝑥
𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝜕𝜕

� +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
2𝑇𝑇0𝑣𝑣𝑥𝑥
𝑅𝑅|𝑣𝑣𝑥𝑥| = 0 (24) 

 

 
0,3164 
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If 𝑣𝑣𝑥𝑥 denotes the mean cross-sectional velocity 𝑣𝑣 and 
the left side is expressed in the analogical form as in the 
Eq. (15), the equation of motion obtains the one-
dimensinal form of 

 

𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�1 +

𝑣𝑣
𝑎𝑎
� +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
2𝑇𝑇0𝑣𝑣
𝑅𝑅|𝑣𝑣| = 0 . (25) 

 
The so far undetermined value of the friction stress 

0T at the wall of the tube can be expressed from the 
equation of motion (25) for a steady flow 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ = 0 

 

𝑇𝑇0 = −
𝑅𝑅
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

|𝑣𝑣|
𝑣𝑣

=
𝑅𝑅
2
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� . (26) 

 
Having applied the relations (10), (11) and (12), the 

Eq. (26) obtains the specific form of 
 

𝑇𝑇0 =
𝛼𝛼
8
𝜌𝜌𝑣𝑣2 �

𝜂𝜂
2𝑅𝑅|𝑣𝑣|𝜌𝜌

�
1
4
 (27) 

 
that will be used for the final formulation of the equation 
of motion (25) 

 

�1 +
𝑣𝑣
𝑎𝑎
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝐴𝐴|𝑣𝑣|
3
4𝑣𝑣 +

1
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0  . (28) 

 
For the above-mentioned formulation, the coefficient 

of the loss term A assumes the value of 
 

𝐴𝐴 = �
𝛼𝛼4𝜂𝜂

512𝜌𝜌𝑅𝑅5
�

1
4

=̇   28,5  . (29) 

 
It is useful to describe the basic wave process, given 

by the governing Eqs. (17) and (28), in the case of a 
nonviscous flow in first approximation to the continuity 
equation 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ ��1 +
𝑣𝑣
𝑎𝑎
�

1
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 (30) 

 
and the equation of motion without the loss term (A→0) 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ ��1 +
𝑣𝑣
𝑎𝑎
� 𝜌𝜌�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0  . (31) 

 
The specification of the parameter of the velocity of 

shock wave propagation a comes from the experience in 
the dynamics of acoustic waves, where the amplitudes of 
the density ∆𝑟𝑟 and the velocity ∆𝑣𝑣 represent a mere 
fragment of their mean values 𝜌𝜌(𝑝𝑝0) and 𝑣𝑣(𝑝𝑝0)at the 
equilibrium pressure 0p . In this special case, the pressure 
dependence (8) can be linearized in a small 
neighbourhood 𝜌𝜌(𝑝𝑝0) as 

 

𝜌𝜌(𝑝𝑝) = 𝜌𝜌(𝑝𝑝0) + Δ𝑝𝑝 = 𝜌𝜌(𝑝𝑝0) +
𝜕𝜕𝜕𝜕(𝑝𝑝0)
𝜕𝜕𝜕𝜕

(𝑝𝑝 − 𝑝𝑝0) (32) 

 
and in case of a small deviation of pressure, it can be 
neglected. With respect to the Bernoulli equation of 

conservation of energy density, where the friction and 
deformation dissipations are neglected 
 
𝑝𝑝0 + 1

2
𝜌𝜌(𝑝𝑝0)𝑣𝑣02 ≈ 𝑝𝑝 + 1

2
𝜌𝜌(𝑝𝑝0)𝑣𝑣2 , (33) 

 
it is possible to apply the similar approximation also for 
the velocity. Having used the approximate relation for the 
difference between squares of velocities (v0

2−v2)/2 ≈ 
v0(v0−v), the following equation is obtained from the 
relation (33) 

 

𝑣𝑣 (𝑝𝑝) = 𝑣𝑣0 + ∆𝑣𝑣 = 𝑣𝑣0 + �
−1

𝜌𝜌 (𝑝𝑝0)𝑣𝑣0
� (𝑝𝑝0 − 𝑝𝑝 )  . (34) 

 
If the liquid pressure at the point (x0, t0) achieves the 

value 0p and the liquid velocity the value 𝑣𝑣0, then the 
terms in square brackets of governing Eqs. (30) and (31) 
can be considered to be constant for small changes in 
pressure p and in velocity 𝑣𝑣 and it can be written 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ �
(𝑎𝑎 + 𝑣𝑣0)
𝜌𝜌 (𝑝𝑝0)𝑎𝑎

𝜕𝜕𝜕𝜕 (𝑝𝑝0)
𝜕𝜕𝜕𝜕

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 , 

 
(35) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ �
(𝑎𝑎 + 𝑣𝑣0)𝜌𝜌 (𝑝𝑝0)

𝑎𝑎
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 .  (36) 

 
Deriving the Eq. (35) along t and the equation (36) 

along x, and after subsequent elimination of 𝜕𝜕𝑥𝑥𝜕𝜕𝑡𝑡𝑣𝑣, the 
wave equation for the pressure p is as follows 

 
𝜕𝜕2𝑝𝑝
𝜕𝜕𝑥𝑥2

− �
(𝑎𝑎 + 𝑣𝑣0)2

𝑎𝑎2
𝜕𝜕𝜕𝜕 (𝑝𝑝0)
𝜕𝜕𝜕𝜕

�
𝜕𝜕2𝑝𝑝
𝜕𝜕𝑡𝑡2

= 0.   (37) 

 
The term in square brackets in the wave equation has 

the meaning of the reciprocal square value of the wave 
velocity a 

 
(𝑎𝑎 + 𝑣𝑣0)2

𝑎𝑎2
𝜕𝜕𝜕𝜕 (𝑝𝑝0)
𝜕𝜕𝜕𝜕

=
1
𝑎𝑎2

 . (38) 

 
Assuming the validity of the Eq. (38), the lower index 

"0" can be omitted for all values 0p  and 𝑣𝑣0, and the 
following holds for the value a 

 

𝑎𝑎 = 𝑎𝑎0(𝑝𝑝) − 𝑣𝑣 ,      𝑎𝑎0(𝑝𝑝) = ±�
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑝𝑝)  . (39) 

 
While an alternative sign defines the specific 

orientation of wave propagation along the x axis, the 
parameter a0(p) determines the dependence of the 
absolute velocity of the wave on the pressure (see Fig. 5). 

The above-mentioned relation makes obvious that the 
maximum velocity of the pressure wave peak deforms the 
shape of the wave and causes formation of a very steep 
front with an extreme pressure gradient. 
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Figure 5 The graph of dependence of the velocity of a pressure wave in 

water on the ambient pressure according to the Eq. (39) 
 
The mechanism of a hydraulic shock was described in 

quantitative terms for the first time in the work [24] by 
Zhukovsky using a relatively simple equation for the 
maximum amplitude p (or Δp) of the pressure wave 
during a total shock. The classical Zhukovsky formula, 
which has been practically proven for many times, is a 
good approximation used for not too high pressure 
amplitudes, where the pressure dependence of the 
pressure wave velocity is not significant. In a more 
general case, where the condition of validity of the above-
mentioned approximation a = const. is not fulfilled, the 
problem of the amplitude of the total shock is solved in 
the first approximation from the integration of the 
equation of motion (31) 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝑎𝑎

(𝑎𝑎 + 𝑣𝑣)𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  . (40) 

 
Assuming that the velocity of the pressure wave a is 

the function of the pressure the equation of motion (40) 
can be formulated, applying (16) and (39), in the specific 
integrable form of 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
1
𝜌𝜌
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  . (41) 

 
The subsequent integration provides the resulting 

formula for the axial acoustic velocity 𝑣𝑣 of the total 
hydraulic shock in the general form of 

 

𝑣𝑣 = �
1
𝜌𝜌
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 𝑑𝑑𝑑𝑑

𝑝𝑝

0

 (42) 

 
and in the special case for water 
 

𝑣𝑣 =
1

3�𝜌𝜌0
� e−𝛾𝛾0𝑝𝑝+𝛽𝛽𝑝𝑝

5
3

𝑝𝑝

0
�3𝛾𝛾0 − 5𝛽𝛽𝑝𝑝

2
3� d𝑝𝑝 . (43) 

 
In Fig. 6, shapes of the integral function (43) for 

water (solid curve) and the classical Zhukovskij 
prediction calculated according to the Eq. (2) (dashed 
linear relation) are compared. 

As can be seen in Fig. 6, at the initial maximum 
velocity of the water stream of 200 m/s, the real pressure 

amplitude and the Zhukovsky linear prediction differ by 
approx. 75 MPa. However, to obtain a continuous 
velocity field of 200 m/s using a standard setup for the 
generation of a hydraulic shock with high-speed flow 
through a long tube is technically infeasible. Therefore, it 
is necessary to generate it in a pulse mode using a pulse 
multiplication technique, as described below. 

 

 
Figure 6 The relation between the pressure amplitude p of the hydraulic 

shock and the velocity v of the liquid calculated according to the Eq. 
(43) –solid line, and according to the classical Zhukovskij equation – 

dashed line 
 

6 Application of hydraulic shock for pulsed liquid jet 
generation 
 
The practical objective of this chapter is to present a 

new "pulse modulation technique" [11] that can be 
classified to the category of periodically operationing 
"pulse guns" according to its technical design. The 
principle of the pulse multiplication is based on impacts 
of the front of a periodically interrupted primary jet at the 
outflow velocity of 𝑣𝑣 ≈ 200 m/s into an inlet of a thin 
high-pressure shock tube. The tube ends with a nozzle for 
generation of the water jet or with a high-pressure sensor 
for the purpose of studies. At the moment of impact, a 
part of impacting liquid is stopped extremely quickly, 
which leads to the transformation of the kinetic energy 
into the high-pressure hydraulic shock inside the shock 
tube (the so-called water hammer effect). According to 
the above-mentioned Eq. (43), theoretical pressure 
maximums at the above-mentioned primary velocity can 
be expected in the order of hundreds of MPa with a very 
steep front of the shock wave. At the nozzle level, the 
shock wave causes the injection of a limited dose of the 
liquid with a high output velocity. In contrast to the 
principles of modulation that require high frequencies, the 
frequency of individual shocks is not limited by the 
condition of fast kinetics of the jet decomposition in the 
short distance behind the nozzle, but it is related to wave 
phenomena inside the shock tube and the requirement of 
the maximum output power. The working name "pulse 
multiplication" can be considered to be justified, as the 
input pressure in the pulse mode is theoretically amplified 
up to 15 times. 

Based on the above-described physical analysis of the 
problem of the generation of hydraulic shocks in the 
water, we have been awarded the patent [11] for "The 
method of generation of high-pressure pulses in the liquid 
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using the technique of pulse multiplication and the device 
for implementation of this technique", where the "method 
of pulse multiplication" and design principles for 
operations of the technical generator of high-pressure 
pulses, the so-called "pulse multiplier", were formulated. 

 
6.1 Classical hydraulic shock and problem of hydraulic 

resistance during technical application 
 
Classical hydraulic shock described by the continuity 

Eq. (17) and the equation of motion (28) is traditionally 
considered to be a stream of liquid with the maximum 
cross-sectional velocity of approx. 2 m/s limited in radial 
direction by the walls of the tube. The primary shock 
wave spreads in the opposite direction to the direction of 
the original flow after a very fast closing of the outflow 
end of the tube. According to the Eq. (43), the cross-
sectional velocity of at least approx. 170 m/s would be 
necessary for the generation of the total high-pressure 
shock in the order of 300 MPa. So far, this is technically 
feasible with extremely high energy losses and using the 
tubes of very short lengths only. For these reasons, the 
hydraulic shock with the above-described standard 
setting-up is applied to well-known water rams 
exclusively at low flow velocities. 
 
6.2 Impact of front of fast liquid jet into the inlet of shock 

tube 
 
In the above-mentioned pulse multiplier, the 

hydraulic shock is generated in different ways. A 
medium-pressure water pump with a sufficient flow and a 
limit pressure of 25 MPa generates a primary water jet 
with the velocity of about 200 m/s in the output nozzle. 
Due to a mechanical interrupter, the water jet front 
impacts periodically into an open inlet of the shock tube 
of the similar inner diameter that ends on the opposite 
side by a very thin high-speed nozzle of a diameter of dtr 
= 0,13 mm. At every impact of the front of the primary 
jet, the shock wave is initiated in the inlet of the shock 
tube in form of a very short column of water with the 
starting velocity of 200 m/s. Thus the initial boundary 
value condition for solving the system of governing Eqs. 
(17) and (28) is practically fulfilled. It is obvious that in 
the aforementioned setting, the resistive losses of the 
primary jet are many times lower than in case of the flow 
in the tube during the classical shock. 
 
6.3 Problem of hydraulic losses in shock tube during the 

outflow of the pressure liquid supplying nozzle of high-
energy water jet 
 
When the pressure wave reaches the closed end of the 

shock tube, it is reflected in the opposite direction and 
returns back towards the inlet. If the whole cross-section 
of the inlet is filled with the impacting primary jet, then 
the total hydraulic shock with the maximum pressure 
amplitude of pmax ≈ 350 MPa is generated, as seen in 
Fig. 6. When the shock tube ends with a thin high-
pressure nozzle with the hydraulic contraction factor of 
𝜅𝜅 ≈ 0,5, then the impact of the shock wave causes an 
injection of the pulsed water jet with the velocity 
maximum at the front of the jet of 

(𝑣𝑣𝑛𝑛𝑛𝑛𝑛𝑛)max = 𝜅𝜅 �
2 (𝑝𝑝max = 350 MPa)

(𝜌𝜌 (𝑝𝑝max ) = 1110 kg/m3) 

(𝑣𝑣𝑛𝑛𝑛𝑛𝑛𝑛)max ≈ 400 m/s 

(44) 

 
If the shock tube at its end should "supply pressure" 

for the periodically pulsed water jet, then the continuity of 
flow between the shock tube of a diameter of 1 mm and 
the secondary water nozzle of a diameter of dnoz = 
0,13 mm (assuming hypothetical conservation of density 
of the liquid at the front of the shock wave) implies the 
maximum cross-sectional velocity in the shock tube of 

 

𝑣𝑣max𝑘𝑘 = �
(𝑑𝑑𝑡𝑡𝑡𝑡 = 0,13 mm)

(2𝑅𝑅 = 1mm) �
2

. ((𝑣𝑣𝑛𝑛𝑛𝑛𝑛𝑛)max ≈ 400 m/s) 

 
𝑣𝑣max𝑘𝑘 ≈ 6,76 m/s, 

(45) 

 
that corresponds to the average convective flow of a 
liquid column inside the tube. The intrinsic hydrodynamic 
description of individual shock waves is given by the 
coordinate system moving along the x-axis at the average 
velocity of the convective flow 𝑣𝑣𝑘𝑘max. It is obvious that this 
translation transformation does not significantly affect the 
value of the acoustic velocity maximum of the liquid in 
the shock wave. Due to its relatively high values, it is not 
possible to neglect the friction loss term of A = 28,5 in the 
equation of motion (28), and the acoustic velocityv of the 
liquid in the shock wave is described by a non-
homogeneous wave equation with strongly non-linear 
term of the loss. It strongly dampens the periodical 
motion of the shock wave inside the shock tube and only 
the first maximum will be technically applicable. 
 
7 Technical design of pulse multiplier 

 
From the technical point of view, the pulse multiplier 

has the form of a thin long tube with a circular cross-
section of the inner diameter of 2R = 1 mm and the length 
of 𝐿𝐿 ≫ 2𝑅𝑅 (see Fig. 7). The total volume of the tube is 
filled with the liquid. The beginning of the tube serves as 
an inlet point for the impact of the front of the primary 
water jet at the velocity of  𝑣𝑣0 ≈ 200 m/s. On the 
opposite side, the tube ends with a high-speed sapphire 
nozzle of the diameter of dnoz = 0,13 mm or with a high-
pressure sensor, if measurements are made. 
 

 
Figure 7 Fundamental layout of pulse multiplier 

 
The hydraulic shock is generated in the shock tube just 

after the impact of the front of the primary jet into the inlet 
of the tube. For the application of the pulse multiplier in 
practice, fast periodical repetition of the impact is essential. 
The first experimental pulse multiplier was designed and 
built in accordance with these requirements, see Fig. 8. 

A cylindrical body of the primary nozzle is tightly 
inserted into the fixed pump output (0 ÷ 25 MPa). The 
outcoming primary jet is interrupted by a thin barrier that 
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moves traversally between two parallel channels in the 
housing interrupter due to an intermittent tension of two 
solenoid coils. The periodically interrupted front of the 
primary jet impacts into the shock tube inlet and the 
kinetic energy cumulated by its deceleration initiates the 
hydraulic shock inside the shock tube. The rest of the 
liquid flows around the inlet and is drained off into a wide 
drain tube by four outlet ports. The beginning of this tube 
is slightly indicated in Fig. 8. 

 

 
Figure 8 Technical solution of the first version of experimental pulse 

multiplier 
 

 
Figure 9 First experimental version of pulse multiplier with small 

Krenzle 3270 pump (25 MPa/13,5 l/min) and KISTLER 4067A 5000 
A2 piezoresistive sensor at the end of the shock tube (right side) 

 
The whole system of the pulse multiplier, as shown in 

Fig. 8 and Fig. 9, has been tested at the input water 
pressure of 20MPa and the occurrence of the pulse 
multiplication effect has been proven. The effect was 
registered despite a very short length of the shock tube 
(400 mm) that practically does not enable the generation 
of the total hydraulic shock. 

At present, an experimental study of the pulse 
multiplier system is based on measured responses of an 
isolated impact of the primary jet front into the shock tube 
inlet. Due to a stochastic nature of the coincidence of 
interruptions with maximum pressures generated by the 
three-piston pump, the resulting pulses were of 
significantly varied character (this defect will be 

eliminated by adding a hydraulic accumulator in front of 
the system). One of the positive cases of recording the 
pulse maximum of 66 MPa is shown in Fig. 10. 

Unfortunately, the graph showing the time course of 
the measurement of the highest recorded value of 80 MPa 
was not preserved. In case of the short length of the shock 
tube (400 mm) when achieving the total hydraulic shock 
is very problematic, this result indicates a significant 
application potential of the system. At relatively slow 
mechanical interruptions, pressure maximum values 
generated in the short tube are much lower than the 
theoretical value of the total shock. The period of shock 
waves in the shock tube of the length given above, as 
clear from the graph, is approximately 2,5 ms. This period 
should be much longer in longer tubes.This should allow 
to synchronise periodic impacts of the primary jet with 
the maximum values of reflected impacts and thus to 
achieve an additional feedback amplification. 

 

 
Figure 10 Time behaviour of shock with maximum of 66 MPa 
measured by KISTLER 4067A 5000 A2 piezoresistive sensor  
 

8 Conclusions 
 
Regarding requirements for further increase of the 

disintegration effect of the high-energy water jet without 
the addition of abrasive particles, an experiment to set up 
a pulsed system of high-pressure generation was 
performed. The system should allow the use of high 
energy, cumulated as a result of the water hammer effect 
of very fast drops of the pulsed jet, for improvement of 
the disintegration effect of the jet. The generalisation of 
the classical hydraulic shock theory for high pressures is 
presented in the paper. The generalisation is subsequently 
applied for the formulation of the principle of pulse 
multiplication. This is a technical solution allowing the 
generation of extreme pressure pulses of the hydraulic 
shock at velocities of the primary flow of approx. 
200 m/s. The mentioned flow is generated in a short inlet 
section of the so-called shock tube by periodic impacts of 
the primary low-pressure jet (20 MPa) with the identical 
output velocity. In this way, a shock wave in the order of 
hundreds of MPa arises in the shock tube. This wave is 
several times higher than the stagnation pressure of the 
primary low-pressure jet. The source of high-pressure 
pulses is a technical device "pulse multiplier" that enables 
supply of nozzle of a pulsed liquid jet with 100 % depth 
of outlet velocity modulation. Thus the disintegration 
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effect of the device can be significantly improved without 
addition of abrasive materials. 
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