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Abstract  
 

Background: Duality in the microeconomic theory enables us to represent 

consumers’ preferences and production technology with various dual functions 

satisfying certain regularity conditions. Objectives: Since the basis for the application 

of duality in the microeconomic theory is the price taking behaviour, this paper takes 

the challenge of applying principles of duality to a monopolistic case where a single 

producer has an influence on the price which it charges for its product.    

Methods/Approach: The standard approach of deriving the profit function for the 

monopolist from the production function and the defined pseudoproduction 

function is accompanied by an alternative approach in which the starting point is 

the pseudocost function. Starting from the derived profit function, the 

pseudoproduction function and the pseudocost functions  are recovered and a 

version of Hotelling’s lemma is given. Results: The structure of the profit maximization 

problem in a monopolistic case was made similar to the structure of the profit 

maximization problem in the perfectly competitive case and it is shown that all 

starting functions can be recovered back from derived functions. A version of 

Hotelling’s lemma is illustrated, which brings us indirectly from the profit function to 

the supply function. Conclusions: By introducing the pseudoproduction function in 

the profit maximization model of a monopolist, the structure of the problem 

becomes similar to the perfectly competitive case and duality results can be 

applied. The profit function is derived from the pseudoproduction and the 

pseudocost function, and all starting functions are recovered back from the derived 

profit function. 
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Introduction  
Since the introduction of duality in microeconomic theory and acknowledgments of 

its advantages from a theoretical and empirical standpoint, many applications 

followed and are still widespread (Diewert, 1982; Briec, Kerstens, Eeckaut, 2004; 

Kuosmanen, 2003; Taylor, 1989). Duality in microeconomic theory includes derivation 

and recovering of the alternative representations of the consumer preferences and 

the production technology (Blume, 2008; Shepard, 1970).  

 The basis for the application of duality in microeconomic theory is the price taking 

assumption, and the question is how can the principles of duality be applied in the 

case of a monopolistic firm where the single producer has an influence on the price 

which he charges for the product (Appelbaum,1975; Diewert, 1982; Lau, 1978). 

 Goal of the paper is to derive all alternative representations of monopolist’s 

technology and to show how every function can be obtained from the other. To 

accomplish this, we derive the profit function for the monopolist for the given 

demand function starting from the primal production function and defined 

pseudoproduction function and then obtain the same profit function starting from 

the pseudocost function. Furthermore, starting from the derived profit function, we 

show how the pseudoproduction function can be recovered. Finally, to give a 

complete treatment of duality in monopolistic case which represents the scientific 

contribution of the paper, the pseudocost function is derived from the profit 

function. 

 The most important result in duality theory from an empirical standpoint is 

Hotelling's lemma (Mas – Colell, Whinston, Green, 1995), which enables us to obtain 

the supply function and the input demand functions by simple differentiation of the 

profit function satisfying certain regularity conditions. We discuss it in the case of 

monopolist and illustrate a version of it. 

 

From the production function to the profit function 
A monopolist who faces the following inverse demand function (Diewert, 1982)  

                                                     00 xwDp  ,                                                       (1) 

is analysed, where 0p  is the price of the monopolist’s product and 0w  represents 

the influence on demand of “other variables”, for example income, and D is a 

function of 0x  for which  0)( 0

' xD . Therefore, the demand function a monopolist 

faces is negatively sloped. Given the demand function, monopolist chooses price 

and quantity combination to maximise profit. Furthermore, the production function 

)(0 xFx   characterizes the monopolist’s technology, where x  is the vector of inputs 

used in the production of the monopolist’s product whose quantity is represented by

0x . 

 Our goal is to formulate the profit function as a function of input quantities. The 

total revenue function is equal to the product of price and quantity. Price is 

represented as an inverse demand function in (1). So, the total revenue function is 

described by  

 

                                  0 0 ( ) ( ) ( ) ( )p x wD F F wF D F x x x x .                                     (2)             

 

By subtracting input costs from revenue, the profit maximization problem is 

represented as 
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                             max ( ) ( )wF D F 
x

x x wx ,                                           (3) 

where w is the vector of input prices. To assure that the formulated model has a 

solution, it is assumed that sufficient regularity conditions are satisfied (Appelbaum, 

1975; Diewert, 1982; Lau, 1978). 

 Regardless of the market structure in which the producer operates, the first order 

necessary conditions bring us to the equality between the marginal revenue and 

marginal cost. In the perfectly competitive case marginal revenue is equal to the 

product of price, which is a parameter for the firm, and the marginal product which 

is determined by the firm’s technology (Diewert, 1982). In order to represent the first 

order necessary conditions for the monopolist in the similar way and to apply the 

know results from duality theory in microeconomics, we form the pseudoproduction 

function (Diewert, 1982) 

                                                   
w

xp
FDFF o 0* )()()(  xxx   .                                   (4) 

It can be interpreted as a deflated revenue function because it is equal to the total 

revenue divided by the parameter w in the inverse demand function. This parameter 

w will be interpreted as the price of the pseudo product. Therefore, the first order 

necessary conditions for the monopolist’s profit maximization problem reduce to  

                                                          

*( )
,i

i

F
w w i

x


 



x
    .                                           (5) 

The monopolist will hire the levels of inputs for which the marginal revenue of the 

corresponding input,
ix

F
w



 )(*
x

, is equal to its marginal cost, iw . We assume that the 

formulated problem has an interior solution and that the monopolist takes input 

prices as given.  

 The next step includes solving the first order necessary conditions and that leads us 

to the input demand functions, which give us the profit maximizing input quantities. 

To obtain the optimal product quantity of a monopolist, we substitute the derived 

input demand functions in the production function and get the monopolist's supply 

function for the given demand function. Finally, substitution of the derived functions 

in the goal function for the formulated model gives us the monopolist’s profit 

function for the given demand function.  

 Below we illustrate the whole model by starting from the production function 

which characterizes decreasing returns to scale (Mas – Colell, Whinston, Green, 1995; 

Oraić, 2011),   

                                              4

1

2
4

1

1210 ),( xxxxfx  .                                                      (6) 

Demand behaviour is represented by an inverse linear demand function, 

                                                     )( 00 bxawp  .                                                        (7) 

Taking into account the chosen functional forms for the production function and the 

inverse demand function, the pseudoproduction function defined in (4) is 

represented by the following function  
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Therefore, the profit maximization model for the monopolist is 

                                            
1 2

1 1 1 1

4 4 2 2
1 2 1 2 1 1 2 2

.
max ( )
x x

w ax x bx x w x w x   .                                    (9) 

Differentiation of the goal function with respect to the choice variables brings us to 

the following system of equations which represent first order necessary conditions, 

                            

3 1 1 1 3 1 1 1*

4 4 2 2 4 4 4 4
1 2 1 2 1 2 1 2 1

1

1 3 1 1 1 3 1 1*

4 4 2 2 4 4 4 4
1 2 1 2 1 2 1 2 2

2

( )
( ) ( 2 )
4 2 4

( )
( ) ( 2 )
4 2 4

F a b w
w w x x x x x x a bx x w

x

F a b w
w w x x x x x x a bx x w

x

  

  


    




    



x

x
.              (10) 

Solution to the above system of equations gives input demand functions. Below we 

analyse the constraints that are implied by the sufficient second order necessary 

conditions (Lau, 1978). Since the parameter w is positive, requirements for the 

sufficient conditions are: 

 

                   (11) 

 

and 
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From the first order necessary conditions in (10) it follows  
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Dividing both expressions in (10) gets us to  

                                                           
2
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x

x
 .                                                                  (21) 

In other words, the necessary condition for the profit maximization problem implies 

that the marginal rate of technical substitution, which is equal to the ratio of 

marginal products of inputs, 
1

2

2

1

/),(

/),(

x

x

xKLf

xKLf
MRTS 




 , is equal to the ratio of input 

prices, 
2

1

w

w
.  

If we express 2x  as a function of 1x , we get 

                                                         1

2

1
2 x

w

w
x  .                                                                 (22) 

By substituting it in one of (10), we get the following equation  

                                               

1 1
3 1 14 4

1 14 4 2
1 1 1 11 1

4 4
2 2

( 2 )
4
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w w



  ,                                           (23) 

 

whose solution gives the monopolist’s demand function for the first input,  
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2 2 4
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.                                                       (24) 

By inserting it in (22), we get the monopolist’s demand function for the second input, 
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                                               (25) 

 

Getting back to our production function in (6), and inserting the derived input 

demand functions in it, we get the supply function for the monopolist, for the given 

demand function,  
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 .                                                   (26) 

 

Finally, substitution of derived supply and demand functions in the goal function of a 

monopolist gets us to the profit function 
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From the pseudocost function to the profit function 
Our first approach in deriving the supply function and the profit function for the 

monopolist started from the production function. This approach can be called the 

primal approach since the technology is described by primal variables. An 

alternative method for obtaining the monopolist's profit function for the given 

demand function is to start from the cost function, ),( 0 wxc (Shepard, 1970). This 

approach of deriving the monopolist’s profit function can be formulated in the 

following way,  

                 
0 0

0 0 0 0 0 0max ( , ) max ( ) ( , )
x x

p x c x wD x x c x  w w .                                    (28) 

The choice variable is the quantity of production. To be able to represent this dual 

approach as in the perfectly competitive case, the quantity of production, 0x , can 

be expressed as the function of pseudoproduction, y,  )(0 ygx  . Consequently, the 

profit maximization problem reduces to 
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*

max , ( )

max ( , ).
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w

w
                                                           (29) 

The standard cost function is now represented as a function of the pseudo product 

and can be called the pseudocost function, ),(*
wyc . 

 Our goal is to solve the model and get the monopolist’s supply and profit 

functions. By differentiating the goal function with respect to the pseudo product, 

we get the first order necessary condition for the profit maximization problem. It 

includes the following equation which needs to be solved to get us to the 

pseudoproduction function: 

 

                                                   
*( , )c y

w
y






w
.                                                                 (30) 

 

On the left hand side of the upper equation is the parameter w which we 

interpreted as the price of the pseudo product. In equilibrium it has to be equal to 

the derivative of the pseudocost function with respect to the pseudo product. 

Therefore, profit maximization for the given demand function in this model is 

characterized by the equality between the price of the pseudo product and the 

marginal pseudocost.  

 Below we give an illustration of this alternative approach for chosen production 

function in (6). The cost function as a function of production level is the result of the 

model of cost minimization for the given level of production. More on derivation and 

the properties of the cost function can be found in (Mas-Collel, Whinston, Green, 

1995). 
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In our example it is the result of the following optimization model 
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First order necessary conditions imply economic efficiency characterized by the 

equality between the already mentioned marginal rate of technical substitution and 

the input price ratio 
2

1

w

w
. This confirms that the cost minimization is the necessary 

condition for the profit maximization. In our case the equation describing economic 

efficiency is  
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Expressing the quantity of the second input as a function of the quantity of the first 

input brings us to 

                                                  1 1
2

2

w x
x

w
 .                                                                    (34) 

 

The economic interpretation of this curve is that it describes the optimal 

combinations of inputs at each output level as output expands and is called the 

long-run expansion path. By inserting it in the constraint of the model we get the 

conditional demand functions for inputs,  ),,( 0211 xwwx  and ),,( 0212 xwwx . They give us 

the cost minimizing input levels for the given output level,  

 

(35) 

 

and  
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Substitution of input demand function in the goal function gives the cost function                           
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Our goal is to express the cost function in terms of the pseudoproduction function. 

The first step includes relating the pseudoproduction function and the quantity of 

production from the definition of the pseudoproduction function and our chosen 

inverse demand function. The following equation follows:  
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Therefore, they are related by the following quadratic equation 
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from which we express the quantity of production as a function of the pseudo 

product,  
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The next step includes expressing the cost function as a function of the pseudo 

product. The way to do this is to insert the previously derived result in the cost 

function which leads to  
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Therefore, our alternative approach of profit maximization formulated in (29) now 

becomes  
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By differentiating the goal function with respect to y we get the first order necessary 

condition which needs to be solved to get us to the pseudoproduction function 
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The solution of the equation is the pseudoproduction function,       
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1 1

22 2 2
1 2

2
1 1

2 2
1 2

4
,

4
2

ww w bwa
y

w w bw




 
 

 

                                         (46) 

whose substitution in the goal function leads to the same profit function as in the 

primal approach in (27), 
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Hotelling’s lemma 
According to Hotelling’s lemma (Appelbaum, 1975, 1979; Diewert, 1982; Mas-Collel, 

Whinston, Green, 1995) differentiating the profit function of a perfectly competitive, 

price-taking firm with respect to the product price of a firm gives firm’s quantity 

supplied. Similarly, the derivative of the profit function for a monopolist with respect 

to the price of the factors of production is equal to the firm’s optimal quantities of 

production factors. Since the monopolist is not the price taker, the question is how 

can be Hotelling’s lemma applied in this case.  

 Our model assumed that the monopolist behaves competitively in the input 

market and takes input prices as given. Consequently, the derivation of input 

demand function from the profit function looks like in the perfectly competitive case 

and it reduces to differentiation of the profit function with respect to the input prices, 
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and 
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 This procedure is not applicable in deriving the supply function of a monopolist for 

the given demand function since the monopolist is not the price taker. [8] But looking 

at the profit maximizing model in (3), the product price can be replaced with the 

parameter w, and the production function can be replaced with the 

pseudoproduction function. In this case differentiation of the profit function with 

respect to w gives the pseudoproduction function, 
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Returning back to the definition of the pseudoproduction function from (4) and (7) 

the supply function for the given demand function can be obtained by solving the 

following quadratic equation 
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This is the same supply function we' ve already obtained in (26),  
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From the profit function to the pseudoproduction function 
Until now we showed how the profit function for the monopolist can be derived by 

starting from the production and the cost functions. Our goal is to start from the 

derived profit function and to recover both the pseudoproduction function and the 

cost function. In this section the pseudoproduction function will be recovered. 

Definition of the profit function as the maximum profit for every combination of input 
prices, 

1w  and 
2w , and the parameter w, brings us to the following inequality  

 

                              wwwxwxwFDwFwww ,,)()(),,( 21221121  xx .                 (57) 

 

Definition of the pseudoproduction function enables us to rewrite the previous 

inequality as 
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*

21  x ,                        (58) 

 

from which it follows that the pseudoproduction function is the result of the following 

optimization problem 

 

  ),,(:max)( 212211

* wwwxwxwwyyF x .                                                    (59) 

 

By normalizing the price of the pseudo product and dividing all the input prices by w , 

w

w
W

w

w
W 2

2
1

1 ,  , the previous optimization problem reduces to  
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Its solution is the monopolist's pseudoproduction function.  

 Below we illustrate how to recover the pseudoproduction function from the profit 

function. Starting from our derived profit function in (27), the normalized profit 

function1 is 
2

1 2 1 1

2 2
1 2

(1, , )

4(2 )
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W W
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 and the pseudoproduction function can be 

obtained as the solution to the following optimization problem 
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(62) 

The system of equations that expresses the first order necessary conditions follows,  
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1
 The profit function ),,1( 21

w

w

w

w
  is actually the conjugate function to the pseudoproduction function 

)(*
xF  if )(*

xF  is concave (Diewert, 1981). More on the conjugacy approach to duality theory can 

be found in (Lau, 1978). 
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Multiplying quantities of inputs gives 42
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   and 
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  . The product of the corresponding 

input with its price reduces to 

1 1 1 1

4 4 2 2
1 1 1 2 1 2

4 2

a b
W x x x x x   and 

1 1 1 1

4 4 2 2
2 2 1 2 1 2

4 2

a b
W x x x x x  . 

Inserting the given results in the goal function gives  

                            

1 1 1 1 1 1 1 1 1 1

* 4 4 2 2 4 4 4 4 2 2
1 2 1 2 1 2 1 2 1 2( ) 2 2 ,

4 2 2

a b a
F x x x x x x ax x bx x    x                      (64) 

which is the pseudoproduction function we started from.   

 

From the profit function to the pseudocost function 
To give a complete treatment of the duality relationships between various functions 

describing the monopolist’s behaviour, the pseudocost function must be derived 

starting from the profit function of a monopolist. Given the arbitrarily chosen price of 

the pseudo product 
0w , the solution to the problem of profit maximization for the 

given demand function when starting from the pseudocost function of a monopolist 

was pseudo product 
0y and the maximum profit was ).( 0w  To derive the 

optimization problem that gives the pseudocost function starting from the pseudo 

profit function, the following experiment will be made. All the other prices of the 

factors of production will be fixed and the price of the pseudo product is allowed to 

change. If the price of the pseudo product changes, we can look at the profit of the 

active and passive monopolist. Passive monopolist stays at the fixed pseudo product 
0y  and moves along the line  

                                                      )( 00 ycwy  .                                                 (65) 

 

For the active monopolist pseudo product changes at every pseudo product price 

w  and consequently he realizes higher profit. Therefore, the following inequality 

holds   

 

                                                        )()( 00 ycwyw  ,                                                 (66) 

 

which implies 

                                                    )()( 00 wwyyc  .                                                 (67) 

 

When the price of the pseudo product is equal to 
0w , the previous inequality 

becomes equality. It follows that the pseudocost function is the result of the following 

optimization problem  

                                                  )(max)( 0 wwyyc
w

 .                                              (68) 

 

This is the problem of maximizing the difference between revenue and profit where 

the choice variable is w . The first order necessary condition expresses the equality 

between the given pseudo product and marginal pseudo profit and confirms a 

version of Hotelling’s lemma,  
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For the chosen production function in our example this first order necessary condition  

is 
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Solving the upper equation gives us the price of the pseudoproduct. But looking 

at it, it can be concluded that the solution w is already solved in the alternative 

optimization problem in which the choice variable was the pseudoproduction 

function and in which we started from the pseudocost function and derived the 

profit function.  This confirms the known result from the duality theory where the 

solution to the primal optimization problem is submarginal value of the dual function. 

The procedure is given below.   
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which is the result we've already obtained in (43). 

 

Conclusion 
In this paper we applied principles of duality in a monopolistic case where the single 

producer has an influence on the price which he charges for the product. We 

started with the primal approach which includes derivation of the profit function by 

starting from the production function which describes monopolist’s technology. To 

make the structure of the profit maximization problem in monopolistic case similar to 

the structure of the profit maximization problem in the perfectly competitive case, 

the pseudoproduction function is defined. An alternative approach includes 

derivation of the profit function by starting from the cost function and defined 

pseudocost function. The implication of duality in microeconomic theory is that all 

starting functions can be recovered back from derived functions, and the 

pseudoproduction function and the pseudocost function are recovered from the 

profit function.  

The most important result from an empirical point of view is Hotelling’ lemma, whose 

version is given in the article, and which brings us indirectly from the profit function to 

the supply function. The limitation of the result is that the demand function has to be 

known to get us from the pseudoproduction function to the supply function for the 

given demand of a monopolist. Finally, since the basis for the application of duality 

in microeconomics is the optimization hypothesis and since it is in reality not always 

satisfied, the validity of the primal and dual approach in economics can be 

questioned. 
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