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DUAL FRAMES COMPENSATING FOR ERASURES
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ABSTRACT. We discuss the problem of recovering signal from frame
coefficients with erasures. Such problems arise naturally from applications
where some of the coefficients could be corrupted or erased during the data
transmission. Provided that the erasure set satisfies the minimal redun-
dancy condition, we construct a suitable synthesizing dual frame which
enables us to perfectly reconstruct the original signal without recovering
the lost coefficients. Such dual frames which compensate for erasures are
described from various viewpoints.

1. INTRODUCTION

Frames are often used in process of encoding and decoding signals. It
is the redundancy property of frames that makes them robust to erasures
and corrupted data. A number of articles have been written on methods for
reconstruction from frame coefficients with erasures and related problems.

Recall that a sequence ()52 in a Hilbert space H is a frame for H if
there exist positive constants A and B, that are called frame bounds, such
that

[eS)
(1.1) Allz]* <) Kz, z0)* < Blla|®, Ve H.
n=1

If A = B we say that a frame is tight and, in particular, if A = B = 1 so that

(1.2) Y la ) = |lal*, VaeH,
n=1

we say that (x,)%2 is a Parseval frame. A sequence ()%, in H is a Bessel

sequence if it satisfies the second inequality in (1.1).
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For each Bessel sequence (z,)52; in H one defines the analysis oper-
ator U : H — (> by Ur = ((z,2,))n, v € H. Tt is evident that U is
bounded. Its adjoint operator U*, which is called the synthesis operator,
is given by U*((¢n)n) = Dopey Cn@n, (cn)n € 2. Moreover, if (z,)52; is a
frame, the analysis operator U is also bounded from below, the synthesis op-
erator U* is a surjection and the product U*U (sometimes called the frame
operator) is an invertible operator on H. It turns out that the sequence
(yn = (U*U)"1x,)22, is also a frame for H that is called the canonical dual

frame and satisfies the reconstruction formula
o0

(1.3) x = Z(x,xn)yn, Vo € H.

n=1
In general, the canonical dual is not the only frame for H which provides us
with the reconstruction in terms of the frame coefficients (x, z,). Any frame
(v)22, for H that satisfies

o0
(1.4) Z T, Tn)Vp, Vr€H

is called a dual frame for (x,)52 4.

In the present paper we work with infinite frames for infinite-dimensional
separable Hilbert spaces and our frames will be denoted as (zn)n, (Yn)n,
etc. Accordingly, by writing >0 | caZn, D ey Cnln, - .. With (cp)n € €2, we
indicate that the corresponding summations consist of infinitely many terms.
However, all the results that follow (including the proofs) are valid for finite
frames in finite-dimensional spaces.

Frames were first introduced by Duffin and Schaeffer in [7]. The readers
are referred to some standard references, e.g. [5,6,9,12] for more information
about frame theory and their applications.

In applications, we first compute the frame coefficients (x, z,) of a signal
x (analyzing or encoding x) and then apply (1.3) or (1.4) to reconstruct (syn-
thesizing or decoding) x using a suitable dual frame. During the processing
the frame coefficients or data transmission some of the coefficients could get
lost. Thus, a natural question arises: how to reconstruct the original signal
in a best possible way with erasure-corrupted frame coefficients? Recently
many researchers have been working on different approaches to this and re-
lated problems. In particular, we refer the readers to [2—4,8,10,11,13-15] and
references therein.

It turns out that the perfect reconstruction is possible as long as erased co-
efficients are indexed by a set that satisfies the minimal redundancy condition
([13]; see Definition 2.1 below). Most approaches assume a pre-specified dual
frame and hence aim to recover the missing coefficients using the non-erased
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ones. Alternatively, one may try to find an alternate dual frame, depending
on the set of erased coefficients, in order to compensate for errors.

Here we use this second approach. Assuming that the set of indices F
for which the coefficients (z,z,), n € E, are erased is finite and satisfies the
minimal redundancy condition, we construct a frame (vy,),, dual to (z,,), such
that

(1.5) v, =0, VnekE.

Obviously, such an ” E¢-supported” frame (v,,), (with E¢ denoting the com-
plement of E in the index set), enables the perfect reconstruction using (1.4)
without knowing or recovering the lost coefficients (z,z,), n € E. Such dual
frames are the central object of our study in the present article.

In Section 2 we construct, for each finite set E satisfying the minimal
redundancy condition, a dual frame with property (1.5). The construction
is enabled by a parametrization of dual frames by oblique projections to the
range of the analysis operator that is obtained in [1]. Moreover, Theorem 2.5
provides a concrete procedure for computing the elements of such a dual frame
in terms of the canonical dual. It turns out that the computation boils down
to solving certain system of linear equations. Our discussion also includes
several characterizations of finite sets which satisfy the minimal redundancy
condition (see Proposition 2.4, Proposition 2.8 and Lemma 2.13).

In Theorem 2.12 we provide another description of the dual frame con-
structed in Theorem 2.5. Then we introduce in Theorem 2.14 a finite iterative
algorithm for computing the elements of the constructed dual frame. Finally,
in our Theorem 2.15 we improve a result from [13] which provides us with an
alternative technique for obtaining our dual.

At the end of this introductory section we establish the rest of our nota-
tion. The linear span of a set X will be denoted by span X, and its closure
by span X. The set of all bounded operators on a Hilbert space H is denoted
by B(H) (or B(H, K) if two different spaces are involved). For =,y € H we
denote by 6, , a rank one operator on H defined by 6, ,(v) = (v,y)z, v € H.
The null-space and the range of a bounded operator T will be denoted by N(T)
and R(T), respectively. By X +Y we denote a direct sum of (sub)spaces X
and Y. Finally, we denote by (e,), the canonical basis in £2.

2. RESULTS

We begin with the definition of the minimal redundancy condition as
formulated in [13].

DEFINITION 2.1. Let (z,,)n be a frame for a Hilbert space H. We say that
a finite set of indices E satisfies the minimal redundancy condition for (x,)n
if span{x, :n € E°} = H.
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REMARK 2.2. If a finite set F satisfies the minimal redundancy condition
for a frame (z,), for H it is a non-trivial fact, though relatively easy to
prove, that the reduced sequence (z,)ncge is still a frame for H. In fact,
if H is finite-dimensional, there is nothing to prove since in this situation
frames are just spanning sets. We refer the reader to [13] for a proof in the
infinite-dimensional case.

We also note: if F satisfies the minimal redundancy condition for a frame
(zn)n with the analysis operator U, then E has the same property for all
frames of the form (Txy), where T € B(H) is a surjection. In particular,
this applies to the canonical dual (y,)n,yn = (U*U) 1z,, n € N, and to the
associated Parseval frame ((U*U) "2z, ).

REMARK 2.3. Suppose that (z,), is a frame for H for which a finite set
E satisfies the minimal redundancy condition. Then, clearly, there exists a
frame (v,,), for H dual to (x, ), such that v,, = 0 for all n € E. Indeed, since
(Tn)nege is a frame for H (as noted in the preceding Remark 2.2), by taking
an arbitrary dual frame (v, )nege of (n)nere and putting v, = 0 for n € E,
we get a dual frame (vy,), of (z,), with the desired property.

However, from the application point of view this is not enough; what we
really need is a concrete construction of such a dual (vy,)s,.

We start with some alternative descriptions of the minimal redundancy
condition. Note that the equivalence (a)<(d) in our Proposition 2.4 below is
proved in Lemma 2.3 from [10] for finite frames using a different technique.

We first need some additional notation.

Consider an arbitrary frame (., ), for H with the analysis operator U and
a finite set of indices E = {ni,ns,...,ni}. Obviously, sequences (z,)ncr-
and (2,)necr are Bessel. Denote the corresponding analysis operators by
Uge and Ug, respectively. Notice that (z,)ncp is finite, so Ug takes values
in C*. It is evident that the corresponding frame operators are given by
UpUpex =), cpe{®, ®n)tp, UpUpx = ) p{x,0)T,, v € H, and hence
(2.1) UpUge =UU —UpUg.

Further, if (y,)n is the canonical dual of (), its analysis operator V
is of the form V = U(U*U)~!. The analysis operators of Bessel sequences
(Yn)nere and (yn)ner will be denoted by Vge and Vg, respectively. Observe
that Vge = Uge(U*U)™! and Vg = Ug(U*U)~!. Since V*U = I, we obtain
(in the same way as (2.1))

(2.2) ViUpe = I — ViUg.

PROPOSITION 2.4. Let (xy,), be a frame for a Hilbert space H with the
analysis operator U and the canonical dual (yn)n. Let E = {n1,na,...,nk},
k € N, be a finite set of indices. The following statements are equivalent:

(a) E satisfies the minimal redundancy condition for (z,)n.
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(b) R(U) N span{ey :n € E} = {0}.
(c) I —ViUg € B(H) is invertible.
(d) The matriz

<yn1a1’n1> <yn2,1'n1> ctt <ynk,l’n1>
<yn1 ) In2> <yn2 ) $n2> o <ynk ) xn2> I
<yn1a1’nk> <yn2;1’nk> s <ynkaxnk>

18 tnvertible.

PROOF. We can assume without loss of generality that £ = {1,2,...,k}.

(a)<(b) Suppose that we have s € R(U) Nspan{e, : n € E}, s # 0.
Equivalently, there exists x € H, z # 0, such that x 1 x,, for all n € E°. By
continuity of the inner product, this is equivalent to = L Span {z,, : n € E°}.
So, the intersection R(U) Nspan{e, : n € E} is non-trivial if and only if the
sequence (Z, )nepe is not fundamental in H.

(a)<(c) By Remark 2.2, E satisfies the minimal redundancy condition
for (xy,)n if and only if (2, )nepe is a frame for H, if and only if the operator
Uj.Uge is invertible. Since

- ViUs 2 ViU = U U) WUEUpe,

this is further equivalent with invertibility of I — VAUg € B(H).

(c)&(d) First, I — ViUg € B(H) is invertible if and only if its adjoint
I —U}Vg € B(H) is invertible. By a well known result, I — U5Ve € B(H)
is invertible if and only if I — UV} € B(CF) is invertible. It only remains to
notice that the matrix of UgV} — I in the canonical basis of CF is precisely

<y1,I1> <y2,I1> <yk7$1)
<y1,I2> <y2,I2> s <yk7$2) B
Wiae) (ze) oo ()

O

We now prove our main result. In the theorem that follows we give a con-
crete description of a dual frame with the desired property (as in Remark 2.3)
in terms of the canonical dual.

THEOREM 2.5. Let (z,,)n be a frame for a Hilbert space H with the canoni-
cal dual (yn)n. Suppose that a finite set of indices E = {n1,na,...,ni}t,k € N,
satisfies the minimal redundancy condition for (x,)n. For each n € E° let
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(Qn1, Qn2y - .y Qni) be a (unique) solution of the system
(2.3)
YnisTni)  WnosTny) oo (Yngr Tna) Qn1 (Yn> Tny)
<yn1 ) xn2> <yn2 ) xn2> s <ynk ) xn2> I Qn2 . <ym In2>
Ynis Tn) Ynos Tng) oo (Yngs Tny) Qnk (Yns Tny, )
Put
k
(24) vy, =Up, =... =0y, =0, v, = yn—Zamym, nF#ENy,Ng, ..., Nk

i=1
Then (vpn)n is a frame for H dual to (xn)n.

PRrOOF. Denote by U the analysis operator of (z,),. Recall from Corol-
lary 2.4 in [1] that all dual frames of (x,), are parameterized by bounded
oblique projections to R(U) or, equivalently, by closed direct complements
of R(U) in 2. More precisely, a frame (v,), with the analysis operator V
is dual to (z,,), if and only if V* is of the form V* = (U*U)~'U*F where
F € B(£?) is the oblique projection to R(U) parallel to some closed subspace
Y of £ such that ¢2 = R(U) + Y. In particular, the canonical dual frame
(Yn)n corresponds to the orthogonal projection F = U(U*U)~U* to R(U).

Hence, to obtain a dual frame (v, ), with the required property v, = 0
for n € E, we only need to find a closed direct complement Y of R(U) in ¢2
such that e, € Y for all n € E. Then we will have

Fe, =0, VnekFE,
and, consequently,
vp = Ve, = (U*U)'U*Fe,, =0, VYncE.
Since E satisfies the minimal redundancy condition for (zy),, Proposi-
tion 2.4 tells us that R(U) Nspan{e, : n € E} = {0}. Denote by Z the
orthogonal complement of R(U) + span{e, : n € E}. (Indeed, this is a

closed subspace, being a sum of two closed subspaces, one of which is finite-
dimensional.) In other words, let

(2.5) = (R(U) 4 span{e, : n € E}) ®Z.
This may be rewritten in the form

(2.6) > =R(U) + (span{e, :n € E}® Z).
Put

(2.7) Y =span{e,:ne€ E} & Z.

Clearly, Y is a closed direct complement of R(U) in ¢? with the desired prop-
erty.
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Assume, without loss of generality, that E = {1,2,...,k}. Recall that
the synthesis operator of our desired dual (v,), is V* = (U*U)"U*F, so
v,’s are given by

(2.8) v, = (U*U)"'U*Fe,, VneN.

We want to express (vp,)y, in terms of the canonical dual frame (yy, ). Recall
that

(2.9) yn = (U*U)"'U%e,, VneN.

Let p, € R(U) and a,, € R(U)* be such that

(2.10) €n =Pn+an, VneN.

Since a,, € R(U)* = N(U*), we can rewrite (2.9) in the form
(2.11) yn = (U*U)"'U*p,, VneN.

Recall now that U(U*U)~1U* is the orthogonal projection onto R(U). Hence,
by applying U to (2.11) we get

(2.12) Uyn =pn, VneN.

On the other hand, using (2.6), we can find r,, € R(U), by, € span{ey,ea,... e}
and ¢, € Z such that

(2.13) én="p+by+c,, VneN.

Since F' is the oblique projection to R(U) along span {ej,es,...,ex} ® Z, we
have

(2.14) Fe,=mr,, VneN

Observe that

(2.15) bn=¢en, =0, ¢, =0, Yn=12,... k.
Since each b,, belongs to span {ey, ea,..., e}, there exist coefficients a,; such
that
k
(2.16) b, = Z apie;, Vn €N,
i=1

Note that (2.15) implies

(2.17) i = Opg,  Vm,i=1,2,...,k.
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We now have for all n € N

k
2.13 2.16
en(:)rn'f'bn'f'cn(:)rn"l‘zaniei'i‘cn

i=1
(2.10) b
=+ Y ani(pi+ i) + e

=1
k k
= (Tn + Z anipi) + (Z QniQ; + Cn) .
=1 =1

Observe that (rn + Zle ampi> € R(U), while (Zle Qnil; + cn) e R(U)* .
Thus, comparing this last equality with (2.10) we obtain

k k
(2.18) Tn = Pn — Zam-pi, an = Z Qnit; +cn, VYn €N,

i=1 i=1
Finally, we conclude that for all n € N

(2.8) (2.14)

(U*U)'U*Fe, =" (UU) 'U*ry

k k
2.18 2.11
219 uru)-tur (pn — E ozm}%) (=)yn — E nili-
=1

i=1

Un

(2.19)

Note that (2.19) and (2.17) show that v; = vy = ... = vy = 0, as required.
So far we have described our desired dual frame (v, ), in terms of the
canonical dual (y,),. Obviously, to obtain v,’s one has to compute all the
coefficients ay;, 1 = 1,2,...,k, n > k + 1. To do that, let us first note the
following useful consequence of the preceding computation. We claim that

(2.20) (Un, ;) = —ami, Yi=1,2,...0k, VYn>k+1
Indeed, for i =1,2,...,k and n > k + 1 we have
(Ons25) = (vn, U*e;) B2 (UUU)1U* Fey, e;)
= (Fey,€;) (219 (rn,ei)
(2.13) (en — by, — Cnye;)  (since i < n and ¢, L ¢;)
= —(bn, ;) (219 — Q.-

For each n > k4 1 we can rewrite (2.20), using (2.19), as

k
<ynzanjyjaxi>ani; VZ:].,Q,,IC
j=1
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or, equivalently,

k
Z<yjaxi>anj — Qpg = <ynaxi>7 Vi = 172a"'ak'
j=1
The above equalities can be regarded as a system of k equations in unknowns
Qnl,0n2, ..., 0nk that can be written in the matrix form as
(2.21)
(y1,71) (Y2, 21) - (Y, 71) Qn1 (Yn, 1)
<y1,l’2> <y2;1'2> cee <yk;1’2> I Qan2 <y’n;1’2>
. . . - . - . )
<ylamk> <y2;1’k> oo <yk799k> Qnj <yn;fﬂk>

where I denotes the unit k£ x k matrix. By Proposition 2.4 the matrix
of the above system is invertible; hence, the system has a unique solution
(1, Qna, ..., ank) for each n > k + 1. O

REMARK 2.6. (a) Clearly, if (x,), is a Parseval frame, our constructed
dual frame (vy,),, is expressed in terms of the original frame members z,,’s.

(b) Note that the matrix of the system (2.3) is independent not only of n,
but also of all z € H. Thus, the inverse matrix can be computed in advance,
without knowing for which x the coefficients (z,zn,), (¥, Zn,),. .., (X, Zn,)
will be lost.

(¢) The frame (vy,), from Theorem 2.5 coincides with the canonical dual
if and only if 2y, =z, = ... = 25, =0.

(d) The existence of frames dual to (x,), with pre-determined elements
indexed by indices from F is also proved in Theorem 5.2 from [13], but only
for finite frames in finite-dimensional spaces. Besides, there such dual frames
are not described explicitly.

Let us note the following obvious corollary to Theorem 2.5 in the case
m = 1 holds.

COROLLARY 2.7. Let (xy)n be a frame for a Hilbert space H with the
analysis operator U and the canonical dual (yn)n. Suppose that a set E = {m}
satisfies the minimal redundancy condition for (zy)n. Let v, =0 and

(Yn, Tm)
1- (ym,xm)
Then (vp)n is a frame for H dual to (n)n.

(2.22) Up = Yn + Ym, Vn #m.

It is also useful to note another characterization of the minimal redun-
dancy condition:

PROPOSITION 2.8. Let (x,)n be a frame for a Hilbert space H, let E =
{n1,n9,...,nr}, k € N be a finite set of indices. Then E satisfies the minimal
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redundancy condition for (xy), if and only if there exists a frame (z,)n for
H dual to (x,)n such that

Ezm,xnli gznz,xnli e gznk,mmi

Znyy Tn Zngy Tn Zngr Tn

(2.23) 1 ' 2 2 ] 2 k ‘ 2 _ I
(Zn1sTng)  (Znas o) -0 (Zng, Tny)

1s an tnvertible matriz.

PRrOOF. If E satisfies the minimal redundancy condition for (), then,
by Proposition 2.4, the canonical dual frame of (x,,) can be taken for (z,).

Let us prove the converse. We again assume that £ = {1,2,... k}.

Denote by W the analysis operator of the frame (z,),. As before,
let Ug,Wg,Uge, Wge be analysis operators of Bessel sequences (zp)ncr,
(zn)ner, (Tn)neke, (2n)nere, respectively. The matrix (2.23) represents the
operator UgW}, — I € B(C*) in the canonical basis for C¥, so, by our as-
sumption, this operator is invertible. This in turn implies that the operator
UpWg — I € B(H) is also invertible. Since (z,) and (z,) are dual to each
other, we have I = U*W, wherefrom we get I = U;Wg + Ui Wge. Then
I - U;Wg = UpWge. Thus, Up.WEge is invertible and hence Uj,. is sur-
jective. This proves that (z,)nege is a frame for H, i.e. E has the minimal
redundancy condition for (z,). O

REMARK 2.9. In the light of the preceding proposition and Proposition 2.4
one may ask: if the set E = {ni,ng,...,ni} satisfies the minimal redundancy
condition for a frame (), can we conclude that the matrix from (2.23) is
invertible for each dual frame (zy,),?

The answer is negative which is demonstrated by the following simple
example. Take an orthonormal basis {e1, ez} of a two-dimensional space H
and consider a frame (x,)3_; = (e1,€1 + €2,€2) and its dual (e1,0,€2). Then
the set E = {1} satisfies the minimal redundancy condition for (x,)3_; but
the corresponding matrix from the preceding proposition is equal to 0.

However, it should be mentioned that in general, if F satisfies the minimal
redundancy property for (z,)n, there are dual frames to (z,,), different from
the canonical dual frame for which the matrix from (2.23) is invertible. For
example, this matrix is invertible for every dual (v, ), as in Theorem 2.5, i.e.
such that v, = 0 for all n € E (and, unless x,, = 0 for all n in F, such dual
frames differ from the canonical dual of (z,,),).

Let us now turn to the examples.

EXAMPLE 2.10. Let (e,), be an orthonormal basis for a Hilbert space H.
Let

1 2 1 2 1
Tl = €1, T2 = €1 — —=€2, T3 = 561 + —=€2,Tn = €n—1, vn > 4.

3 37 V2 V2
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One easily checks that (x,,), is a Parseval frame for H; thus, here we have
Yn = xp, for all n € N. It is obvious that the set E = {1} has the minimal
redundancy property for (x,,),. We shall use Corollary 2.7 to construct a dual
frame (vy,)n for (z,), such that v; = 0.

It follows from (2.22) that

9
Up = Tp + §<:cn,:c1>:£1, Vn > 2.

Since (xa,21) = (x3,21) = %, and (z,,xz1) = 0 for n > 4, we find

v1:0,v2:m2+1x1,v3:x3+1m1,vn:mn, Vn > 4,

that is,
3 1 3 1
Zel — Eeg, v3 = Zel + EGQ, Up = €n_1, VN > 4.
EXAMPLE 2.11. Let (e1,€2) be an orthonormal basis of a 2-dimensional
Hilbert space H. Consider a frame (x,)%_; where

1 1 1 1 1 1
T = 561, Ty = 562, T3 = 561 - 562, Ty = 561 + 562-

One easily verifies that (z,)s_; is a tight frame with U*U = 21, so the
members of the canonical dual (y,)4_; are given by

v1 =0, vy =

2 2 2 2 2 2
Y1 =36 Y2 = g€, Y3 = g€1— 562, Y4 = g6 + 362
Obviously, the set E = {1,2} satisfies the minimal redundancy condition for
(z,)2_;. To obtain the dual frame (v,)*_; from Theorem 2.5 we have to

solve the system

C(@n mslolm -] e
Since [ (y1,21) (Y2, x1) ] e { 7%

(y1,22) (Y2, 72)

a1 | _ -3 0 (Yn, T1) n—3.4
Qn2 0 7% <yn7x2> , ’
From this one easily finds
1 1 1 1
a3 = —5, 32 = 5, Q41 = — 5, 042 = — 7.

2 2 2 2
Theorem 2.5 gives us now

we have

1 1 1 1
U1:0,112:0,v3:y3+§y175y2,v4:y4+§y1+§y2,
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that is,
v1 =0,v3 =0, v3 =¢€1 — €2, Vg = €1 + €2.

In the rest of the paper we give another description of the dual frame
(vn)n constructed in Theorem 2.5. In the theorem that follows we show that
(Un)nepe is in fact the canonical dual of (z,,)ncpe.

THEOREM 2.12. Let (x,)n be a frame for a Hilbert space H with the
canonical dual (yn)n. Suppose that a finite set E = {ni,na,...,nx}, k € N,
satisfies the minimal redundancy condition for (x,)n. If (Vn)n is a dual frame
for (zn)n defined by (2.4) then (vn)nege is the canonical dual of (Tp)neEe.

PRrROOF. Let us keep notation from Theorem 2.5 and its proof. Again, we
assume without loss of generality that E = {1,2,...,k}.
Let U; be the analysis operator of the frame (0)ner U (24 )nege. Then

R(U) + span{e, : n € E} = R(U;) @ span{e, : n € E}.
For Y =span{e, : n € E} & Z we now have
(2.24) P =RU)+Y and 2 =R(U;) &Y.

Let F; be the orthogonal projection on R(U;) (along Y), and F' the oblique
projection on R(U) along Y.
Let (a,) € £% be arbitrary. Then

(2.25) (an) =Uz+y

for some z € H and y € Y. Denote (5,,) = ((z,z1),...,{z,zx),0,0,...). Then
(Br) € span{e, :n € E} CY, so, if we take y1 = (8,) + v, then y; € Y and

(2.26) (o) = Uiz + 1.

Since both sums in (2.24) are direct and U, U; are injective, the vectors x, y, y1
from (2.25) and(2.26) are unique for each given () € £2.

This means that for every (ay,) € £2 there is a unique € H such that
F(ay) = Uz and Fy(«,) = Uyz. In particular, for every n € N let z, € H be
a unique vector such that Fe, = Uz, and Fie, = U;z,. Then

v, = (UU)'U*Fe, =UU) U Uz, = 2,
= (U;U) U U 2, = (UL UL) U Frey,

for all n € N. Since F; is the orthogonal projection on R(U7), the frame
((U3UL)~tU{ Fiey), is the canonical dual of (0)ner U (24 )nepe, that is

vp = (UFU) t2,, Vn € E°
Observe that UfU; = UpUge, so
(2.27) vp = (UpUge) tx,, Vn € E°.

which means that (vy,)nege is the canonical dual of (z,,)nere-. O
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Denote again by V the analysis operator of the canonical dual (y,,), and
consider the corresponding operators Vge and Vg. Recall that V = U (U* U)_1
and Vg = Ug(U*U)™!, Vge = Ug(U*U)~!. We now have

* — * —1 (2.2 * — * —
(I = VaUe) U U) " 22 (Vi Upe) (U U)

= (U"U) WUpUpe) N (UU) ™ = (UpeUge) ™
Using this, we may rewrite (2.27) as

vp = (I = ViUR) N U U)o, = (I — ViUE) 'yn, V¥n € E°.

If E={1,2,...,k}, k € N, then we have

k k
(2.28) ViUgx = Z(x, Ti)Yi = Z Oy, (z), Vze H.

i=1 i=1

Thus, in applications we need an efficient procedure for computing the inverse
(I- Zle 0y, »;)"'; then the desired dual (v,), will be obtained using

k
(2.29) vy, = (I — Z Oyiws) ‘yn, Vn € E°.
i=1

Observe that the case k = 1 is trivial. Namely, if x,y € H are such
that I — 60, , is invertible, then (y,z) # 1. (Indeed, (y,z) = 1 would imply
(I —=0y2)y=y— (y,x)y = 0 and, by invertibility of I — 6, ., we would have
y = 0 which contradicts the equality (y,z) = 1.) Moreover, if (I — 6, )"
exists, then it is given by

1
1- <ya I)
In the theorem that follows we demonstrate an iterative procedure for com-
puting all inverses (I — Y"1 | 0y, 2,)" ', n=1,2,...,k, by expressing them as
a product of exactly n simple inverses (I — Gy,x)_l which one obtains using
(2.30).

But we first need the following simple observation.

(2.30) (I—0,.) =T+ Oy

LEMMA 2.13. Let (x,)n be a frame for a Hilbert space H with the canon-
ical dual (yn)n. Then the set E = {1,2,...,k}, k € N, satisfies the minimal
redundancy condition for (x,)n if and only if the operators

n
I=Y 0ya, n=1,..k
i=1

are all invertible.

PROOF. If E has the minimal redundancy property then every F' C E has
this property as well. By Proposition 2.4 and (2.28) it follows that I—VEiUr =
I =3 icp by 2 are invertible for all F' C E. It remains to take F' = {1,...,n}
for n =1,...,k. The converse is obvious. O
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THEOREM 2.14. Let (x,)n be a frame for a Hilbert space H with the
canonical dual (Yn)n. Suppose that a set E = {1,2,...,k}, k € N, satisfies
the minimal redundancy condition for (xy)n. Let Gy, ..., T, be defined as

yl = Y,
(2.31) Y= (I =05 2o ) ool =05 2.) 'y, n=2,...,k
Then Yy, .. .,Y, are well defined and

(232) (I=> 0y0) ' = —05.0,)" .. (I-052)" n=1.._k
=1

PRrROOF. In order to see that i,...,¥, are well defined we have to prove
that the operators I — 05 ., forn=1,... k are invertible. By Lemma 2.13,
I =" 0y 5 are invertible for alln =1,2,... k.

We prove our statement by induction.

For n =1 we have I — 05, o, = I — 0y, », which is an invertible operator
by Lemma 2.13, and formula (2.32) is trivially satisfied.

Assume now that for some n < k the operators I — 0y, »,,.... 1 — 05 .,
are invertible and that (2.32) is satisfied.

Observe the equality

(233) Tey,a: = 9Ty,a:
which holds for all z,y € H and T € B(H). Now we have
(2.31)

S
(2.33)

I—06y

Ynt15Tn+1 L

T @) " (I =07 21) " Ynt1,Tnt1

I—(I—65, 2,) " (I—05.4)"0

(2.32) - _
="I- (I - Z oyu%) 19yn+17mn+1
1=1

Yn+1:Tn+1

n n
= (I Zeyiax')il(l_zeyq,,x,)
i=1 i=1
n
o (I B Z eyiaxi)_leyn+17l‘n+1
=1
== 0y0) U= 0y = Oy
=1 i=1
n n+1
= (I - Zeyiaxi)il(l - Z eyl,xl)
i=1 i=1

n+1
(I =0g,0.) " (I = Og,00) "I =Y Oy,
i=1
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This proves that [ — 05 ,,, is invertible (as a product of invertible oper-

ators). Also, it follows from the final equality that
n+1

(I - Z Gyi,fbi)il = (I - 9§,L+17In+1)71([ - 9@,“1”)71 T (I - 951,11,)71'
=1

O

We conclude the paper with the result that improves Theorem 6.2 from
[13] by removing the linear independence assumption. In this way we provide
a closed-form formula for the inverse (I — Z]:L=1 Oy, z,) "' which can (alterna-
tively) be used, via (2.29), for obtaining our dual frame (vy ).

THEOREM 2.15. Let z1,...,xz; and y1,...,yx be vectors in a Hilbert space
H such that the operator R =1 — Zle Oy, .«; € B(H) is invertible. Then

k
R*l = I+ Z cijﬁyi,zj,

ij=1
where the coefficient matriz C = (c;5) is given by
-1

(yi,71) =1 (y2,71) ... (Y, T1)
(2.34) o (yi,22)  (y2,22) =1 ... (yk,72)
<y17lxk) <y27lxk) (ymx;c) -1

PROOF. Let U,V € B(H,CF) be the analysis operators of Bessel se-
quences (,)*_;, (yn)k_, respectively. Then R = I — V*U, and since R
is invertible, UV* — I is also an invertible operator.

The matrix representation of the operator UV* — I € B(C*) with respect

to the canonical basis of C* is precisely the matrix

(yi,21) =1 (y2,21) ... (Y, 71)
(Y1, x2) (ya, w2y —1 ... (YK, T2)
<y1,.9€k> <y2,.9€k> <yk;1’;c> -1

As a matrix representation of an invertible operator, this is an invertible
matrix.
Now one proceeds exactly as in the proof of Theorem 6.2 from [13]. O
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