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Abstract. This paper presents the necessary optimality conditions of Euler—Lagrange type
for variational problems with natural boundary conditions and problems with holonomic
constraints where the fuzzy fractional derivative is described in the combined Caputo sense.
The new results are illustrated by computing the extremals of two fuzzy variational prob-
lems.
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1. Introduction

Fuzzy calculus of variations extends classical variational calculus by considering
fuzzy variables and their derivatives into variational integrals to be extremized. This
may occur naturally in many problems in physics and mechanics. Although the
notion of fuzzy set is widely spread to various research areas such as linear program-
ming, optimization, differential equations and even fractional differential equations,
very few papers have been written on fuzzy calculus of variations and fuzzy optimal
control [6, 7, 8, 9, 10, 18, 19]. Farhadinia [9] studied necessary optimality condi-
tions for fuzzy variational problems by using the fuzzy differentiability concept due
to Buckley and Feuring [5]. In [8], by using a—differentiability concept Fard and
Zadeh obtained extended fuzzy Euler-Lagrange conditions. Fard et al. [6] presented
fuzzy Euler—Lagrange conditions for fuzzy constrained and unconstrained variational
problems under the generalized Hukuhara differentiability.

Fractional derivatives play an increasing role in mathematics, physics and engi-
neering [12, 13, 17, 21]. The theory of calculus of variations and optimal control
has been extended in order to deal with more general systems containing noninte-
ger order derivatives [1, 14, 20]. The most famous fuzzy fractional derivatives are
Riemann-Liouville and Caputo. Salahshour et al. [22] proposed the concept of
Riemann-Liouville fuzzy fractional differentiability. The Caputo-type fuzzy frac-
tional derivative is based on Hukuhara difference and strongly generalized fuzzy
differentiability was introduced by Mazandarani and Kamyad [16].
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In this paper, we propose a combined Caputo—type fuzzy fractional derivative.
To this end, a direct procedure is adopted to derive such concept which is constructed
based on the combination of strongly generalized differentiability [3] and a combined
Caputo derivative [15]. The combined Caputo derivative operator (CD%'B ) is a convex
combination of the left Caputo fractional derivative of order o and the right Caputo
fractional derivative of order 8. The advantage of the fractional combined Caputo—
type derivative (CDSY‘*ﬁ ) lies in the fact thatby using this derivative we can describe
a more general class of variational problems [15]. It is also worth pointing out that
the fractional derivative (CDS‘Y‘*ﬁ ) allows us to generalize the results presented in [7].

The paper is organized as follows. Section 2 presents some preliminaries needed in
the sequel. The notion of the combined Caputo fuzzy fractional derivative is defined
in Section 3. In Section 4, fuzzy fractional Euler-Lagrange conditions for fractional
variational problems with natural boundary conditions are obtained. In Section
5, we obtain the necessary conditions for optimization problems with holonomic
constraints. Finally, we give a conclusion in Section 6.

2. Preliminaries

This section presents some definitions and basic concepts which will be used in this
paper. By R, we denote the set of all real numbers and by Rz, the space of n-
dimensional fuzzy numbers @(z) : R™ — [0, 1], satisfying the following requirements:

(i) u(z), is normal, i.e. 3xg € R™, for which @(zg) = 1,

(i) a(z), is fuzzy convex, i.e. Vri,22 € R*, A € [0,1], a(Ax1 + (1 — AN)z2) >
min{a(z1), a(x2)},

(ili) suppt(z) = {z € R™a(z) > 0} is the support of the @(x) and its closure
cl(suppt(z)) is compact,

(iv) @(z) is upper semi-continuous.

For 0 < r <1, let [@]" = {z € Rya(z) > r} and [a]° = {x € R;a(x) > 0}. Then, it
is well known that [@]” is a bounded closed interval for any r € [0, 1].

Lemma 1 (see Theorem 1.1 of [11] and Lemma 2.1 of [24]). Ifa" : [0,1] = R and
a" :[0,1] = R satisfy the conditions

(i) a" : [0,1] — R is a bounded nondecreasing function,
(i) @ : [0,1] = R is a bounded nonincreasing function,
(iii) o' <,

(iv) for 0 <k <1,lim,_, - a" =a* and lim,_,,- @ =a*,

(v) lim, o+ a” = a® and lim,_,o+ @ = a°,
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then @ : R — [0, 1], characterized by a(t) = sup{r|a” <t <@}, is a fuzzy number
with [a]” = [a",a"]. The converse is also true: if a(t) = sup{rja” <t <a'} is a
fuzzy number with parametrization given by [a]" = [a”,a"], then functions a” and a@”

satisfy conditions (i)-(v).

Addition @ 4+ ¥ and %@ ® ¢ and scalar multiplication by A are defined as

[ ©?]" = [min{u"v",u" 7", T

for all r € [0,1], where [a]" + [0]" means a usual addition of two intervals (subsets)
of R and A[t]” means the usual product between a scalar and a subset of R. The
metric structure is given by the Hausdorff distance D : Rz x Rz — R4 U {0},
D(i,5) = sup,efo, mae{u” — 7], [17 — 7}

We say that the fuzzy number 4 is triangular if u' = @', u” = u' — (1—7r)(u! —u°)
and u" = u — (1 —7)(@° —u'). The triangular fuzzy number u is generally denoted
by @ =< u°,u', 7’ >. We define the fuzzy zero 0, as

5. — 1 ifz=0,
10 ifz#0.

Definition 1 (see [9]). We say that fuzzy function f : [a,b] — Rz with r-level set

[FO = [iT(),TT()] is continuous at x € |a,b], if crisp functions f"(.) and 70
are continuous functions at x € [a,b] for all r € [0, 1].
Definition 2. Let f : [a,b] — Rz and x € [a,b]. We say that fuzzy function 0O

with r-level set [f(.)]" = /"), F ()] is a fuzzy smooth function if crisp functions

f7(.) and F'(.) are smooth functions (in the usual sense).

Definition 3 (see [3]). Let 4,0 € Rz. If there exists w € Rz such that & = 0 + w,
then W is called the Hukuhara difference (H-difference for short) of 4,0, and it is
denoted by 4 © 0. Note that « © 0 # 4+ (—1)0.

Definition 4 (see [16]). Let f : [a,b] = Rz and xo € (a,b), then:
f() is differentiable at xo, in the first form, if for h > 0 sufficiently near 0, there
exist the H-differences f(xo + ) © f(zo), f(zo)© f(xo — h) and the limits

: L JE(Io—I—h)@fN(Io)i .
f(@o) = hlgg+ h B hlgng

f(z0) © f(xo — h)
h

(1)

or
f() is differentiable at xo, in the second form, if for h > 0 sufficiently near 0,
there exist the H-differences f(xo) © f(zo 4+ h), f(zo —h)© f(xo) and the limits

F(zo) = lim f(zo) & flzo+h) _ . flwo— )?f( o) @

h—0+ (—h) oot (
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Remark 1. Please notice that the subject of switching points of fuzzy-valued func-
tions in order to determine types of strongly generalized differentiability are out of
the scope of this paper and will be studied carefully in the future.

If the fuzzy function f(.) is continuous in the metric D, then its definite integral
exists. Furthermore,

([ i) = [ i ([T = [ 7o

Definition 5 (see [9]). Let a,b € Rz. We write @ < b, ifa” <b" and @ < b for
all r € [0,1]. We also write a < b, if @ = b and there exists an r' € [0,1] so that
o’ <V ora” <b . Moreover, a~bifa=<banda = b, that is, [a]” = [b]" for all
r € [0,1].

We say that a, beR 7 are comparable if either a = bora = b; and noncomparable
otherwise.

Definition 6. Let T is an open subset of R and f T =Rz and xo € T. We say
f(zo) is a locally minimum(mazimum) of f(.) if there exists some € > 0 such that

f(zo) =X (=) f(x) when x € Ne(xo).

Theorem 1 (see [4]). Let f be a real-valued function differentiable on the open
interval I. If f has a local extremum at x € I, then %f(:v) =0.

Lemma 2. Let f : [a,b] — Rz be a fuzzy function. If the local minimum of f() is
attended in the point z* € R, then the local minimum of real-valued crisp functions

T i - . * af” * " *
f7() and f (.) is attended in x* for all v € [0,1]. So we have —o—(z*) = %(:17 ) =0.

Proof. In the neighborhood N, (z*) we have f(z*) < f(x) for all z € N(z*). Using
Definition 5 we get
[r@) < f1(@), T @) < T (x)
for all r € [0,1] and = € N(z*). So f"(2*) and 7' («*) are local minimum of real-
valued functions f"(.) and 7' (.), respectively, for all 7 € [0,1]. We can consider r to
df” df”

be aconstant and by Theorem 1 we arrive at == (z*) = % (z*) = 0. O

3. Fuzzy fractional calculus

Following [23], we denote the space of all continuous fuzzy valued functions on
[a,b] € R by CF[a,b]; the class of fuzzy functions with continuous first derivatives
on [a,b] € R by CFl[a,b]; and the space of all Lebesgue integrable fuzzy valued
functions on the bounded interval [a, b] is indicated by L%[a, b].

Definition 7 (see [2]). Let f € CF[a,b] N L [a,b] be a fuzzy valued function and
a > 0. Then the Riemann—Liouville fractional integral of order o is defined by

0 () = ﬁ / ") — e,

where I'(ev) is the Gamma function and > a.
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Definition 8 (see [2]). Let f € CFla, b N L¥a,b] be a fuzzy valued function. The
fuzzy (left) Riemann—Liowville integral of f(.), based on its r-level representation,
can be expressed as follows:

L3 f(@)]" = [oIg (@), I3 T (@), 0<r <1,

where

1 z —r 1 g
@) = g [ 00T LT @) = s [T e

The definition of the right fuzzy fractional operator . I;* of order a is completely
analogous.

Now we introduce our definition of the fuzzy combined Caputo fractional deriva-
tives of order o, 8 € (0,1) and 7 € [0,1]. The definition is similar to the concept of
the combined Caputo derivative in crisp case and is a direct extension of strongly
generalized differentiability (Bede and Gal [3]) to the fractional context.

Lemma 3 (see [16]). Let f(.) be a crisp continuous function and differentiable in the
independent variable x over the interval of differentiation (integration) [a,b]. Then
the following relations hold for 0 < a < 1,0 < B < 1:

CDYf(x) =a D (f(x) = f(a), D} f(x) =¢ D) (f(z) — f(b))

where, ¢ D, tCDﬁ are the Caputo derivative operators and Dy, th are the Riemann-
Lzoumlle derivative operators which can be defined as follows:

oL [T e I
gsz(m)— 1_‘(17_0[)/; (x—t) Ef(t)dt SDgf(.fC) - F(I—Q)L (t_m) ﬂ% (t)dt7
opp L d [T f(D) fpa) = ——t 4 [ S
a,sz( )_ F(l _a) dl’/a (l’—t)o‘dt’ acDb f( ) 1‘\(1 _B) dl’/z (t—l’)ﬁdt,

Definition 9. Let f € CF[a,b] N L [a,b] and consider ®(.) as follows

5(2) U A (OREY(C) / f®)
(b(x)_V(F(l—a)/a (x —t) dt ] + (1= ra-ps t—:v '
We say that f(a:) s a combined Caputo fuzzy fractional differentiable function of or-

der a, € (0,1) and v € [0,1], at zg € (a,b), if there exists an element CD?Y"Bf(:EO) €
CFla,b] such that for h > 0 sufficiently near zero, either

D(z0 +h) © P(wo)

(a) CDS;"Bf(xO) lim

h—0+

(b) “D2P f(x0) = lim

h—0t

h
D(20) © P(w9 + h)
= lim
—h) P
If the fuzzy valued function f(.) is differentiable as in Definition 9 cases (a), it
is combined Caputo-type differentiable in the first form and denoted by CD::f fO).

If f(.) is differentiable as in Definition 9 case (b), it is the combined Caputo-type
differentiable in the second form and denoted by CDs‘jg f0).
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Theorem 2. Let f € CF[a,b]N L [a,b] with an r-level set [f(.)]" = (), 7 ()] be
a fuzzy function and zo € (a,b). Then

(a) if f() is a combined Caputo fuzzy fractional differentiable function in the first
form, then for a, 8 € (0,1) and v € [0, 1],

(D57 f (o))" = (D7 f (x0), DT (x0)),

(b) if £(.) is a combined Caputo fuzzy fractional differentiable function in the sec-
ond form, then for o, 8 € (0,1) and v € [0, 1],

(D55 o)) = (DG PF (w0), D51 (o),
where

DI 7 (wo) =AD" (o) + (1 = DY " (wo),

DI (w0) = vDIT (o) + (1 = 7)SDYF (o),
. B 1 v oy

D s(a0) = [y [, (=07 0a]

— b -
D f(a0) = [m—_la) [ N%f@dt]

Proof. Let us consider f (.) as a combined Caputo-type fuzzy fractional differen-
tiable function in the first form and x¢ € (a,b), then we have the following:

[@ (w0 + h) © D(x0)]" = [ (w0 + h) — 2" (w0), D (w0 + h) — T (x0)]
[®(z0) © ®(z0 — h)]" = [@"(20) — " (x0 — 1), @ (20) — P (w0 — h)]-

Multiplying both sides by + > 0

=

h - )

3

[fi)(xo—i-h)@(i)(xo)]r B lgT(:vo—i—h) — B (w0) $T(xo+h)—5T(xo)]

h h
[y(m — D" (wg—h) B (wg) =P (x0 - h)]
- .

h

[‘i’(xo) O ®(zo — h)] '
h )

Passing to the limit we obtain:

|: lim (i)(xo) S, (i)(xo - h)‘| '
h—0t h

= [%Di“(f(xo) — f7(@) + (1 =)Dy (f" (x0) — £7(a)),
YaDE(F (z0) = T (@) + (1 = 7)o D) (F (0) — F' (a))| .-
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Using Lemma 3 and Definition 9 leads to
~ —-=r
(D7 f(wo)]” = (DG [ (x0), DFT (x0)].

We proved the theorem for case (a). For the other cases, the proof is similar to the
previous one and hence omitted. O

Note that for crisp function f, “Dy? f(z) =S DP f(x) and DS f(x) =C D2 f(x).
In the discussion to follow, we will also need the following formula for fractional
integrations by parts (see [15]):

b
/“mm%ﬁﬁfqu:vu<>Ila<>mz
(1= [ @)l Py(a /f 2D g(x)dx, (3)

where fo‘,y = (1 - *y)an + 7% Dy
Let N e Nand f= (f1,..., fn) : [a,b] — Rg and «, 8,7 € RV with oy, 3; € (0,1)
and v; € [0,1],4=1,..., N. Then,

DY E(w) = (DG fi(w), ... ODIY Y ().

Throughout the paper we denote by 9; K, i=1,...., M(M € N) the partial deriva-
tive of function K : RM — R with respect to its ith argument.

4. Fuzzy fractional natural boundary conditions

Definition 10 (Admissible curve). We say that y = y(.) is admissible if it satisfies
the end-conditions and has a continuous combined Caputo fuzzy fractional derivative
of order a, 8 € (0,1) and v € [0,1]. We denote the set of all admissible curves by
Xad-

Let us consider the following problem:

b
~\ NJINC a"@NCE T min
ﬂw—LLM%DWﬂDd—* : )

where © € [a,b] is the independent variable; y(z) € Rg is a fuzzy vector variable

and the Lagrange function L is assumed to be of class C*'! on all its arguments. To
develop the necessary conditions for the extremum for (4), assume that y(.) is the
desired function. Let € € R, and define a family of curves y(z) + eh( ), where h(.)
is an arbitrary admissible variation. We do not require h(a) = 0 or h(b) = 0 in the
case when y(a) or y(b), respectively, is free (it is possible that both are free). Let

J(e) = / "I (x,y +¢h,CD2P (y(x) + efl(:v))) d.
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The lower bound and upper bounds of J are
J" () = / b (L [2,5 +en.“D7 (3(2) + eh(a) )| } dx
and

T@= [T [0+ D77 (360) + )]}
respectively, where

[:c,y +¢h, D2 (y(x) + efl(:c))] "= (2, (@) + bl (@), ...,y (2) + ehy (),
Ti(@) + B (2. T () + iy (). DS (4 (2) + i (@) ...

DN (@) + (@) D5 (T5(@) + i (@) - DN (T (@) + P (@)

By Lemma 2, J(e) is extremum at ¢ = 0, therefore necessary conditions for § to be

) . aJ —
an extremizer are given by set d;JE|E:0 =0, % |_=0,

b [N+1
/ lz (aiLT' ﬁ;;l (;v) + a2N+z‘LT'CD$Z:11’BFlﬁ:—1 (:C) )
@ =2

2N+1
+ Z (@'LT'E:—N—l(x) +32N+1LT'CD%I':]]VV:’&FNAE:—N—l(33))} dz =0 (5)
i=N+2

and%62020—>

b [N+1
/ lz (@‘L “hi 1 (z) + OonyiL 'CD%"f’ﬁ“ﬁ?—l(fv)>

a [i=2

2N+1
+ > (8ifr.h:7N71(I) +32N+ifr'cD$Zi§if’ﬁ“N’lh:fol(I))} de =0. (6)

i=N+2

For the moment, we consider only equation (5). Using (3) for integration by
parts, we get
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b N+1
/ { <Z o;L" + Dfi’)'liﬂlil(?ZNJriLT) b4 ()
a i—2

2N+1 _
+ ( Z o;L" +Dfi_}1i’,affla2N+iLT> 'h:—N—l(x)} dx
i=N+2

N+1 2N+1
+7 <Z hi_1(x) (mfblailazNHLr)) =+ ( Z hi_n_1(x)
i=2

i=N+2

N+1
(ol o) ) i~ (=) (Z hyy (x) - (aI;-B“aWy)) 2=
=2

ON+1
—(1=7)- ( D hiyoale)- (ali_ﬂilazNHLT)) r=b=0. (7)

i=N+2

Let y(a) = y* and y(b) = y°. Since hl(a) = E:(a) = hi(b) = E:(b) = 0, for
1 =1,...,N, and by the fundamental lemma of the calculus of variations we deduce
that

(@E + DﬂH’“HazNMy) (2,5, DIP (3(z)] =0, i=2,...,2N+1, (8)

1—7i—1

for all z € [a, b]. Following the scheme of obtaining (8) and adapting it to the case
under consideration involving (6), one can show that

b N+1
/ {(Z 0T +DY oo T ) -y ()
a =2

aN+1 N
+ ( Z oL +Dfi_7ylift1i7152N+iLr) 'h:—Nfl(x)} dx
i=N+2

N+1 2N+1
T l—aj— -7 r= -
(S (o) )iz (3 Ry
i=2 i=N+2
N+41

: (zlgiaFlazNHfr)) = —(1—7)- <Z hi_q () - (afiﬁilazNHfr)) v=t
i=2

AN+1 B
—(1=)- ( Z hi_n_1(2) - (mI;_ailazN-HLT)) |2z =0 9)

i=N+2

and

(&-f + Dﬂffl’“iflagNHL’”) (2.5, DIP (3(z))] =0, i=2,...2N+1. (10)

1=7i-a

Let I € {1,...,N}. Assume that y(a) = 3%, 7:(b) = §°,i = 1,..., N,i # 1, but §;(b)
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is free. Then, hy(b) is free and by equations (7) and (9) we obtain

[(W oy M Oontial” = (1=7) oly P Oon i1 L") [2,y, “DSP (Y(CE))}T} le=b = 0,
[(7 ody 0N L = (L—7) oLy P Osnqia L) [, 5, DS (5’(1’))}? le=p = 0,
(7 el Oavia T = (1 =7) uL PO ia D) [o,5, D7 (3] ] Lo = 0,
[(7 ody 0N L — (1= 9) o2 POsn 141 L ) [z,y, D3P (S’(CC))}T] lz=b = 0,

(.3, DL @) = (@ @)y (0, T @), T @)D (1)
LD (g, (@) DS @ @) CDNN (@)

Now we are in a position to state the necessary conditions for a relative (local)
minimum of problem (4) as follows:

Theorem 3. Let § = (§1,...,9n) be a local minimizer to problem (4). Then, Y
satisfies the following system of fractional Euler—Lagrange equations:

(L7 + DY o il ) [0, 5 D (3@))]" =0, i =2, 2N +1, "
(81-IT+D§’:;T“;*182N+ET) 2,9, DI (Ylx)]" =0, i=2,.2N+1.

Moreover, letl € {1,..., N} and y(a) = ¥*,9:(b) = §°,i = 1,..., N,i # 1, but g (b) is
free. Then

|

(v o1y OensiL” — (L= 7) oL} P Oonyia L") [z, 9, D7 (y(x))] } le=b = 0,
{(7 N i1l — (1= 7) ol P Osniia L") [, §, DI (?NJ(ZU))}T} lz=b = 0,
[(7 I, 0Nl — (1 =7) old P Oonyia L ) , D37 (@(I))JT} la=b = 0,
[(’Y oLy 0N L = (L= 7) oIt P 0384141 L ) x,y, DP (@(l’mr} le=p = 0,

for all x € [a,b].
Example 1. Find the extremal of the following problem:
J(@) = /12 2 (DPg(x))” + (D27 ji(w)) dw —> min, (12)

where (1) =< =1,0,1 > and §(2) is free.

Solution. According to the strongly generalized fuzzy combined Caputo differ-

entiability of ¢ and the product of two fuzzy numbers, the following four cases may
occur:
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Case (1): First, we suppose that § is a combined Caputo differentiable function
in the first form of Definition 9 and

0 <D (y(x)) <1, 0<DYP (7" (x)) <1 (0=°DYP (j(x)) = 1)

DI (@) < -1, DI F @) <-1 (DI () =-1)

for all 7 € [0,1] and = € [1,2]. Then the rlevel set of .J is:
2
21" a,B (=T 2 o r
0] =] [ (D32 )’ +05 (@)
2
« T 2 « =T
/1 22 (CDW’/B (y"(2))) +CD7’[3 @" (z))dz| .

Case (2): If § is a combined Caputo differentiable function in the first form of
Definition 9 and
—1<9DSP (y (2)) <0, —1<9DYP (7 (2)) <0 (=1=2D7 (5(x)) 2 0)

D @) 21, DY @) =1 (DI () = 1)

for all » € [0,1] and z € [1,2], then the rlevel set of .J is:

[j(g)y = [/2 22 (Cpg‘ﬂ (gr(az)))2 +CD375 (y" (x)) da |

1
2
| (@057 @ @) +°D5" (7 (o) o
1
Case (3): If g is a combined Caputo differentiable function in the second form of
Definition 9 and
0<“DY7 (y'(x)) <1, 0<TDFP (T (x) <1 (0=2°DS7 (4(x)) < 1)

DL (y (x)) < =1, DLP @ () < =1 (D37 (§(x)) = 1)

for all 7 € [0,1] and = € [1,2], then the rlevel set of .J is:
2
731" « T 2 « —r
@) =] [ 2 @037 (¢ @)+ )

2
/1 x> (CDg”8 @T(aj)))z —|—CD?;’B (gr(x)) dz| .

Case (4): If g is a combined Caputo differentiable function in the second form of
Definition 9 and

~1<D5 (y'(2) <0, -1<9DYP(F"(2) <0 (-1=9D37 (j(a)) < 0)
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D @) 21 DY @) 21 (D () = 1)

for all » € [0,1] and z € [1,2], then the rlevel set of .J is:
~ T 2 2
@] = | [ ) +ops? i ar.
2
@ ‘s 2 [e3 ‘s
[ 2 037 (@) 49057 (4 ) ]

From fuzzy Euler—Lagrange conditions and natural boundary conditions for cases
(2), (4) we get the following equations

DY (1+22° D57 (3 (@) =0,

pPe (1 + 227 .CD2P (yr(x))) -0,

[ o= (14222 D37 (57 (2)) — ( o127 (14222 D7 (y (2))) ] o=z =0,
[’y N (1 +22° °DF (7 (x ))) (1—7) oI (1 +222 D2 (7 (2 )))] )
(13)

Note that it is difficult to solve the above fractional equations to get the extremals.
For0 < a<1,0< 8 <1and0 <+ <1, anumerical method should be used. When
a — 1 and v — 1, problem (12) reduces to

2 . .
J(g) = /1 y(x) + 225%(z)dr — min, (14)

where 7(1) =< —1,0,1 > and §(2) is free.
The extremals for (14) are obtained from (13) and the initial conditions, consid-
ering « — 1 and v — 1:
22"+ 22" =0,
22y + 2zy" =0,
(1+22%)" = 0) |p=2,
(14265 = 0)locs

(15)

By solving equations (15) we have

W= Ar—5 T@ =g -ty

T)=—+r— T)=——1r+=

Y 2 2 Y 2 2

One can easily show that y"(x) and 7" (z) satisfy Lemma 1. This solution is shown
in Figure 1, where the solid lines are y'(z) = 7' (); the dashed lines are 7°(x); the
doted lines are y°(z).
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0.5

y(x)

15 . . . .
1 1.2 14 16 1.8 2
X

Figure 1: Fuzzy extremals for fuzzy variational problem (14) in Example 1

5. Fuzzy fractional variational problem with holonomic con-
straints

In this section, we consider the following problem,

b
J(¥) = / i(I,S’,CDf?’BSI(x))dx — min,

. ~ e 1
Gj(z,y(x)) =0, j=1,....,m, m<n, (16)
y(a) =3, §(b)=3"
where y(z) € RY and L,G;, j=1,...,m, are smooth functions and the equations

are independent, i.e., one of the Jacobians of order 2m is different from zero, for

instance
T

D(_Q,...,Q;,GI,...,G

m

) 4o
D (gguag:nayi‘aay:n)

As will be seen in the next theorem, we will show the necessary conditions for the
extremal of problem (16).

Theorem 4. A function y which is a solution to problem (16) satisfies, for suitably
chosen functions A;, pj, j = 1,...,m, the following system of fractional Euler—
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Lagrange equations

(81FT D?Z ’Yl)a; 182N+’L'ET) [.I, ii/v CD375 (@(I))]T = 05 1= 25 AR 2N + 17

(&-F’“ + Dfi*;;f“:*awﬂ?r) (2,9, DLP (y(x))]" =0, i=2,...,2N+1,

for all x € [a, b], where
E 2,5, DYP ()] =L [, 5, D5* (9(x))]

+Z/\ Gr(xyl,._.,ggv,yq,...,yyv),
F' [z, 9, D? (y(x)] =L [x, ¥, D (y(x))]"
=1

Proof. Suppose that § = (¢1,...,9n) is the solution to problem (16) and define a
family of curves y + ¢h, where h = (le, .. h ~) is an arbitrary admissible variation,
i.e., hi(a) = hy(b) =0, i=1,...,N, andG (F+eh) =0, j=1,...,m, where e € R
is a small parameter. Under these assumptions, the functionals l " and J become
simple functions of the parameter € and are extremized at ¢ = 0. It follows that

d d —r

—J" =0, —J (€)|e=o=0.
dE ( )l ) dE (€)| 0
that is,
N+1 N+1
/ 2 OLT By @) + 3 Oyl D (0)
i=2
2N+1 2N+1
T Z OL" - Py ( Z Oon il DSy (x )] dr =0
i=N+2 i=N+2
(17)
and
N+1 N+1 IN+1
/ [ZaL hi_y(x) + Y Oangil ODYEPP R (@) + Y 0L
=2 i=N+2 (18)
2N+1 .
l N— 1 Z 82N+1L 'CD’?iillﬁilhi—N—l(I>‘| =0
i=N-+2
and for j=1,...,m,
N+1 2N+1 .
Z‘?GT Fa@)+ Y 0GRy (2) =0, (19)
i=N-+2
N+1 2N+1
Zaa by (@) + Y 0GRy (x) =0. (20)

1=N-+2
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Multiplying the jth equation of systems (19) and (20) by unspecified functions A;(.)
and p;(.), respectively, for all j = 1,...,m, integrating with respect to x, and adding
the left-hand sides to the integrand of (17) and (18), by considering (17) and (19)

we obtain

b N+1 N+1
JAD> aLwZA 0. | B1(2) + Y GoiaL - (DS ()
1=2
2N+1 _
+ > aL’“+ZA )8:GY | By ()
i=N+2
2N+1
+ Z OoN+iLl" (CDO” NP o (x ))}dI—O-
i=N-+2
Integrating by parts,
b N+1
/ ST oL+ Dy Oy LT +Z)\ )G b by (x)
a - j=1
2N+1 _
+8 N oL+ DY gy L +Z)\ )9G5 8 iy ()| dz = 0.
1=N-+2 j=1

Or, if we introduce the notation F" in Theorem 4 we get

b [N+1
/ S {OE + DI o o Y B ()
@ Li=2
2N+1 (21)
+ ) {8 F"+ D} 1’0‘“152N+z£} EZ—N—l(fﬂ)] dr = 0.
i=N+2

Following the scheme of obtaining (21) and adapting it to the case under consid-
eration involving (18) and (20), we have

b [N+1
@ [ =2
AN+ B (22)
+ 3 {aF + Dy 132N+f} thl(x)] dz = 0.
i=N-+2

Because of (19) and (20), we cannot regard 2N functions hj(.),...,hN(.) and
R5(), ..., hx(.) as free for an arbitrary choice. There is a subset of 2m of these func-
tions Whose assignment is restricted by the assignment of the remalnlng 2N —2M.
We can assume, without loss of generality, that A%(.),... A" () and B} (.), ..., ()

are the functions of the set whose dependence upon the choice of the arbitrary
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hyiqs-- -, hy and E;H(.), ..., hix(.) is governed by (19) and (20). We now as-

sign the functions A1(.),..., An(.) and pi(.),..

R,k
and p1(.), ..., pm(.) are chosen so as to satisfy

(@ET + DBFI’QFI%NHET) [z,y¥,

1=vi—1
(81FT + fo’;ftfilaQNJriFT) [‘Tv Yy,
(0" + DY o i E7) [,

(&FT + DBi*l’aiflazNJriFT) [z,¥,

1—7i—1

for all z € [a,b]. With this choice, (21) and (22) give

s tm(.) to be the set of 2m func-
tions that make (for all x between a and b) the coefficients of h7(.),...

B () and

,ho () in the integrand of (21) and (22) vanish. That is, Ay (.), ..., Am(.)

1=2,....,m+1,
t=2,....,m-+1,
i=N+2,...,N+m+1,

i=N+2,...,N+m+1,

b [ N+l
[ S forepi o hie
@ li=m+2
2N+1
+ Z {azET + Dfiiyliixfflagjv+i£} E:_N_1($)‘| dr =0
i=N+m-+2
and
b [ N+1
@ Li=m+2
2N+1
+ Z {8ZFT + Df:f,;féliflagNJriF} E:Nl(a:)] dxr = 0.
i=N-+m+2
Since the functions by, 1(.),..., Ay (.) and E;H(.), ..., hy(.) are arbitrary, we may

employ the fundamental lemma of the calculus of variations to conclude that

(07 + DY o) 2.5, D7 (3(2))]” =0,
(0F + D 0 i) [, DG (3(2))]” =0,
(0:F" + DI Oy i BT ) [, DY (3(2))]” =0,
(0F + DY i) 9. D3 (3] =0,

for all = € [a, b].

i=m+2,...,N+1,
i=m4+2,... N+1,
i=N+m+2,...,2N+1,

i=N+m+2,...,2N+1,

O
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Example 2. Find the extremal of the following problem

1
J(7) */ (CD$ 51&1(33))24- (“D2Pja(x))” + 1dz — min
0
i+ 720 (22%) =0,
91(0) = §2(0) = 0,
(1) =<1,2,3 >,
gQ(l) =< _15071 >,

where 2 =< 0,2,4 > .

Solution. For the sake of avoiding the argument described in Example 1, here
we only focus on the following case. From the definition of F" and F' " in Theorem
4, suppose that

2 2
F = (D2ty; (@) + (DePyyn) + 14+ A (g + 95— 200%)
=" a,B=r 2 a,B=r 2 —r | —r
F = (DYg1 ()" + (DLPg5(x))” + 1+ p (75 + 75 + (2r — 4)27) .

By considering fuzzy Euler-Lagrange conditions in Theorem 4, we get the following
equations

By (x

Dﬂ a ( CDa ( ) -0,
A+ D (2D Py () =0,
+ (x) (23)
+ D% (29D (2)) =0,
p+ DY (2D Py (x)) = 0.
Similarly to Example 1, it is difficult to solve the above fractional equations, for
0<a<1l,0<p<1,0<v<1and in that case, a numerical method should be
used. When «,y tend to one, however, one has the following problem:

1
J(9) :z/ 72 4 2 + 1dz —> min,
0

g1+ 720 (2.2%) =0,

- 24
1(0) = 72(0) =D, 2y
n(1) =<1,2,3 >,
72(1) =< =1,0,1 >,

where 2 =< 0,2,4 > .
It follows from (23) that

..Tié r M
£1_25 y1_25
..Tié =r M
£2_25 y2_25
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¥,0
&
¥,

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 2: Fuzzy extremals for fuzzy variational problem (24) in Example 2

which have general solutions

A
g; =222+ 1z + eo, Y= %x2 +c3x+ca

4
and
T*ix2+da:+d _T*sz—l—d:z:—l—d
¥ =7 1 2 Y277 3 4
where ¢, and djy are constants for K = 1,...,4. From the initial conditions and the

subsequent conditions
Yty —2rz? =0, T +75+ (2r —4)2* =0,

we find

A:4T, ILL:8—4T, 61263:1, 02:d2:C4:d4:O, d1:d3:—1.
Thus, the required extremizing functions are

yIzer—i—x, 7=02-ra’tz

and

yy =2’ —x, gh = (2 —r)2” — .

One can check that the conditions of Lemma 1 are satisfied, so g1 (z) and g2(x) are
fuzzy functions in [0,1]. This solution is shown in Figure 2, where the solid lines are
g} (r) = yi(x) and Qé(m) = 74 (x); the dashed lines are {(x) and 73(x); the doted
lines are y) () and yj(x).

6. Conclusion

We established fuzzy fractional Euler-Lagrange equations to variational problems
with natural boundary conditions, and problems with holonomic constraints. The
main features of our optimality conditions were summarized and highlighted with
two illustrative examples. The fuzzy fractional optimality conditions are in general
difficult to solve and, as future work, we intend to develop numerical methods to
address the issue.
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