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3-JENSEN-CONVEXITY AT A POINT AND
3-WRIGHT-CONVEXITY AT A POINT AND RELATED
RESULTS

SADIA KHALID, JOSIP PECARIC AND MARJAN PRALJAK

ABSTRACT. Two new classes of convex functions at a point are intro-
duced and some interesting related results are deduced.

1. INTRODUCTION AND PRELIMINARIES

The notion of convex function is one of the most important concepts in
the theory of inequalities (see [4, p.1]). Throughout this paper I is an interval
in R.

DEFINITION 1.1. A function f : I — R is said to be convex if for all
x,y € I and for all A € [0, 1], the inequality
FOz+1=Ny) <A () + 1= Nf(y)
holds.

The following definition of Jensen-convex (J-convex) function is given in
4, p.5].

DEFINITION 1.2. A function f : I — R is said to be convex in the Jensen
sense or J-convez if for all x,y € I, the inequality

f<x+y> < f)+ 1)

2 2
holds.

Wright-convex (W-convex) function is defined as follows (see [4, p.7]):

DEFINITION 1.3. A function f : I — R is said to be W-convez if for all
z,y+ h €1 such that x <y, h > 0, the inequality

(1.1) flath)=f(@) <fly+h) - [y
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holds. The function f is said to be W-concave if the reversed inequality holds
in (1.1).

Let Ay, stands for the difference operator defined by (Anf)(z) =
f(x+h)—f(x), where h > 0. Then (1.1) takes the form Ap f (z) < Apf (y)
such that z <.

DEFINITION 1.4. Let n € N and hy,...,hy, > 0. A function f : I —
R is said to be n-Wright-convex if (Ap, ... Ap, f)(x) > 0 holds whenever
z,t+hy...+ h, € 1.

REMARK 1.5. Note that the 2-Wright-convex functions are simply the
Wright-convex functions.

The following theorem is given in [4, p.53].

THEOREM 1.6. If f is a J-convex function defined on I, then for all points
T1,...,Tn € I and for all rational non-negative numbers p1,...,p, such that
S pi =1, the following inequality

(1.2) f (Zm%) < sz‘f(fﬂi)
i=1 i=1
holds.

The following theorem is given in [4, p.161] (see also [6]).

THEOREM 1.7. Let x1 > a9 > ... > Topy1 or 21 < 22 < ... < Topg1,
i €1 fori=1,...,2n+ 1 and let f be a W-convex function defined on I.
Then the following inequality is valid

2n+1 ] 2n+1 )
13) (S eva) s S en s,
i=1 i=1

The following theorem is a generalization of an inequality of Z. Opial [3]

given in [4, p.162].

THEOREM 1.8. Letxy € I fork=1,...,2n+1 and let Zfﬂrl (-1 'a; e
I fork=1,...,n.

(i) If
2%k .
(1.4) Top < Tog 1, Z (- ta; >0 for k=1,...,n,
i—1

then the reverse of (1.3) holds for every W-convex function f : I — R.
Further, if reverse of the inequalities in (1.4) hold, then reverse of (1.3)
is also valid.
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(#4) If instead of (1.4), the following conditions hold

2%k
(1.5) ZTok < Tokt1, Z(—l)z_lxi <0 for k=1,...,n,

i=1
then (1.3) is valid. If the reversed inequalities in (1.5) hold, then (1.3)
1s also valid.

The following theorem is given in [4, p.322] and its proof can be obtained
easily from the proof of Theorem 1.8.

k—l(

THEOREM 1.9. Let x;,y; € I (i=1,...,n), cx = >,

k=2,....n and let xp + cx € I for all k.
(i) If
(1.6) Tpr1 <yp for k=1,...,n—1,

x; —yi) for

k k
(1.7) Z:cngyz for k=1,....n—1,
i=1 i=1

and

(1-8) Zmz = Zyia
then

(1.9) PRACOEDIFACD

holds for every W-convex function f : I — R. Furthermore, (1.9) holds
for every W-convez: function f if reverse of the inequalities in (1.6) and
(1.7) hold.

(#4) If (1.6) and (1.8) hold and reverse of (1.7) holds, then reverse of (1.9)
holds for every W-convex function f : I — R. Furthermore, the same
is true if (1.7) and (1.8) hold and reverse of (1.6) holds.

A special case of Theorem 1.9 is given in [4, Remark 12.10].

REMARK 1.10. Let a1 > as > ... > agny1, a2 > 0 (k=1,...,n),
a1, aon+1 € I, ap + ary1 € I (k=1,...,2n). Then for all the W-convex
functions f : I — R, we have

flar)+ f(az +a3) + f(as+as) + ...+ f (a2n + a2n41)
< flar+a2)+ faz+as) + ...+ fa2n-1 + azn) + f(a2n41) -

In 1997, I. Peri¢ (see [5, p.10]) proved the following theorem for W-convex
functions.
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THEOREM 1.11. Let f : [a,b] — R be a W-convex function, 0 < a <
y1 < ... <yp and let Cp > 0, n € N. Let Cryk, Cpyn, Cra1Yns 2oy Cr(yr —
Yk—1) € [a,b] for allk =1,....,n—1 with yo =0. If

n
(1.10) > Crhyk—vk-1) = Cogrt, n > 1,
k=1

then

n—1

(1.11) <ch Yk — Yr—1 ) +Zf(ck+1yk Zf Cryr), n € N.
=1

If f is W-concave, then the reversed inequality holds in (1.11).

DEFINITION 1.12. Let pi (k € N) be real numbers such that p; > 0
(i=1,...,k) with P, = Zlepi (keN). A sequence (zy, k€ N) C R is
said to be non-increasing in p-weighted mean, if the inequality

n+1

(112) Zpkl‘k > —Zpkl'k, TLEN

holds. A sequence (xy, k € N) C R is said to be non-decreasing in p-weighted
mean, if the reversed inequality holds in (1.12).

The following theorem is given in [2, Theorem 3].

THEOREM 1.13. Let xy and pi (k=1,...,n) be real numbers such that
x> 0 and pr, > 0 with P, = Zlepi (k=1,...,n). Let p1x1,d> p_, PkTh:
Pyxy, Pe_qxy € [a,b] for all k =2,...,n and f : [a,b] = R be a W-convez
function.

(i) If the sequence (xk, k=1,...,n) is non-increasing in p-weighted

mean, then we have

(113) (Zpkl‘k> > f p1$€1 + Z Ple'k (Pkfll‘k)).
= k=

(#i) If the sequence (xp, k=1,...,n) is non-decreasing in p-weighted
mean, then we have

(1.14) <2pk$k> < f(px +Z (Pexr) — f (Po—1xk)) -
=1 =2

If the function f is W-concave, then the reversed inequalities hold in (1.13)
and (1.14).

For a W-convex function f, Theorems 1.11 and 1.13 (i) are equivalent.
By making the substitutions Cy, = x and yx —yx—1 = pr (k =1,...,n) condi-
tion (1.10) is equivalent to the condition that the sequence (zy, k = 1, ceyn)
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is non-increasing in p-weighted mean and inequality (1.11) is equivalent to
(1.13).

2. Main Results

In [1], I. A. Baloch, J. Pecari¢ and M. Praljak introduced a new class
of functions K7 (a,b) that extends 3-convex functions and can be interpreted
as functions that are 3-convex at point c¢. They also proved some of the
properties of this new class. In particular, they proved that a function is 3-
convex on an interval if and only if it is 3-convex at every point of the interval.

In this paper we define a class of 3-J-convex functions at a point ¢ € [
denoted by T'§ (I) (a class of 3-J-concave functions at a point ¢ € I denoted
by I'§ (I)) and a class of 3-W-convex functions at a point ¢ € I denoted by
E$ (I) (a class of 3-W-concave functions at a point ¢ € I denoted by Z§ (I)).

DEFINITION 2.1. Let I be an interval in R and ¢ € I. A function f :

I — R is said to be 3-J-convex at a point ¢ (3-J-concave at a point c) if there

exists a constant A such that the function F (z) = f () — $a? is J-concave

(J-convex) on I N (—oo,c| and J-convex (J-concave) on I N [c,00).

DEFINITION 2.2. Let I be an interval in R and c € I. A function f: 1 —
R is said to be 3-W-convex at a point ¢ (3-W-concave at a point c) if there
exists a constant A such that the function G (z) = f (z) — 4% is W-concave
(W-convex) on I N (—o0,c] and W-convex (W-concave) on I N [c,00).

The following theorem is our first main result.

THEOREM 2.3. Let z; € I N(—o0,c] (i=1,...,n) and y; € I N [c,o0)
(j=1,...,m) and let p1,...,pn and wi,...,w,, be rational non-negative
numbers such that Y. pi = Y oo w; = 1. If f € T§ (1) and if

n n 2 m m g
(2.1) Zple - <Zpi$i> = Zwﬂ]? - ijyj )
i=1 i=1 j=1 j=1

then

n

(2.2) Zpif(%') —f <mei> < ijf(yj) —f ijyj 7

while for f € T'S (I), the reverse of (2.2) holds.

PRrROOF. Since f € I'{(I), there exists a constant A such that F (z) =
f(z)— gacQ is J-concave on IN(—o00, ¢] and J-convex on IN[c, 00). By applying
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inequality (1.2) with f and I replaced by —F and I N (—oo, ¢] respectively,

we have
n n
> piF(x) <F (Zpﬂi) ;
i=1 i=1

equivalent to

(2.3) sz ;) (me)S_ sz <§pixi>2

By applying inequality (1.2) with f and I replaced by F and I N [c,00) re-
spectively, we have
2

ijf Y;) Zwyyy 2 9 Z“’jy?* ijyj
j=1 j=1
From (2.3) and (2.4), we have
o n 2
pz () pzxz 4 pit; — piT; <0<
2
i=1 i=1

2

A m m
ijf Ys) ZU’J% Y ijy?* ijyj )
j=1 j=1

which, together with (2.1), yields inequality (2.2). If f € I's (I), the inequali-
ties above are reversed and the second inequality of the theorem follows.

Y

O

REMARK 2.4. From the proof of Theorem 2.3 it is clear that for f € T'§ (1),
the following refinement of inequality (2.2) holds

Z pif (2;) <Z ple>

2

YA 2 o
é szx —(me) =§ Dowiyi = | 2w

HMS
[y

INg
E
&

while for f € T'§ (I), the reversed inequalities hold in (2.5) and we obtain the
refinement of the reverse of (2.2).
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THEOREM 2.5. Let z; € I N (—o0,¢] (i=1,...,2n+1) be such that
Tl > Ty > > Topgr or w1 < 22 < .o < Zopqr and y; € 1IN [e,00)
(j=1,....2m+1) be such that y1 > y2 > ... > Yamy1 07 y1 < Y2 < ... <
Yom+1 with the condition

2n—+1 ) 2m—+1 )
(26) > 0T =)= Y (0 -0

where 7 = 52" (<1)" x; and § = Zf;ﬂfl (1) "'y If f € B5(I), then

2n+1 ] 2n+1 )
YooY )~ f (Z (—1)1_1%)

i=1 i=1

2m+1 ) 2m—+1 i
(2.7) < G RN AN IS Va7
j=1 j=1

while for f € 2 (I) the reverse of (2.7) holds.

PROOF. Since f € E§(I), there exists a constant A such that G (z) =
f(z) — £2? is W-concave on I N (—oo,c] and W-convex on I N [c,00). By
applying inequality (1.3) with f and I replaced by —G and I N (—o0,¢] re-
spectively, we have

2n+1 _ 2n+1

0 > > (-1)7'G@)-G <Z (1)“%-)
=1
2n+1 A 2n+1

= Y VT ) -5 Y e

i=1 i=1

2n+1 . PWEER 4 2
(2.8) —|r <Z (1)’—1%) -5 (Z (1)1—1%)

i=1 i=1
2n+1 ) 2n+1 )
= S )T ) - f (Z (1)11%)
’L:lA 2n+1 -

- > (1) (2 — 7).
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By applying inequality (1.3) with f and I replaced by G and I N [c,00) re-
spectively, we have

2m+1 2m+1
0 < §:<1V1Gwnc<§:<1ylw>
2;7:1 ' A 2m-]-;1
= ggenfvwn—5§;<1wlﬁ
2m41 . A 2m41 , 2
(2.9) P<§j<w1w>5<§j(wlw>]
2m+1 ]7. 2m+1 ]7.
= §:<1V1f@»f<§:(1vlw>
m+1
- Z -9

From (2.8) and (2.9), we have

2n+1 . 2n+1 A n-+ )
Z(—l)l f(l’i)—f<2(— i>—52 -r)" <0<
Z

i=1 i=1

2m+1 , 2m—+1
}:(1v1fwnf<§:<1 )

j=1 j=1

which, together with (2.6), yields inequality (2.7). If f € Z§(I) the inequali-
ties above are reversed and the second inequality of the theorem follows.

0
COROLLARY 2.6. Let n € N and let x = (z1,...,Tont1) € [O,C]2n+1 and
Y= W1, yans1) € [, 2> be monotonic and satisfy
(2.10) T1+ Y1 = ... = Tant1 + Yont1 = 2¢

If f € 25 (1), then (2.7) holds with n =m

PROOF. One can easily see that (2.10) implies y = 2¢ — Z and (2.6) with
m=mn and I = [0,2¢]. O
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REMARK 2.7. From the proof of Theorem 2.5, it is clear that for f € Z§ (I)
the following refinement of inequality (2.7) holds

2n+1 ) 2n+1 )
211) Y (=07 @)~ f (Z (—1>Hxi>

1=1 i=1
A 2n+1 o B A 2m-+1 - B
<o (DT @ -2 =5 > () -9
i=1 j=1
2m—+1 ) 2m—+1 )
< G RN AN BN CS V7
j=1 j=1

while for f € E(I), the reversed inequalities in (2.11) hold.

The results in the next remark weakens the assumption (2.6) of Theorem
2.5.

REMARK 2.8. Let n,m € N and let x = (z1,...,2Z2n41) € [a,]*" ™" and
Yy = (Y1, ¥2mt1) € [c b]QmJrl be monotonic. If f € 2 ([a,b]) and if A is
such that G (z) = f (z) — %xQ is W-concave on [a, ¢] and W-convex on [c, b],

then from the proof of Theorem 2.5 we conclude that inequalities (2.8) and
(2.9) hold and, combined together, they can be rewritten as

A 2m-+1 2n+1
J=1, N2 CaNi=Ll a2
9 Z (-1 (i — ) Z (-1 (z; — )
j=1 =1
2m-+1 ) 2m-+1 )
<SS EDT ) - YD () Ty
j=1 j=1
2n+1 ) 2n+1
(2.12) PSSO IICORY) (Z <—1>Hxi>] :
L i=1 i=1
Therefore, for inequality (2.7) to hold it is enough to assume that
[2m+1 _ 2n+1 _
0<A| D () -9 = > (17 (@i - )
| =1 i=1

For example, this condition is satisfied in the following situation. Since
G is W-concave on [a,c| for © + hy + ha < ¢ and W-convex on [c,b] for
y+h1 + hy < b, hl,hQ > 0, we have

(213) 0 Z AhlAth (l‘) = Ahl Ath (SL') - Ahlhg
and

(214) 0 § AhlAh2G (y) = Ahl Ath (y) — Ahlhg
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respectively.
(1) If Ap,Ap, f (z) >0, then (2.13) implies A > 0 and in addition if

2n+1 ) 2m—+1 )
PN R R D G Vi (7R

then the left hand side of (2.12) is nonnegative, which yields inequality
(2.7).
or

(#) If Ap,Ap,f (y) <0, then from (2.14) we conclude that A < 0 and in
addition if

2n+1 ) 2m—+1 )
> DT @tz 30 (- w9

then (2.7) follows again from the nonnegativity of the left hand side of
(2.12).

If f € Z5([a,b]), then we have reversed inequality in (2.12) and by the same
arguing as above, the reverse of the inequality (2.7) holds.

REMARK 2.9. In fact, we have shown that under the assumptions of
Remark 2.8, the following refinement of inequality (2.7) for f € Z§ ([a,d])
holds

2n+1 ) 2n+1 ) A 2n+1 .
Z (1) f () — f (Z (—1)1_1%‘) < ) Z (1) (z; — 7)?

i=1 i=1 =1
A2m+1 2m+1 2m+1
j— _\2 —1 j—1
DG Ve S D CS VR AN ES B I W C Va7
j=1 j=1 j=1

while the reversed inequalities hold for f € =5 ([a, b]).

REMARK 2.10. We have stated Remarks 2.8 and 2.9 that extend the
results given in Theorem 2.5. Analogous extension hold for all other results
of this section, namely Theorems 2.3, 2.11, 2.12 and 2.14, but we will not
state them explicitly.

The next theorem is a generalization of Theorem 1.8 and its proof, which
is omitted, is analogous to the proof of Theorem 2.5.

THEOREM 2.11. Let xx € I N (—oo,cf (k=1,...,2n+1) and y, €
INje,—o0) (I=1,...,2m+1) satisfy (2.6) and let 2125{1 (-1 la; e

IN(—oo,c] fork=1,...,n andZ?ljll (—1Y 'y, e Inje,00) forl=1,...,m.
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(i) If
2k _
(2.15) Top < Togi1, Z(fl)lf1 ;>0 for k=1,...,n,
i=1
and

21
(2.16) Y21 < Yart1, Z (-1 'y; =0 for 1=1,...,m,
j=1
hold, then reverse of (2.7) is valid for every f € E§(I). Further, if
reverse of the inequalities in (2.15) and (2.16) are valid, then reverse
of (2.7) is also valid for every f € 2§ (I).
(#i) If instead of (2.15) and (2.16),

2%k
(2.17) Top < T2k, Z (-1 'a; <0 for k=1,...,n,
i=1
and
2 _
(2.18) Ya1 < Yait1, Z (~1)"ty; <0, for 1=1,...,m,
i=1

hold, then (2.7) is valid for every f € 25 (I). Further, if reverse of the
inequalities in (2.17) and (2.18) are valid, then (2.7) is also valid for
every f € 2§ (I).

The next theorem is a generalization of Theorem 1.9 and its proof, which
is omitted, is analogous to the proof of Theorem 2.5.

THEOREM 2.12. Let x;,y; € I N (—o0,c] (i=1,...,n) and uj,v; € IN
[c,00) (7=1,...,m) and let ¢, = Zf;ll (x; —y;) for k=2,...,n and d; =

Zé;ll (uj —vj) forl=2,...,m. Also assume that x; + c, € I N (—o0,c] for

all k and wy +d; € IN e, 00) for alll.
(i) If
(2.19) g1 <y for k=1,....n—1; wyy1 <wv forl=1,...,m—1,

(2.20)

k k l 1
inSZyi for k=1,...,n—1; Zujgz:vj forl=1,....m—1,
i=1 i=1 j=1

j=1

(2.21) Somio= >y, Y ui= Y v
i=1 i=1 j=1 j=1
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and

n

(2.22) Z x? —y?) i u f’u
i=1 j=1

then for every f € 2§ (I), the following inequality holds

n

(2.23) SO @) = Fly) =Y (F (wg) = £ (v)

=1 1

3

<.
[

Furthermore, (2.23) holds for every f € 25 (I) if the reversed inequal-
ities in (2.19) and (2.20) hold.

(#4) If (2.19), (2.21) and (2.22) hold and the reverse of the inequalities
n (2.20) hold, then the reversed inequality in (2.23) holds for every
f€Z5(I). Furthermore, the same is true if (2.20), (2.21) and (2.22)
hold and the reversed inequalities in (2.19) hold.

A special case of Theorem 2.12 is given in the following remark.

REMARK 2.13. Let ¢ > a1 > a3 > ... > agp+1 = @, agp > 0
(k=1,...,n), ax + ak41 € [a,c] (k=1,.. 2n)and1etb>b1>b3 . >
bami1 > ¢, by >0 (I=1,...,m), b +bl+1 € c,b] (I=1,...,2m). Then the
sequences

T =a1, T =0agk—2+az—1fork=2,...,n+1,
Yk = agg—1 +agg for k=1,....n, yni1 = a2n41,
up =b1, up=bop_o+by_1fork=2,... m+1,
Vg =bog—1+bay fork=1,....m, vpi1=0bamy1
satisfy conditions (2.19) and (2.20) for kK = 1,...,nand I = 1,...,m and

(2.21) for i = 1,...,n+ 1 and j = 1,...,m + 1. Furthermore, for i =
1,...,n+1and j=1,...,m+ 1 condition (2.22) is equivalent to

2n 2m
Z (71)1 a;Qi41 = Z (71)j bjijrl-
i=1 j=1

If all of these assumptions are satisfied, then for every f € E§ ([a,b]), the
following inequality
flar+a2) + f(az +as) + ...+ f(azn—1 + azn) + f (a2n41)
—(f(a1) + flaz+a3) + ...+ f (a2 + azni1))
< f(by+b2) + f(bs+ba)+ ...+ f (bam—1+ bam) + [ (b2m+1)
— (f(br) + f (b2 +b3) + ...+ f (b2m + bam+1))
holds.
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The next theorem is a generalization of Theorem 1.13 and its proof, which
is omitted, is analogous to the proof of Theorem 2.5.

THEOREM 2.14. Let x, € I N (—o0,c] and pr, (k=1,...,n) be real num-
bers such that xi, > 0 and px > 0 with P, = Zlepi (k=1,...,n) and let
P1%1, Yo peq PhTh, Pr, Poo1xy € I N (—o0,¢] for all k = 2,...,n. Let y, €
IN[e,00) and q; (I =1,...,m) be real numbers such thaty; > 0 and q; > 0 with
Q= 25:1 gi I=1,...,m) and let QIylaZzTL ayr, Quyr, Qi—1yr € I N e, 00)
foralll=2,...,m. Let f € E§(I) and

<Zpkfﬂk> 1=’E1)2 -

wy (P¢ = i)

M=

B
||
N

m
(Z szz) thyz) - Zy? (QzQ - Q1271) ‘
1=2
(2) If the sequences (zr, k=1,...,n) and (y;, L =1,...,m) are non-
increasing in p-weighted and q-weighted mean, respectively, then we

have

f (Zmu) — f(p1z1) Z (Prxg) — f (Pe—12k))
k=1
(2.24) <f <qu) = fayr) Z (Quy) — [ (Qi—1w)) -
=1

3

(it) If the sequences (zp, k = 1,...,n) and (y;, l=1,...,m) are non-
decreasing in p-weighted and q-weighted mean, respectively, then we
have

f <Zqzyz> — flaryn) = Y (F (Qun) = [ (Quaw))
=1 =2

(2.25) </ (Zpkxk) — f(mx1) =Y (f (Peay) = f (Poaz)).
k=1

k=2
If f € 25 (1), then the reversed inequalities hold in (2.24) and (2.25).
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3-Jensen-konveksnost u tocki i 3-Wright-konveksnost u tocki i
povezani rezultati

Sadia Khalid, Josip Pecari¢ i Marjan Praljak

SAZETAK. Uvedene su dvije nove klase konveksnih funkcija u
tocki i izvedeni su neki zanimljivi povezani rezultati.
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