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1. Introduction and preparation

Several applications of Bessel functions arise naturally in a wide variety of problems
in applied mathematics, statistics, operational research, theoretical physics and en-
gineering sciences. Bessel functions are series solutions to a second order differential
equation that ascend in many and diverse situations. Bessel’s differential equation
of order v is defined as [26, p. 97, Eq. (3)]:

22w? + bzw + [c2* — V2 + (1 = b)v]w = 0, b,c,v € C. (1)

A particular solution of differential equation (1), denoted by w, p (), is called the
generalized Bessel function of the first kind of order v. In fact, we have the following
familiar series representation for the function w, p .(2):

(—C)m 2\ 2m+v
wu,b,c(z) - Z b1 (_) 5 z e (Cv (2)
mzomll"(l/—i—T—i—m) 2
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where T'(z) stands for the Euler gamma function. The series in (2) permits us to
study the Bessel, the modified Bessel and the spherical Bessel functions in a unified
manner. Each of these particular cases of the function w, 4 4(2) is worthing mention
here. So, for b= c =1 in (2) we obtain the Bessel function of the first kind J,(z) of
order v, defined by [26] (also see [6])

(_1)m 2\ 2m+v
Ju(2) = Z T +m+1) (5) 5 z€C, (3)

m>0

while if b = —¢ =1 in (2), we obtain the modified Bessel function of the first kind
I,,(z) defined by (see [26] and [6])

1 z
L(z) = go m!T(v+m+1) (5

Now, consider the function u, 4 .: C — C, defined by the transformation

)2m+”, zeC. ()

el = 2T (04 252) = (),

By using the Pochhammer (Appell, or shifted factorial) symbol, defined in terms of
the Euler gamma function,

T(a+m)

= ")

=ala+1)---(a+m—1)

and (a)p = 1, for the function u, ;. we obtain the following representation

Upb,c\Z) = TS
=0 v+, m
where v+ HTl #0,—1,-2,---. This function is analytic in C and satisfies the second

order linear differential equation
42%u" (2) + 220 + b+ 1)20/(2) + czu(z) = 0.

We now introduce the function ¢, (2) = z uypc(2) defined in terms of the gener-
alized Bessel function w, ; .(2) (and in a hypergeometric form, too) by

:z+zz(_4 .ZZoFl(—;Ii;—%), k=v+ib+1). (5

Let o/ denote the class of analytic functions f defined in the open unit disk U =
{z:]z] < 1} and let it have the form f(z) = z + >, <, axz". For functions f(z) =
243 50 am2™ and g(2) = 2+, <5 by 2™, the Hadamard product (or convolution)

f* g is defined as usual, by (f *¢)(2) = 2 +>_,, 50 Aambm2™.
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This paper deals with the linear fractional differential operator DY"”, where for
for 0 <~y <1,A>0[3, p. 658, Eq. (1.6)]

DYV f(z) = (DY % DY %% DYV % f)(2)

n

Dy"f(2) = T(2=7)2"D1 f(z) % ga(2), v & No={2,3,---}

z — - 2’2
g)\(Z) = (1(1_72;;2) = Z (1 + /\m)zm+1
m>0
apy Lod [T f()

Using the fractional derivative DY of order a, Owa [15], and later Owa and Srivas-
tava [16] introduced the operator Q: & — &7, which is known as an extension of
fractional derivative and fractional integral, as follows

Q% (2)=T(2—a)z*DYf(z) =z + Z B(m+1,2 - a)a,z", a & Na,
m>2

where B(s, t) stands for the Euler beta function, recalling

In (3], the authors introduced the operator D}'®: &/ — o as follows:

min{R(s), R(¢)} > 0.

DY f(z) =2+ Y B(m+1,2—7)(1+Am—1))"amz". (6)
m>2
When « = 0, we get Al-Oboudi’s differential operator [2], when o« = 0 and A = 1, (6)
covers Salagean’s differential operator [21]; while the special cases D, Dg’o‘ either
n € Ny or A € C mutually coincide with the Owa-Srivastava fractional differential
operator Q% studied in [16].
Now, let the linear fractional differential operator DY\ ¢, 4 & — & viz

DY elz) = 27T (v 24) DY [ (V)]

In the recently growing and developing area of Geometric function theory, general
families of integral operators were introduced and studied [7, 11, 13, 19, 22, 23, 24],
among others

= (s [ ()
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where the functions hy, -, hm; f1,- 5 fm; g € & and the parameters aq, -+, am,
come from the punctured complex plane C\ {0}, while 8,v, A are complex numbers
for which the integrals in (7), (8) and (9) converge. Here, and throughout this article,
all multiple valued functions are taken conventionally with the principle branch.

Two of the most important and widely known univalence criteria for analytic
functions defined in the open unit disk U were obtained by Ahlfors [1] and Becker
[9, 10]. Some extensions of these two univalence criteria were given by Pescar [18]
and Pascu [17]. Bulut [12] obtained sufficient conditions for the univalence of the
integral operator

1

157 (frse s fo) = / ﬂlH( D7 Aitt ) dt ﬁ, (10)

where z € U;n € No, k € N; 8 € C with R(8) > 0 and «j € C,j = 1, k.
Recently, Szdsz and Kupdn [25] investigated the univalence of the normalized
Bessel function of the first kind g, : D — C defined by

0, (2) =2T(w+1)2'"%0, (Vz) =2 +2 ) %%

Families of integral operators of types (7) and (9) which involve the normalized forms
of the generalized Bessel functions of the first kind were investigated in [7, 4, 5] and
[8] to obtain sufficient conditions for integral operators to be univalent in the open
unit disk. Also, Prajapat’s results [20, Theorem 1] were mentioned.

The main objective of this paper is to extend and refine the parametric space
and to give an alternative hypergeometric approach to deriving more sensitive forms
in questions treated in the aforementioned results of [7] and [13] and also in the re-
lated references therein. For this purpose, in Section 2, we prove bi-lateral bounding
inequalities for compositions of the operator Dy'® with the normalized and trans-
formed Bessel function of the first kind ¢, 1 . in terms of generalized hypergeometric
functions. In Section 3, we present univalence criteria for three linear fractional

differential operators (37), (38) and (39).

2. Bounding inequalities

By using the familiar Pochhammer symbol we obtain the following series represen-
tation for D" in the form

1+4+ D1 17
iy {(*)m—”] s A0
D;L”Yf(z): m2>2 (X)m71(2_7)m*1 ' (11)
P e e A=0

For the formulation of the bi-lateral bounding inequality results we recall the defini-
tion of the generalized hypergeometric function with p numerator and ¢ denominator
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parameters, as the series

APREE ,ap

ol

Jo ol 3 ety
m>0

(bl)m' q)m m,

where b; € C\Zg,j = 1,q. The series converges for all z € C if p < ¢. It is divergent
for all z # 0 when p > ¢ + 1, unless at least one numerator parameter is a negative
integer in which case (14) is a polynomial. If p = ¢ 4+ 1, the series converges on
|z =1 when R( Y} b; — > a;) > 0.

For the sake of simplicity, by ((1))™ we tacitly denote a product of n Pochhammer
symbols with the same base parameter p occurring inside ,Fy.

Theorem 1. When v,b € R and c € C are so constrained that k = v + Z’JFTl >0,
then the function 2= 'D\" "¢, c(2): U— C satisfies the inequality

Ly:=2—Ri < |27 DV pup.c(2)| < Ry, (13)
where .
14+ 1y ((2)
Rlzanan[ (T+ )" ((2)

||
k() (2 =7)" Z}’

provided Ry < 1. Moreover, (13) is reduced to the equality for ¢ = 0.

Proof. Firstly, by virtue of representation (11) we obtain:

DY pe(z) = 2 Z

m>0 (

== mbna (DG )y

[a—y
+
3>
S~—
S~—
3
—
—
[\
~—
~—
3

DY 0upe(2)] < |2l2nFon [((
| A Pup, ( )l | |2 2n+1 Iﬁ,((%))
with kK > 0, A > 0 and v < 2. On the other hand, we arrive at

T (L+ 1) (@)
|D>\ Sﬁv,b,c( )| Z | | <2 2nF2n+1|:l€7((%)))7\z’((2_,7))71

Indeed, rewriting

DY pupe(2) —1_ Z (=pm*
z (k)m

m>1

using the classical inequality |z — w| > ||z| — |w||; z,w € C (15) readily follows. The
rest is obvious with o, Fo,41[0] = 1. O
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Despite the elegance of two-sided bounds in (13), we are looking for certain
more practical bounds avoiding the higher transcendental generalized hypergeomet-
ric building blocks. To do this, we have the classical Luke’s article [14] at disposal.
Firstly, let us recall the appropriate rational bound results. Here and in what follows
we use the shorthand notation

maxe 1+
g — Lsisp <i<p 16
min b;’ V= 1+ min b;’ (16)
1<5<p 1<j<p
Assume that b; > a; > 0,7 =1,p and ¢ > 0. Then for all z € (0,1) we have [14, p.

55, Theorem 13, Egs. (4.21), ( 3)]

(1-02)7 < p4iF, [U’“P x}<1—9+91—x) o7
p
1+a€x(1—ﬂ> < piF, [U’ " o]
P oOx
1+o0(1-2 1
<l+4o ( 2>x+2(1—x)‘7+1 (18)

In conjunction with the estimate (13) in Theorem 1 we clearly deduce

Theorem 2. Let k, A be positive, v € (0,2), max{%, 1} + 1 < min{k, )\,2 ~v} and

1
|C|/\ 2] Ttmax{1,A— 1}
— <1—-(— . 19
4k — 1+46 (19)

—1—max{1,A7'}
1§9{< —%) —1}, (20)

1+ max{1,A"!} 2+ max{1,\" 1}
~ min{A\"1,2—~}’ 1+ min{\~1,2 -~}

Moreover, when we replace (19) with the constraint

Then for all z € U we have

| ‘Dz{val&b,c(z)_ —_
z

where

P =

A [ 00N minfziex)  JEeT
4k — 8k — 0(2 — Y)A|c| min{2,1+ A~1} ’
it holds Do
2 R/2/ S ‘ A SDVJ),C(Z) S }3/2/7 (22)
z
where

—2—max{1,A7'}
RY =1+ min{2, 1+A1}|C|A9 (2—w+w(1—|zﬁ> )
K
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Proof. Firstly, to apply Luke’s estimate (17) and more sophisticated one (18) we
have to have an ,41F), generalized hypergeometric function, that is, two Pochham-
mer expressions in the numerator of 2, Fs,41 should be transformed into a power
expression via the obvious (s),, > s™ for a suitable s and m € Ny. Choosing
($)m = A", (2=7)m = (2 — 7)™ for that purpose, we get

ol

[¢[A ,
)@=yt ‘4(2 - 7)} e

Next, by means of Luke’s upper bounds (17) and (18), we infer

—2—max{1,A"*}
1-0+0 (1 - @>
4K

CQ < —2—max{1,A"*}
1—|—min{2,1—|—/\_1}|c|)\9 <2—¢+¢(1—@> )

8k 4x

where Rs stands for the right-hand side bound. The rest is obvious.

Now, considering the lower bound L; in Theorem 1, we see that in this case the
bounds upon Cs again have to be used in estimating zlef\L"ygpyybﬁc(zﬂ from below.
Therefore

>2—Rs.

D?’Y@V,b,C(z)
z

Finally, we have to check the non-negativity of the lower bounds in both two-sided
inequalities. In turn, their non-negativity is controlled by the assumed constraints
(19) and (21) respectively, which completes the proof. O

Remark 1. The proof of Theorem 2 is performed by adapting the onFoni1 hy-
pergeometric function terms into opFop_1 by transforming two of its denominator
Pochhammer expressions into powers.

However, there are another two suitable choices applying the same procedure
mutually either to the couples (K)m, (§)m and (K)m, (2 = ¥)m; or to (§)m, that is,
(2—7)m twice in both cases. By this approach we can derive another eight two-sided
inequalities similar to the ones presented above by (20) and (22). Since the derivation
technique does not change from the exposed one, we leave their development to the

interested reader.

In [14, p. 56 et seq.], Luke studied among others the problem of two-sided inequal-
ities for a , F}, type generalized hypergeometric function where the bounds consist of
polynomials and/or exponential expressions. Now, we recall his appropriate results.
Keeping the meaning of 6 and v from (16) alive, if b; > a; > 0,5 = 1,p, for all
x > 0, we have [14, p. 57, Theorem 16, Eq. (5.6)]

e < By 47 |a] < 1-0(1-e7), (23)
P
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together with the companion estimate [14, p. 57, Theorem 16, Eq. (5.8)]

14 Oze?™ < pr[Z;’ ‘x} <1+0z (1 - % + %em) . (24)

Theorem 3. Let ki, A be positive, v € (0,2). If max{\"1,1} + 1 < min{A\"1,2 —~}
and 6 > (e — 1)71, then for all z € U we have

1 Sﬁ(e%—l), (25)

| ’D;Mb,c(z)
yA

Moreover, if we replace the constraint 6 > (e — 1)~1 with

4k o ap ld
[ 1—= — edk
gl = T2ttt
then there holds
DY pupe(2) 0|c| Y o ld
—A T < — 11—+ Ledn 26
‘ 2 = Uk 2 T ) (26)

where in both bilateral inequalities 0 and ¢ remain the same as in (16).

Proof. The natural choice for transforming one denominator Pochhammer symbol
in the displays (14) is (k)m > k™. By this we achieve

]

|D7)\17’YSDV7b,C(Z)| < |Z|2nF2n [ E(l + %))”7 ((2))71 Il

()" (2=))"

An obvious use of the upper bound (23) implies

} = Cs.

lel

Calz| 1 <1~ 9(1 —em) —: R,

so the upper bound in (25). Following the same steps of the proof of the previous
theorems we deduce the lower bound ‘z_lDf’ch,,)b7c(z)‘ > 2 — R3, whose non-
negativity is ensured by assuming § > (e — 1)~ 1.

The proving procedure of (26) is synthesized from the presented steps and Luke’s
estimate (24). O

Remark 2. Replacing the estimate (k)m > £™ either with ($)m > A™™ or (2 —
Y)m > (2 =)™ in the proof of Theorem 3, we can develop additional four similar
two-sided inequalities close to the ones exposed in (25) and (26).

Theorem 4. If the parameters v,b € R are so constrained that k = v+ Z’JFTl >0 and

A>0,v€(0,2), ceC, then DY " pup.c(2): U— C satisfies the following inequality

D;l"YSDV,b,C(Z)
z

201+ M)l
=TI@ -

(D;W(Pu,b,C(Z))I_

2+ )"
X2nF2n+1[H+17((1+X))n

[
~—
3
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Moreover, we have
max{0,2 — Rs} < |2 (D} "pup.e(2)) | < Rs, (28)

where

o ] (o]

dk | 2—7
%} } (29)

+2n+1F2n+2[2, K+ 17 ((1 4 X))n

Finally, there holds

2 (D;)V@V,b,C(Z))”

/
S An{QnF%H—l[H_'_L( 14+

+A) 50 Fongt {

where

A= [2(21_4—7/\)rﬂ A = [(11(&;321)7)]" . E

2k’
Proof. Firstly, we have

n DYy p.a(2)
Ay = ‘(Dx’w%,b,c(Z))' - A Thett

=12 &)

m>1

n

2m

+
A 2+ )™ )"
= P [ (D) (3 )

With z € U, we obtained the asserted upper bound (27).

IN
|

In order to prove assertion (28) we make use of the series representation

2 (D} pune(2) == (1 + 3

m>1

Splitting the series into a sum writing % = (:; + o we conclude that

" (2+ 5 (@)
<1+ 72nF2n+1 [,i +1,((1 +k1) S (
2

A5, L, (( )
+—"2n+1Font2 {27 k1, (14D

Z (D;Lﬁ@l/,b,C(Z))l

2
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which confirms the upper bound in (28). Similarly, using |1 — z| > |1 — |z|| once
more, we have that |z (DYoo pe(2)) | >2— Rs =: Ls.

It remains to prove statement (30). By direct calculations for all z € U it follows

2 (D™ N =z (m + 1)m (1 t %)m@)m ' (_%)m
‘ (Dk Sﬁv,b,c( )) | = | | WZZl ( )m (%)m@_ﬁ/)m m!
20+ X)1" Jel (2+5)™ ((3)" lc]
= { 24 ] %{2"1?2"“{ +1,((1 +A§))”,((3—7))” Z}
le][3(1 + 2A)]™
8(k+1)[(L+ 1B —)]"
((3+5))" ((4))" lc]
<anFinst o () (- ) ﬂ}'
Thus the proof is completed. O

Similarly to preceding part of the running section, by means of Luke’s bounds
we should evaluate the hypergeometric expressions in the bounds of Theorem 4.

To do this, we choose a sufficient number of denominator Pochhammer expres-
sions and set (s),, > s™ with appropriate choices of s bounding them by either
p+1F) for rational expressions, or ,F), for the exponential power terms.

Namely, without easily handleable bounds, it is highly inconvenient to describe
precisely the parameter space and constraints which give - at least sufficient - con-
ditions to secure the earned results’ validity.

As to the rational simplification of the upper bound (27), we have

Theorem 5. Let v,b € R so constrained that k > 0. Let v € (0,2), A >0 andc € C
and

min{s, A", 2 — 4} > 1 + max{1,\"'} > 0.

Then for all z € U we have

(D?’Y‘Pu,bﬁ(z))/ -z D?”‘Pl’,bm(z)

< min{Rg, Rz}, (32)
where

21+ A" h N\
"2 =" {1“””(1‘4(1“)(3—7)) }

_ A+ N7l M(1 + o)l
Fr = 4K(2 — )™ {1 + 8(1+N)(3B—7) <2 — %

(- qre) ) };

Re =
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while o = 2+ max{1,\"'} and

b= o by = 140
T 1+min{r, A L2-4 ' 24 min{k, AL, 24}
Further, we have
Z (D;lﬁspvbC(Z))/ 1 .
2 -1 < = Rg, R 33
D;lﬁ@v,b,c(z) =1, mln{ 65 7}7 ( )

and Ly is described in Theorem 1.

Proof. Choosingin (31) e.g. s = 14+\~1,2—~ (see also the comments in Remark 3),
we get

AL ((2 %))" ((3)" |c|A _.
Cy < 72nF2n71 {5 +1,((1+ %))n LB =)t ‘4(1 +M(3 - ’7)} =: s,

which is ready to be estimated by (17) in evaluating C,. Bearing in mind the
notations (16), in our present setting equal to 6,11, we conclude

A+ N [, el N

also by (18) we derive a more sophisticated counterpart of this result wviz.

AL A(L+0)le A o
G {”m(*wwl(“m> >}

So bound (32).

Next, considering the right-hand side of (27) we arrive at (33). O

Remark 3. For bound (32) one combines (s)y, > s™ in the denominator concerning
the hypergeometric term in (31), we can additionally choose between the five possible
couples (s1,82) € {(1+A71,2—7), (k+1, 14271, (k+1,3—7), (141" 1+271), (3—
Y5 3- 7)} :

Another four resulting bounds coming from (32) are built similarly to the ones
listed earlier. Moreover, because bound (32) consists of the minimal expression of
Rg, R, and the above presented Pochhammer symbol minimization (8),, > s™ could
be applied separately to both cases, this approach results in exactly 25 different upper
bounds (including (32)), whose derivation is too complex to be presented here.

However, appropriate changes of the constraints defining the parameter space are
necessary, too. By these considerations we ezhaust a whole family of related bounding
inequalities.

The same remark holds for (33).
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To end this section we treat (30) as above. Therefore, obviously

, 31420 1" |
: A”{O” T e w 1)0‘“’}’ &

22 (D;lﬁ@v,b-ﬁ(z))”

where

—~
—
w
_|_
>|=
~
3

Ale] |

Co = anfon1 [ (4 =)t ‘m

Here we achieve the bound Cg by intervention s =2+ A71, 4 —~.
Both C5 and Cg are prepared now for the use of Luke’s rational bounding in-
equalities (17) the use of which results in

[c|A L

and (18), respectively:

M(1+ o)l ER Y L
Cﬁgl—Fm <2—1f)1+1/}1 (1_4(1T)(4—’7)> ) =: Ry. (36)

The upper bound for C5 remains the same as in the proof of Theorem 5; in turn,

the parameters o, 6,1 for Cg, that is, in Rg, Rg become

o’ 140

1/11 = . 1 ’
3+ min{kx, 5,2 — 7}

'=3+max{l,3}; 0= ;
o maX{ )\} 2+m1n{li,%,2—”y}

pointing out that all the parameters involved are positive, in turn ¢ € C. By this we
proved

Theorem 6. Let v,b € R so constrained that k > 0. Lety € (0,3), A >0 andce C
and 0, ¢, < 1. Then for all z € U we have

2 (D;lﬁ@v,b-ﬁ(z))”

< A;{ min{Rg, R7} + [ 31 +2)) )r [ef min{Rs, By} }7

1+M)B—7» 8(k+1)

where o', 6,11 have the same meaning as above and Rsg and Rg are given by (35)
and (36), respectively.

Remark 4. Other choices of the minimization (8),, > s™ in evaluating the de-
nominator Pochhammer symbols in both addends of the right-hand side expression
in (34), namely five couples (s1,82) € {(1+A"153 —7),(k + 1,1+ A7), (k +
L3 =), + X1+ 2 Y,8~7,3—7)} for C5 and five couples (s1,s2) €
{(2"_)‘_174_7)(“"_272"")‘_1)7(54’274_7)7 (2+)‘_172+)‘_1)7 (4_774_’7)} ap-
plicable to the second hypergeometric term Cg form 25 possible bounding inequalities
together with the one reported in Theorem 6.
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We point out that there are further possibilities to build hypergeometric type
bounds for the convolution operators

"

(Df”%,b,c(z))/ - 271D§77@V7b,0(z)? Z (D;LW‘PU,ILC(Z))/ ) 2 (D;\lﬁspmbﬁ(z)) )

either by the Gaussian o Fy minimizing 2n —2 denominator Pochhammer expressions
by virtue of (8)m > ™, and maximizing numerator ones by (8)m < (s +m — 1)™;
by sFy, etc. However, we exposed here an optimal minimal number of modifications
to achieve the sharpest possible bounds.

The adequate exponential type inequalities by Luke (23), (24) were not applied to
differential operators due to the similar conclusions as above.

3. Univalence criteria

In our considerations we need the next two univalence criteria.

Lemma 1 (see [18]). Let n,R(n) > 0 and ¢ € C be such, that |c| < 1,c# —1. If the
function f € o/ satisfies

zf"(2)
nf'(z)

<1

— 3

clz® + (1+ [2[*7)

then the function F, defined by

Fy(2) = (77 /Oz t”lf’(t)dt> v

s in the class % of normalized univalent functions in U.

Lemma 2 (see [17]). If for some f € of there holds

(1 paon) |22

then for all n € C such that Re(n) > R(p) the function F, € 7.

<R(p),  zeU; R(u) >0,

The next result follows by Becker’s univalence criterion [19] and the Schwarz
lemma.

Lemma 3 (see [19]). Let ( € C, R(¢) > 1 and 0 > 1 be so constrained that
20(¢| < 3v/3. When for q € o it is fulfilled |2¢'(2)| < 0,z € U, then the function
Ge: U — C, defined by

2 1/¢
Ge(z) = [c / t“e“(”dt} :
0

belongs to the class .&.
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In the past two decades, several authors have obtained sufficient conditions of
different kind for the univalence of general families of integral operators, see among
others [7, 11, 13, 19, 20, 22, 23, 24] and the references therein. In this paper, we will
focus on the integral operators of types (7), (8), choosing hj = f; = DY ¢y, p.c,j =
1,m; and specifying in (9) g = DY ¢y p,¢, involving by this choice the normalized
forms of generalized Bessel functions of the first kind, that is,

1/n

Y U belt 1/ 1
Hombsssinnl?) = 10 [0 1H[ S ()] dte . (37)
0

. m 1/(mp+1)
T ben(z) = {(mu+ 1)/0 II [D’i’”souj,b,c(t)]”df} (38)
j=1

z 1/¢
Gubec(2) = {C / tc_lew*w“’"’b’c(t)dt} : (39)
0
Theorem 7. Let the parameters vy, -+ ,Vm, b € R and c € C be so constrained that
b+1

nJ—VJ+T>O j=1,m.

Consider the functions D" ¢y, p.c: U — C defined by (5). Also, let R(n) > 0; c €
U; pj € C\{0},7 =1, m be constrained so that

mln{Rﬁ,R7}
cl+ ——m < 40
A+ = T rE o)

Then the function Ho,,....vm biegn,.opmm . U — C belongs to the normalized univalent
functions class ..

Proof. Without loss of generality, we consider Hy, .. v, b.eut,...,um,1- First of all,
we point out that since D)\ u; e € of , that is,

DA SD”JVZ”C( ) = (D;\Z)V(ijvb,C)/(o) —-1=0,
it is obvious that H,, ... v, b.com1,.um,1 € & as well. On the other hand,

m n 1/p;
DYy, b.0(2) ’
H:/lx ,Vm,b,c,ul,...,um,l(z) = H ( :J - :

We thus find
m n !/
ZHN ,,,,, Vm,b,Cy i1y, ,u,m,l(z) — Z i <Z (DA17@Vj,b,C(Z)) _ 1) .

H:’lx ,Vm,b,c,ul,...,um,l(z) j=1 ’uJ D;%’waj’b’c(z)
Now, applying inequality (33) of Theorem 5 to each v;, j = 1, m, we obtain
I
Y 2 (DY v, 0.0(2))

Vi,.. ,l/m,b,c,u1,...,um,l(2) -1

ettt @ | 2 T3] | DA T 0)
o101

<Y —— min{Rs, Rr}.
Z|MJ|Ll
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Finally, by assuming that all z € U we conclude

"

z M z min{ Rs, R Z
C|Z|277 (1 |z|2") 1,...,Vm,b,c,u1,...,um,l( ) < |C| 1n{ 6 7} |
/LJ

H, Ll

Vi,.. Um,b,c,ul,...,um,l( )
which, in view of Lemma 1, implies that H,, ... v b.eir,ecpimm € <7 - O

Remark 5. Discussing constraint qualification (40), we see that |c| > 1 implies

mln{Rﬁ,R7}
A =
Ll Z Iug

which is not possible, with the involved building parameters positive. The only com-
mon sense not mentioned is |¢| = 1. Then we have A = 0, which occurs when
My = Miny<j<m pj — +00, that is,

HPLHOO Hor oo v 0,01, i (2) = 25

this result is the expected one, compare (5) et seq.

Upon setting p1 = ... = ty, = p above in Theorem 7, we immediately arrive at
the following result.

Corollary 1. Let the parameters vi,...,Vm,b,c,n and k;,7 = 1, m be prescribed as
in Theorem 7 and suppose that there holds

mmin{Rg, R7}

|e| +
Ly|nul

<1

Then Hw _____ vm,b,C,((u))m,n('z) c.Z.

Our second result provides sufficient conditions for the integral operator F de-
scribed in (38). The key tools in the proof are Lemma 2 and Theorem 4, that is,
(33) from Theorem 5.

Theorem 8. Let the parameters vi, -+ ,vm, b € R, ¢ € C be so constrained that

b+1
Iijzl/j—l—%>0, Jj=1m.

Also, let R(p) > 0 and
|| Ly
R(p) — mmin{Rg, R7}

Then fyl,,,.,um,b,c,u(z) es.

Proof. Consider the auxiliary function

]:Vlynmevb;C;H(Z) = (mﬂ + 1)71[]:Vl7~~~7Vm;bvcvﬂ(2)]m#+l'
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Remarking that, F,, . be,u € &, that is, that

- Vm,

‘7:1’1,~~~;Vm7b;C;H(O) = ]:1//1 ..... um,b,c,,u(o) -1= 07

el ) e O] BT ol 10/ SCEE0) 1|
R | F pen@) |7 R | DY eu,0.(2)
< %Lil min{Rg, R7} < 1.
Now since .7-'1,1,,,,,1,7“71,,(;#(2) can be rewritten into
B m e u 1/(mp+1)
P = (m+ 1) [ ] (M) at |
0 =1
in view of Lemma 2, these imply that F,, . ... secu € . O

Choosing m = 1 in Theorem 8 we have obtained

Corollary 2. Let the parameters v1,b € R; ¢, u € C,R(u) > 0 satisfy (41). Then
‘FVIJ))C)H € e

Finally, applying Lemma 3 and Theorem 4 we get the following result.

Theorem 9. Let the parameters v,b € R and ¢,( € C be so constrained that 2k =
2v+b+1>0. When R(¢) > 1 and 2max{0,2— R5}|¢| < 3V3, then Gy pec: U— C
defined by (39) belongs to .7 .

Remark 6. Taking n = 0 in previous results, we recover the same results of [13].

Forced by the facts exposed in Remark 5, we see that our parameter space does
not contain ¢ = 1 when the operator H,, ... v, b.cpr,...pmm(2) is in our focus of
interest. Therefore, the results achieved here are not completely comparable to
the results by Baricz and Frasin [7]. Namely, they proved that the general integral
operators Hu, . v 1,11, it (Z)s For o 1,1.u(2), Gu1.1,¢(2) defined by (37), (38)
and (39), respectively, are univalent for all minj<;<m, v; >~ —0.69098.

However, this is not the situation with another integral operators F, G, which
do not suffer from this insufficiency, since then ¢ € C, so ¢ = 1 can also be used.
Further exhaustive comparison analysis will be postponed for some other time.

Finally, we can conclude that a significant extension of parameter spaces for
integral operators H, F,G by our derivation method in establishing hypergeometric
type bilateral inequalities in Theorems 1, 4 and their bounding inequalities given
in Theorems 2, 3, 5 and 6 leaving in mind the appropriate remarks cannot be fully
compared to the earlier results for similar generalized integral operators considered
by Baricz and Frasin [7] and the authors mentioned in our introductory section.
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