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ABSTRACT. Based on a new papers of Aydi et al. in [7,8], where the
concept of Hausdorff metric-like has been initiated, we introduce Suzuki
type contractive multivalued mappings on metric-like spaces. We also es-
tablish several fixed point results involving such contractions. We show
that many known fixed point results in literature are simple consequences
of our theorems. Our obtained results are supported by some examples
and an application.

1. INTRODUCTION AND PRELIMINARIES

The study of fixed points for multivalued contractions using the Haus-
dorff metric was initiated by Nadler ([17]). Since then, Aydi et al. in [4, 5]
introduced the concept of a Hausdorff partial metric and provided some (com-
mon) fixed point results. Recently, Abbas et al. in [2] established some fixed
point theorems for Suzuki type contractive multivalued mappings on partial
Hausdorff metric spaces.

The purpose of this paper is to introduce the notion of Suzuki type con-
tractive multivalued mappings on metric-like spaces via the notion of Haus-
dorff metric-like which a new concept introduced in recent papers of Aydi
et al. ([7,8]). We will establish some fixed point theorems involving such
contractions on metric-like spaces.

Mention that metric-like spaces have been discovered by Amini-Harandi
in [3] where some fixed point results have been established.
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DEFINITION 1.1. Let X be a nonempty set. A functiono : X x X — [0, 00)
is said to be a metric-like (dislocated metric) on X if for any x,y,z € X, the
following conditions hold:

(P1) o(z,9) =0 =z =y;
(P2) oz, y) = o(y, );
(P3) oz, 2) < olz,y) + oy, 2).
The pair (X, o) is then called a metric-like (dislocated metric) space.

It is known that a partial metric ([16]) is also a metric-like. So a trivial
example of a metric-like space is the pair ([0,00),0), where o : [0,00) X
[0,00) — [0, 00) is defined as o(z,y) = max{z,y}.

In the following example, we give a metric-like which is neither a metric
nor a partial metric.

EXAMPLE 1.2. Let X = {0,1} and 0 : X x X — [0, 00) defined by
0(0,0) =2 and o(z,y) = lif(x,y) # (0,0).

Then, (X,0) is a metric-like space. Note that o is neither a metric since
0(0,0) # 0 nor a partial metric on X because ¢(0,0) > o(1,0).

Each metric-like 0 on X generates a Ty topology 7, on X which has as a
base the family open o-balls { B, (z,¢) : © € X,e > 0}, where B, (x,¢e) = {y €
X :lo(z,y) —o(zr,z)| <e}, for all z € X and € > 0.

Observe that a sequence {z,} in a metric-like space (X, o) converges to
a point x € X, with respect to 7., if and only if o(z,z) = nh_>rrolo o(x, ).

DEFINITION 1.3. Let (X,0) be a metric-like space.

(a) A sequence {x,} in X is said to be a Cauchy sequence if there exists

lim o(zn,m) and is finite.
7,M— 00

(b) (X,0) is said to be complete if every Cauchy sequence {x,} in X con-
verges with respect to 17, to a point x € X such that lim o(x,z,) =
n—oo

o(z,z) = . TI%IEOO (T, Tm)-
:

We need in the sequel the following trivial inequality:
(1.1) o(z,z) < 20(x,y) forall z,y € X.

As in [7,8], let CB?(X) be the family of all nonempty, closed and bounded
subsets of the metric-like space (X, o), induced by the metric-like o. Note
that the boundedness is given as follows: A is a bounded subset in (X, o) if
there exist zp € X and M > 0 such that for all a € A, we have a € B, (zo, M),
that is,
lo(z0,a) — o(zo,z0)| < M.

The closedness is taken in (X, 7,) (where 7, is the topology induced by o).
Let A be the closure of A with respect to the metric-like 0. We have
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DEFINITION 1.4.
a€ A<= By(a,e)NA#D foralle>0
<= there ezists {x,} C A, z, = ain (X,0).
If A€ CB°(X), then A= A.
For A,B € CB?(X) and z € X, define
o(xz,A) = inf{o(z,a), a € A}, 0,(A4,B) =sup{o(a,B):a€ A} and
do(B, A) = sup{o(b, A) : b € B}.

LeMMA 1.5 ([7,8]). Let (X,0) be a metric-like space and A be any
nonempty set in (X,0), then

(1.2) if o(a, A) =0, thena € A.
Let (X, 0) be a metric-like space. For A, B € CB?(X), define
H,(A,B) =max{6,(4,B),0,(B,A)}.
We also have some properties of H, : CB?(X) x CB?(X) — [0, 00).

PropPoOSITION 1.6 ([7,8]). Let (X,0) be a metric-like space. For any
A,B,C € CB?(X), we have the following:

(1) : Hy(A/A)=0,(A,A) =sup{o(a,A):a€ A};

(”) HU(A B) = HU(B’A);
(i4i) : H,(A,B)= H,(B,A) =0 implies that A = B;
(iv) HU(A B) SHJ(A70)+HU(CaB)'

In view of Proposition 1.6, the mapping H, : CB?(X) x CB?(X) —
[0,4+00) is called a Hausdorff metric-like induced by o.
From now on, we denote by

M(2,9) = max{o(z,9), (2, T2),0(5, Ty), {0, Ty) + 0(0, Ta)})

for a multivalued map T': X — CB?(X) and z,y € X.
Also, let ¢ : [0,1) — (0, 1] the non-increasing function defined by

1, 0<r<jg,
1—r, %§r<1.

(1.3) Mﬂ{

In this paper, we introduce the concept of Suzuki type contractive multivalued
mappings on metric-like spaces. We establish some fixed point results for
multivalued mappings involving above contractions. We will present some
examples and an application.
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2. FIXED POINT OF MULTI-VALUED CONTRACTION MAPPINGS

We start with the following useful lemmas.

LEMMA 2.1. Let A B € CB°(X) and a € A. Then, for all € > 0, there
exists a point b € B such that o(a,b) < Hy(A, B) + €.

LEMMA 2.2. Let A,B € CB°(X) and a € A. Suppose that o(a, B) > 0.
Then, for each 0 < h < 1, there exists b € B such that ho(a,b) < o(a, B).

PROOF. We argue by contradiction, that is, there exists 0 < h < 1, such
that for all b € B, there is ho(a,b) > o(a, B). Then, ho(a,B) > o(a, B).
Hence, h > 1, which is a contradiction. O

LEMMA 2.3. Let A,B,C € CB?(X) and a € A. Then

o(a, B) < 0(a,C) + Hy(C, B).

Now, we state and prove our main result.

THEOREM 2.4. Let (X,0) be a complete metric-like space and T : X —
CB?(X) be a multivalued mapping. Suppose there exists 0 < r < 1 such that
T satisfies the condition

(2.1) Y(r)o(x,Tz) < o(x,y) implies Hy(Txz,Ty) <rM(z,y)

for all x,y € X, where ¢ is defined by (1.3). Then, T has a fized point, that
is, there exists a point x* € X such that x* € Tx*.

PROOF. Let 29 € X and x1 € Txg. Clearly, if o(zg, 1) = 0, then z¢ = 21
and xg is a fixed point of T. Assume that o(xg,x1) > 0. Since Tz, Tz, €
CB?(X) and z1 € Txg, so by Lemma 2.1, there exists a point x5 € Tx; such
that

1—r
o(z1,22) < Ho(Two, Tar) + —5—M(z1, 20).
But ¢(r) <1, so
Y(r)o(zo, Txo) < o(xo, Txo) < o(x0,21)-

Thus, from (2.1)

1—r
o(x1,29) < Hy(Txo, Tx1) + TM(:CO,:El)

1—7r
<rM(xzg,x1)+ TM(:L'l, xo)
1+
2
If o(x2,21) = 0, then zo = x1 and so x; is a fixed point of T. Assume

that o(x2,21) > 0. Then, by Lemma 2.1, there exists a point xg € Txo such
that

]_ _
(2.2) o (3, 22) < Hy(Tws, Tz1) + TTM(:EQ,:“).

M(zo,x1).
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Again ¢(r) <1, so
Y(r)o(xr, Tay) < o(xy,Try) < o(xy,x2).

From (2.1), we have
1—r
o(xe,23) < Hy(Tx1, Txa) + TM(xl, x2)

1—r
SrM(xuxg)JrTM(m,wz)

1+

2
Continuing in this fashion, we produce a sequence {z,,} C X such that z,+1 €
Tz, and (2, Tni1) > 0 with

M($1,I2).

1—r
U(xnvxn—i-l) < HU(T$n_1,TIn) +

M(xn—lv xn)
We have

l/}(T)U(Infl,Tl‘nfl) S O—(xnfla Txnfl) S O—(xnfla mn)

From (2.1)

1_
0<o(zn,znt1) < Hy(Txp-1,Tx,) + 7nM(acn,l,acn)
1—r
<rM(zp-1,75) + 5 M(xp-1,2n)
1
= ;TM(I'nfl,l'n),

where

M (2n—1,2n) = max{o(zn—1,%n),0(Xn_1,TTn_1),0(xn, TTy),

1

Z[O—(mnfla Tmn) + U(xn; Txnfl)]}
<max{o(zn-1,%n),0(Tn-1,%n), 0(Tn, Tni1),

1

Z [o‘(an_h $n+1) + U(xna l‘n)]}

< maX{U(In—la In); U(Ina In+1), Z [3U(xn—1; In)+0($n, xn—i—l)]}
= max{o(Tn_1,Zn), 0(Tn, Tnt1)}-
Thus, for all n € N
1
0<o(xn,znt1) < % max{o(Tn-1,2Tn), 0(Tn, Tnt1)}-

If o(xn, Tnt1) > o(xp—_1,zy) for some n, so due to the fact that 0 < r < 1,

1+7r
2

0 < o(xn,pny1) < 0(Xp, Tny1) < 0(Tn, Trg1)
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which is a contradiction. Then, for all n € N
147

O—(mn;anrl) § O—(mnflamn)-

Moreover, by induction
147

o(xn, Tnt1) < ( Vo (xg,21), foralln=0,1,...

1
Since r € [0,1), then Z(%)” < 00. So, for all p e N
n

n+p—1 n+p—1

1+7r
o) < 3 atenman € 3o (ot
k=n k=n
=1
SZ( ;T)kg(fﬂo,fﬁ)%o, as n — 0o.
k=n

Thus, by symmetry of o

lim o(zp,Tm)=0.
n,m-—oo

This yields that the sequence {z,} is a o —Cauchy. By completeness of (X, o),
there exists 2* € X such that

(2.3) lim o(x,,2*) =o(@*,2*) = lim o(x,,zm) =0.
n— o0 7,Mm— 00

We will show that

(2.4) o, Tz) < rmax{o(z*,z),0(x,Tx)} forall =z #z*.

First, take ¢ # 2* € X and so o(z,z*) > 0. Since nhﬁrgo o(xp,2*) = 0, then
there exists N € N such that

(2.5) o(zp,2*) < zo(x,x*), foralln > N.

Wl

Then, we have
1/}(7")0'(1'7“ Tl‘n) S O—(xn; Txn) § U(xn; anrl)

(2.6) . . 2 .
<o(zp,2") +o(z™, 2p41) < ga(x,x ).
By (2.5) and the triangular inequality, we can write
2
(2.7) ga(:c,:c*) <o(z,2*) — o(xn,2*) < o(z,z,), foralln> N.

Combining (2.6) and (2.7), we get

(r)o(xn, Ta,) < o(x,x,), foralln > N.
Therefore, from (2.1)

H,(Tz,Tx,) <rM(z,z,), foralln> N,
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where
M(x,x,) = max{o(z,xz,),o(x, Tx),o(xn, Tx,), i[a(x, Txy,) + o(xn, Tx)]}.
Note that
M(x,x,) < max{o(z,z,),o(x,Tx),o(xn, Tni1), i[a(x,xnﬂ) + o(xn, Tx)|}.
We obtain
o(z*,Tx) (2, Xny1) + 0(Xpt1, Tx)

<o
<o(z*,zp41) + Ho(Txp, Tx)
<o

(2, 2pt1) + rmax{o(z,z,),0(x, Tx),o(xn, Tx,),

1
0@, Tan) + o(zn, T)]}

< o(z*,xpt1) + rmax{o(z,z,),0(x, Tx),0(Tn, Tni1),
1
Mot 20s) + o, x) + ol T,

In view of (2.3)
nlglc}o o(z,x,) = o(z,2%), nlggoo'(xn; Tnt1) = 0.
Letting n — oo, we get
1
o(z*,Tz) < rmax{o(z,z*),o(z, Tx), 1[20(93,93*) +o(x,Tx)|}
< rmax{o(z,z*),o(x,Tx)}.

This completes the proof of (2.4). Now, we will show that z* € Tx*. First,

consider the case 0 < r < % Suppose, on the contrary, that «* ¢ Tx*. By

Lemma 2.2, there exists a € T'x* such that
(2.8) 2ro(a,z*) < o(x*, Tx*).
Since a € T'z*, then a # x*. From (2.4), we have
o(z*,Ta) < rmax{c(z*,a),0(a,Ta)}.
We have ¢(r)o(z*,Tz*) < o(z*,Tz*) < o(x*,a). Then, from (2.1)
H,(Tz*,Ta)<rmax{o(z*,a),o(z*, Tx*),0(a,Ta), i[o(a, Tz*)+o(x*,Ta)]}.
By triangle inequality
o(a,Tz*) + o(x*,Ta) < 20(a,z*) + o(x*, Tx*) + o(a, Ta)
<d4dmax{o(z*,a),o(x*, Tz*),0(a,Ta)}.

Then
H,(Tz*,Ta) < rmax{o(z*,a),o(x*,Tz*),0(a,Ta)}.
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Again, having o(a*, Ta*) < o(z*,a), so
(2.9) o(a,Ta) < H,(Tx*,Ta) < rmax{o(x*,a),0(a,Ta)}.

If o(a,Ta) = 0, then by Lemma 1.5, a € Ta, and then a is a fixed point of 7.
Suppose that o(a,Ta) > 0. So if o(a,Ta) > o(a,z*), then

o(a,Ta) <ro(a,Ta) < o(a,Ta)
which is a contradiction. Then
o(a,Ta) <ro(z*,a) < o(z*,a).
Therefore, by Lemma 2.3 and using (2.4) and (2.9)
o(x*,Tx*) < o(x*,Ta) + Hy(Ta, Tx")
< o(z*,Ta) + rmax{o(x*,a),0(a,Ta)}
< 2rmax{c(z*,a),0(a,Ta)} < 2ro(z*,a)

which is a contradiction. Thus, z* € Tx*.
Now, we consider the case % < r < 1. First, we will prove that

H,(Tz, Tx*) < rmax{o(z,z*),o(z,Tx),o(x*, Tx*),

2.10
( ) i[a(m,Tx*) +o(z*, Tz)]},

for all x # z*.
Let us take € X such that o(xz,2*) > 0. Then, by definition of the
infimum, there exists y,, € T'x such that for each n € N,

o(x*,yn) < o(z*,Tx) + %U(x,x*).
By triangular inequality and using (2.4)
o(x,Tx) < o(z,yn) < o(x,z*) + o(z*,yn)
<o(z,z*)+o(z*,Tx) + %a(x,x*)
<1+ %)0’(1‘,1‘*) + rmax{o(z*,z),0(x,Tx)}.
CasE 1: If o(x,2*) > o(zx, Tx), then
oz, Tz) < (1+r+ %)o(m, x*)

Letting n — oo
o(z, Tz) < (14 r)o(z,z").
By definition of % in the case % <r <1, we have

$(r)o(z, Ta) = (1= r)o(z, Ta) < (1 —r2)o(z,a*) < olr,*).
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Then, from (2.1)
H,(Tz,Tx*) < rmax{o(z,z*),0(z,Tx),o(z*, Tx"),

i[a(m, Tax*) + o(x*,Tx)]}.

CASE 2: If o(z,2*) < o(x,Tx), we get
1
o(z,Tx) < (14 E)U(I’ )+ ro(x, Tz).
Thus 1
(1—-r)o(z,Tx) < (1+ =)o(z,z).

n

We pass to the limit when n — oo
Y(r)o(x, Tz) < o(z,z”).
By (2.1), we obtain
H,(Tz, Tx*) < rmax{o(z,z*), 0z, Tx),o(x*, Tx*),

1 * *
Z[o(:ﬂ,T:c )+ oz, Tx)]}.

This ends the proof of (2.10) in the two cases.

Since z,, # xn41 for all n € N, then z,, # 2* or x,41 # 2* for all n € N.
So, we assume that x,, # x* for infinitely many n. Thus, we may suppose that
Ty # x* for all n € N.

Suppose that o(z*, T2*) > 0. We have for all n € N

o(xz*, Tx*) < o(x*,zpi1) + o(Tpyr, Tx).
Since z,41 € Tx,, it follows

o(x*, Tz*) < o(x*,xpy1) + Ho(Txy, Tx™).
Then, by (2.10), we obtain

o(x*, Tx*) < o(ax*,xny1) + rmax{co(x,, %), 0(xn, Tay,),o(x*, Tr*),

1
Z[O’(:L'n, Tz*) + o(z*, Tz,)]}-
We know that
o(@n, Tan) < 0(Tn, Tnt1),
o(xpn,Te") < o(xn, 2*) + o(z™, Tx"),
o(z*,Txy,) < o(x*, p41)-

Then, by taking n — co, we get
0 <o(a*,Ta*) <ro(x*,Tx*) < o(z*,Tz*)

which is a contradiction. Hence, o(z*,T2*) = 0 and so «* € Tz* = Ta*.
Then, x* is a fixed point of T. O
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2.1. Some consequences. We state the following simple corollaries as con-
sequences of Theorem 2.4.

COROLLARY 2.5. Let (X, 0) be a complete metric-like space and T : X —
CB?(X) be a multivalued mapping. Suppose that there exists 0 < r < 1 such
that T satisfies the condition

Y(r)o(z,Tx) < o(z,y)
(2.11) implies
Ho (T, Ty) < rmax{o(z,y),o(z,Tx), 0y, Ty)}
for all z,y € X, where ¢ is defined by (1.8). Then, T has a fized point in X.
ProoFr. It suffices to consider Theorem 2.4 and to use the fact that (2.11)
implies (2.1). O
We also have the following simple corollaries.

COROLLARY 2.6. Let (X,0) be a complete metric-like space and T : X —
CB?(X) be a multivalued mapping. Suppose there exists 0 < r < 1 such that
T satisfies the condition

Y(r)o(z,Tx) < ofz,y)
(2.12) implies
Ho(Tx, Ty) < 3{o(z,y) + o(x, Tx) + 0(y, Ty)}
for all z,y € X, where ¢ is defined by (1.8). Then, T has a fized point in X.

COROLLARY 2.7. Let (X,0) be a complete metric-like space and T : X —
X be a mapping. Suppose there exists 0 < r < 1 such that T satisfies the
condition

(2.13) Y(r)o(x, Tz) < o(x,y) implies o(Tz,Ty) <rM(z,y)
for all x,y € X, where ¢ is defined by (1.3). Then, T has a fized point, that
is, there exists a point x* € X such that x* = Tz*.
3. EXAMPLES AND APPLICATION
3.1. Examples. First, we give the following illustrative examples.

EXAMPLE 3.1. Let X = {0,1,2} and 0 : X x X — R+ defined by

0(0,0) =0(1,1) =0, 0(2,2):2,
1 11 1
0(0,1) =0(1,0) = 3’ 0(0,2) =0(2,0) = 21 o(1,2) =0(2,1) = 3

Then (X,0) is a complete metric-like space. Note that o is not a partial
metric on X because 0(2,2) > ¢(2,0).
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Define the map T': X — CB°(X) by

To— {0}, x#2
{0,1}, z=2.
Therefore, we get
1 11 11
Tx): X} = S G —
max{o(z,Tx) : z € X} = max{0, 3 24} 51’
1
min{o(z,y) :x,y € X and z £y} = 3
Choose r = 3 and (r) = . Then
1 11 11
Y(r)max{o(z,Tz) : z € X} = 1%91= 96
1
<3= min{o(z,y) : z,y € X and x # y}.

Thus
Y(r)o(x,Tz) :z € X} < o(z,y)
for all x,y € X with x # y. Consequently, we show
Ho(Tx, Ty) < v M(z,y),

for all x,y € X. For this, we distinguish the following cases:
case 1: z,y € {0,1}. We have

H,(Tz,Ty) =0(0,0) =0 <ro(z,y) <rM(z,y).
case 2: x € {0,1}, y = 2. We have
H,(Tz,Ty) = H,({0},{0,1}) = max{c(0, {0,1}), max{c(0,0),0(0,1)}}
= max{min{o(0,0),0(0, 1)}, 3}

1
= § § TO—(Zay) < TM(IL',y)

case 3: x =y = 2. We have
H,(Tz,Ty) = Hy({0,1},{0,1}) = max{c(0,{0,1}),0(1,{0,1})}
= min{c(0,1),0(1,1)} =0
<ro(2,2) <rM(2,2).
Hence, for all z,y € X
Y(r)o(x, Tz) < o(x,y) implies H,(Tz,Ty)) < rM(z,y).

Thus, all hypotheses of Theorem 2.4 are satisfied. Then, T has a fixed point
which is u = 0.
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EXAMPLE 3.2. Let X = {0,1,2} and 0 : X x X — R+ be defined by
0(0,0) =1, o(1,1) =3, 0(2,2) =0,
0(0,1) = o(1,0) =4, 0(0,2) = 0(2,0) = 3, 0(1,2) =0(2,1)=1T1.

Then, (X,0) is a complete metric-like space. Note that o is not a partial
metric on X since o(2,1) > 0(2,0) + ¢(0,1) — ¢(0,0). Define the map 7" :
X —» CB?(X) by

TZL‘ — {2}7 T # 17
{0,2}, =z=1.
Therefore, we get
max{o(z,Tz):z € X} =4, min{o(z,y):z,y€ X and z # y} = 3.

Choose r = 2 and ¢(r) = &. Then

Y(r)ymax{o(z,Tz) :x € X} = g <3 =min{o(z,y) : z,y € X and x # y}.

Thus
Y(r)o(x,Tz) :z € X} < o(z,y)
for all x,y € X with x # y. Consequently, we show that
Ho(Tz, Ty) < rM(z,y),

for all z,y € X. For this, we consider the following cases:
case(l): z,y € {0,2}. We have

H,(Tz,Ty) =0(2,2) =0 < rM(z,y).
case(2): z € {0,2}, y = 1. We have
HU(T:Ca Ty) = Ha({Q}v {Oa 2}) = maX{O'(Q, {Oa 2})7 maX{O’(2, 2)7 U(Oa 2)}}
=max{0,3} =3 < ro(x,y) <rM(x,y).
case(3): x =y = 1. We have
H,(Tz,Ty) = H,({0,2},{0,2}) = max{c(0,{0,2}),0(2,{0,2})}
= min{c(0,2),0(0,0)} =1
<ro(l,1) <rM(1,1).
Hence, for all z,y € X
Y(r)o(x, Tz) < o(x,y) implies H,(Tz,Ty)) < rM(z,y).

Thus, all hypotheses of Theorem 2.4 are satisfied. Then, T has a fixed point
which is u = 2.
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3.2. Application. Generally, a dynamical process consists of a state and
a decision space. The state space is the set of the initial state, actions and
transition model of the process; the decision space is the set of possible actions
that are allowed for the process.

In this section, we assume that U and V are Banach spaces and W C U
is a state space and D C V is a decision space. It is well known that the
dynamic programming provides useful tools for mathematical optimization
and computer programming as well. In particular, the problem of dynamics
related to multistage process reduces the problem of solving the functional
equation

q(z) = Sgg{f(:ﬂ,y) + Gz, y,q(1(2,9))}, €W,

which further can be reformulated as

(3.1) q(z) = Sgg{f(:ﬂ,y) + Gz, y,q(1(2,9)}, €W,

where 7: W XD —= W, f:WxD—R,G: xD xR — R. Here, we study the
existence and uniqueness of the bounded solution of the functional equation
(3.1).

Let B(W) denote the set of all bounded real-valued functions on W and,
for an arbitrary h € B(W), define ||h|| = sup,cy |h(x)|. Clearly, (B(W),|.|)
is a Banach space. Take the metric-like o defined by

o(h, k) = sup |h(z)| + sup |k(z)]
zeW zeW

for all h,k € B(W). Clearly, (B(W),0) is a complete metric-like space. We
also define T': B(W) — B(W) by

(3.2) T'(h)(z) = Sgg{f(w, y) +G(z,y,h(1(z,9))}, zeW,

for all h € B(W) and = € W. Obviously, if the functions f and G are
bounded, then T is well-defined. Finally, let

1
M(z,y) := max{o(z,y),0(z,Tz),0(y, Ty), 7{o(z,Ty) + o(y, Tx)}}.
We will prove the following theorem.

THEOREM 3.3. Assume that there exists 0 < r < 1 such that

(3.3) sup || f(z,y) + G(z,y, h(r(z,y)))}| < r sup [h(z)],
yeD zeEW

where x € W,y € D, T : BW) — B(W) is given by (3.2) and the functions
G:WxDxR—=Rand f: W x D — R are bounded. Then the functional
equation (3.1) has a unique bounded solution.
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PRrROOF. From (3.3), for all z € W,y € D, h € B(W) and k € B(W), we

have
o(T(h), T (k) = sup |f(z,y) + Gz, y, h(7(z,y)))|
ye
+sup | f(z,y) + Gz, y, k(r(x,9)))]
yeD
< rsup |h(z)| + r sup |k(z)]
zeW zeW
< ro(h,k) <rM(h,k).
The mapping T has a unique fixed point, that is, the functional equation (3.1)
has a unique bounded solution. O
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