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Abstract. This paper deals with the existence of non-oscillatory solutions to a kind of
first-order neutral equations having both delay and advance terms. The new results are
established using the Banach contraction principle.
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1. Introduction

In this paper, we study the first-order neutral differential equation

4 [z(t) + Py (t)z(t — 1) + Pa(t)z(t + 72)]

dt
+ Q1)1 (2(t — 01)) — Q2(t)g2(x(t + 02)) — f(¢) =0,

where P, € C([tg,0),R), Q; € C([to,0),[0,00)), i = 1,2. 7, > 0 and o; > 0,
i=1,2. f € C([to,0),R) and g; € C(R,R). We assume that g;,7 = 1,2 satisfy the
local Lipschitz condition and zg;(z) > 0, i = 1,2, for 2 # 0.

The problem of oscillation of solutions of neutral functional differential equations
is of both theoretical and practical interest. Recently, there has been an interest in
establishing the oscillatory and the non-oscillatory behavior of first, second, third
and higher order neutral functional differential equations. In 2002, Zhou and Zhang
[31] extended the results of Kulenovié¢ and Hadziomerspahié in [18] to a higher order
linear neutral delay differential equation of the form

(1)

;lt—ilb(t) +cx(t — 1) + (=) P)z(t — 0) — Q(t)x(t — )] = 0.

In 2005, the existence of non-oscillatory solutions of first-order linear neutral delay
differential equations of the form

%[x(t) + P)x(t—7)]+ Q1(0)x(t —o1) — Q2(t)x(t — 02) =0,
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was investigated by Zhang et al. [30] and in the same year, Yu and Wang [29]
studied non-oscillatory solutions of second-order nonlinear neutral delay equations
of the form

[r(O)[x(t) + P@a(t = 7)]] + Qi) f(x(t — 01)) — Qa(t)g((t — 02)) = 0.

For more related works, we refer the reader to papers [1, 4, 5, 7, 8, 9, 10, 12, 13, 16,
17, 20, 21, 22, 23, 24, 25, 26, 28, 32] and books [2, 3, 6, 14, 15, 19, 27].

However, to the best of our knowledge, there are no results of the existence of
non-oscillatory solutions for the first-order neutral differential equations having both
delay and advance terms. Motivated by the works mentioned above, in this paper,
we study the existence of non-oscillatory solutions for (1).

Let m = max{7,01,02}. By a solution of (1) we mean a function z € C([t; —
m,0),R), for some t; > tg, such that x(t) + Pi(t)x(t — 71) + Po(t)z(t + 72) is
continuously differentiable on [t1,00) and (1) is satisfied for ¢ > ¢;.

As customary, a solution of (1) is said to be oscillatory if it has arbitrarily large
zeros. Otherwise the solution is called non-oscillatory.

The following theorem will be used to prove the main results in the next section.

Theorem 1 (Banach’s Contraction Mapping Principle, see [11]). A contraction
mapping on a complete metric space has exactly one fized point.

2. Main results

To show that an operator S satisfies the conditions for the contraction mapping
principle, we consider different cases for the ranges of the coefficients P (t) and
Py(t).

Theorem 2. Assume that 0 < Pi(t) <p1 <1, 0< Py(t) <ps <1—py and
Qi(s)ds < o00,i=1,2, and / |f(s)|ds < o0; (2)
t() t()
then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with
the supremum norm. Set

Q:{.IGAZMlS.I(t)SMQ,tZto}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, 2 = 1,2 denote the Lipschitz constants of functions g;, ¢ = 1,2 on the set
Q, and L = max{Ly, Lo}, B; = maécgi(:v),i =1,2,... Because of (2), we can choose
TE

t1 > to,
t1 Zto—l—max{n,ol,ag} (3)

sufficiently large such that

| [@@s+ieles<in-a txn (@)
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| [+ 15 ]ds <o+ pda -2, ez (5)

and

| [0+ Q)]s < 2Ry )
where M7 and M, are positive constants such that
(p1+p2)Ma+ My < My and  a € ((p1 + p2) M2 + My, Ms).
Consider the operator S : Q — A defined by
a— f;l(t)x(t —71) — Po(t)z(t + 1)
(Sa)(t) = 4 + / (Qus)g1((s = 1) = Qals)ga(als + 02)) = f(s5)|ds, ¢ =,
(Sz)(t1), to<t<ti.

Clearly, Sz is continuous. For ¢t > ¢; and x € €, it follows from (4) and (5) that

oo

(S2)(t) <a+ [ |Qu()g1(wls — 1)) = f(s)]ds

/
| [+ 1] as
<My,

and
(Sz)(t) >a — Pr(t)x(t — 1) — Pa(t)z(t + 72)

- [ [@aelantats + o) + (5] as

>a — p1Ma — poMs — My
>M,.

This means that SQ C €. Since {2 is a bounded, closed, convex subset of A, in order
to apply the Banach contraction principle we have to show that S is a contraction
mapping on 2. For z1,z5 € Q and t > ¢4,

|(Sz1)(t) — (Sz2)(t)]

< Pu(t)|aa(t = 71) = a2t — 1) + Pa(t) |z (t + 72) — 22(t + 72)]

+ / " Qu()lgr (1(s — 1) — gu(aa(s — o1))]ds

+ / " Qu(5)lga(1 (s + 02)) — ga(aa(s +02))]ds
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or by (6)

I(Sz1)(t) — (Sz2)(8)] < 121 — 2 (p1 L / T 101(s) + Qals)] ds)

1—(p1 +p2)]

< a1 — @] [p1+p2+/;. d

= [lzy — 22,
which implies that
[Sz1 = Sza| < [lz1 — 22,

which shows that S is a contraction mapping on €2. Thus, S has a unique fixed point
which is a positive and bounded solution of (1). This completes the proof. [l

Theorem 3. Assume that 0 < Pi(t) <p1 <1, p1 —1 < ps < Po(t) <0 and (2)
hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with
the supremum norm. Set

Q:{.IGAINlS.I(t)SNQ,tZto}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, i = 1,2 denote the Lipschitz constants of functions g;, i = 1,2 on the set
Q, and L = max{Ly, Lo}, B; = maé(gi(:v),i =1,2,... Because of (2), we can choose
re

aty > to,
tl Z to —|—H1&X{7'1,0'1,0'2}

sufficiently large such that

| [@@sn+i@]as<aemm-a t=zn, )

| a6 + 1@ ds < a- e - M, ez ®
and

[ (@) + @uo))as < EBERL s, )

where N1 and N> are positive constants such that
Ni+piNa <(1+p2)No and «a € (N1 + piNa, (1 +p2)Na).
Consider the operator S : 2 — A defined by
a— 1;1 )zt — 1) — Pa(t)x(t + 72)
(Sz)(t) = +/t {Ql(s)gl(x(s —01)) — Q2(5)g2(x(s + 02)) — f(s)|ds, t > t1,

(S{E)(tl), to StStl
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Obviously, Sx is continuous. For ¢ > t1 and = € Q, it follows from (7) and (8) that

(S0 <a—paNot [ [Quls)-+17(5)] s
<N,

and

(Sz)(t) > — p1Ny — /t h [Qz(s)ﬁa +1f (s)l}ds
>Ny

This proves that SQ C Q. Since 2 is a bounded, closed, convex subset of A, in order
to apply the Banach contraction principle we have to show that S is a contraction
mapping on Q. For z1,z9 € Q and ¢t > t1, by using (9), we can obtain

|(Sz1)(t) = (Sz2)(t)| < |21 — 22 (pl +p2+ L/too [Q1(s) + Qa(s)] dS)

1—(p1 +
< ||z — 22| [pl +p2+L-(P+pz)]

= ||z — 22|

This implies
[Sz1 = Swa|| < [lz1 — 22|,

which shows that S is a contraction mapping on €2. Thus, S has a unique fixed point
which is a positive and bounded solution of (1). This completes the proof. [l

Theorem 4. Assume that 1 < p; < Pi(t) < p1, <00, 0 < Po(t) <pa<p; —1 and
(2) hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with
the supremum norm. Set

Q:{IGAIMgg.I(t)SM4,tZt0}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, 2 = 1,2 denote the Lipschitz constants of functions g;, ¢ = 1,2 on the set

Q, and L = max{L1, L2}, B; = mag)lcgi(x), i=1,2,... In view of (2), we can choose
e
t1 > to,
t1 + 71 > to + max{oy, 01} (10)

sufficiently large such that
[ [@@s +1r@)as <pidti—a. ez, (11)
t

/°° {Q2(3)52 + |f(3)|}d3 <a—pioMsz— (14+p2)Ms, t2>t, (12)
¢
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and

e -1
/ [Q1(5) + Qa(s)]ds < %, t>t, (13)
t
where M3 and M, are positive constants such that
p1oMs+ (1 +p2)My <p1My and o € (p1Ms + (14 p2) My, p1My).

Define a mapping S : @ — A as follows:

1
W{a —z(t+7)— Pt + 1)zt + 711+ 72)
(Sz)(t) = +/ [QI(S)QI (z(s — 01)) — Qa(5)ga(x(s + 02)) — f(S)}ds} -
t+711

(Sz)(t1), to<t<ty.

Clearly, Sz is continuous. For ¢ > t; and = € Q, from (11) and (12) it follows that

(Sx)(t) Sﬁ (a + /too [Qg(s)ﬁg + |f(s)|}ds)

< (o [ [ute)se + 15 as)

<My,

and

(590 2 g (o= (ot = [ [Qa(e)se + 1760 as)

(t+m)
> L (amrpaiti— [ [Quosa+ 15060

P1,
>Ms.

This means that SQ C €. Since € is a bounded, closed, convex subset of A, in order
to apply the Banach contraction principle we have to show that S is a contraction
mapping on Q. For x1,z2 € Q and ¢t > t1, by using (13), we can obtain

[(Sa1)(t) = (Sa)(1)] < —[les = a2 (1 el | T (@) +Q2(S))d8)
< [la1 — 22|
This implies
[Sz1 — Szof| < [|z1 — 22,

which shows that S is a contraction mapping on €2. Thus, S has a unique fixed point
which is a positive and bounded solution of (1). This completes the proof. [l

Theorem 5. Assume that 1 < p; < Pi(t) < p1, <00, 1 —p1 <pa < Pa(t) <0 and
(2) hold; then (1) has a bounded non-oscillatory solution.



EXISTENCE OF NON-OSCILLATORY SOLUTIONS

157

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with

the supremum norm. Set
Q:{$€A2N3S$(t)§N4, tzto}

It is clear that €2 is a bounded, closed and convex subset of A.

Let L;, 2 = 1,2 denote the Lipschitz constants of functions g;, ¢ = 1,2 on the set
Q, and L = max{L1, Lo}, 5; = mag)zqgi(:zr),i =1,2,... In view of (2), we can choose
TE

t1 > to,
ti+71 >t —l—max{ol,al}

sufficiently large such that

ds < (p1 +p2)Na—a, t>1y,

| [@@s+1se

| [ 41560

ds <a—pigN3g— Ny, t2>1y,

and

/OO {Ql(s) +Q2(5)_ ds < %, t> 1,
s ]

where N3 and Ny are positive constants such that

P1oNs + Ny < (p1 +p2)Ns and  a € (p1,N3 + Nu, (p1 + p2)Na) .

Define a mapping S : @ — A as follows:

ﬁ{a_x(t—i_Tl)_P2(t+7-1)$(t+7'1+T2)
(SI)(t): ~ 1(8)g1(x(s —0o1)) — 2(8)g2(x(s 02)) — s s
+/t+ﬁ[Q()g(( ) = Qals)gala(s + 02)) — £(5)]ds},

(Sx)(tl), to S t S tl.

t > tq,

Clearly, Sx is continuous. For ¢ > ¢ and = € Q, from (14) and (15) it follows that

(Sz)(t) < ﬁ (a — 2Ny + /too [Ql(s)ﬁl + If(s)l}ds)

< (ampvir [ [Quos+ o] as)

b1
S N47

and

(-3 [ [+ 150 as)

> (am - [ [Qate)se 1500 ]as

P1,
> Njs.

(Sz)(t) > m
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This proves that SQ C Q. To apply the Banach contraction principle it remains to
show that S is a contraction mapping on 2. For x1,z5 € Q2 and t > t¢;, by using
(16), we can have

1 o0
(S20)(0) ~ (S22)0)] < -y = aall (1= L [ [Qa(6) + Q)] as)
t
< o — 2.
This implies
[Sz1 — Saa|| < [lzy — 22,

which shows that S is a contraction mapping on €2. Thus, S has a unique fixed point
which is a positive and bounded solution of (1). This completes the proof. O

Theorem 6. Assume that —1 <p; < Pi(t) <0, 0< Py(t) <p2 < 1+p; and (2)
hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with
the supremum norm. Set

Q:{$€AIM5S$(t)§M6,tZt0}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, i = 1,2 denote the Lipschitz constants of functions g;, i = 1,2 on the set
Q, and L = max{Ly, Lo}, B; = maécgi(:v),i =1,2,... Because of (2), we can choose
TE
t1 > to,
t1 > to + max{7i, 01,02}

sufficiently large such that

[ (@@ +1fas < @t —a, 120, a7)
/too {Q2(8)ﬁ2 + |f(8)|}d8 <a—paMeg—Ms, t>t1, (18)

and
| [0+ @ue)as < B2 s, (19)

where M5 and Mg are positive constants such that
Ms + paMg < (L+p1)Ms and o € (Ms + p2Ms, (14 p1)Me) .
Define an operator S : Q — A as follows:
a— ﬁ(t):c(t —71) — Po(t)z(t + 72)
(Sz)(t) = +/t [Q1(S)91($(5 —01)) — Q2(s)g2(x(s + 02)) — f(s)} ds, t>ty,

(S{E)(tl), tOStStl-
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Obviously, Sz is continuous. For t > ¢; and z € €, from (17) and (18) it follows
that

(Sz)(t) <a — p1 Mg + /too [Ql(s)ﬂl + |f(s)|} ds

and

(Sz)(t) >a — pa Mg — /too [Q2(8)52 + |f(5)|} ds
ZM5.

This proves that SQ C Q. To apply the Banach contraction principle it remains to
show that S is a contraction mapping on 2. For x1,z9 € Q and t > ¢, by using
(19), we can get

(820)(0) ~ (822)(0)| < v = aall (<pr+ 2L [ [Q166) + Qato)] s
< Jloy — @2,

which implies that
[Sz1 = Szo|| < [lz1 — 22,

where the supremum norm is used. Thus, S is a contraction mapping on 2. Thus
S has a unique fixed point which is a positive and bounded solution of (1). This
completes the proof. O

Theorem 7. Assume that —1 <p; < Py(t) <0, =1 —p1 <p2 < Py(t) <0 and (2)
hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of continuous and bounded functions on [ty, c0) with the
supremum norm. Set

Q:{$€A2N5S$(t)§]v6,t2to}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, 2 = 1,2 denote the Lipschitz constants of functions g;, ¢ = 1,2 on the set
Q, and L = max{Ly, Lo}, 5; = mag)zqgi(:zr),i =1,2,... Because of (2), we can choose
TE

t1 > to,
t1 > to + max{r,o01,02}

sufficiently large such that
/ {Ql(S)ﬁl + |f(8)|}d8 S (T+p1+p2)Ne —a, t2>ty, (20)
t

/too [@u()s + 1 (s)]ds <a— N5, 121, (21)
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and

/Oo [Ql(s)+Q2(s) ds < w, t> 1, (22)
t

where N5 and Ng are positive constants such that
N5 < (1+p;+p2)Ne and « € (Ns,(1+p1+ p2)Ng).
Define an operator S : Q — A as follows:
a— Pi(t)x(t — 1) — Pa(t)x(t + 72)
(Sz)(t) = +/too [Ql(s)gl(w(s — 1)) — Qa(8)ga(x(s + 02)) — f(s)|ds, t > t1,
(Sx)(t1),t0 <t < .

Obviously, Sz is continuous. For ¢t > t; and = € Q, from (20) and (21) it follows
that

(52)(0) <a—piNo = paio+ [ [@(9) + 17(0)] ds
<N,

and

s9)0 2a - [ [Qals)62 + (9] as
>Ns.

This proves that SQ C Q. To apply the Banach contraction principle it remains to
show that S is a contraction mapping on Q. Thus, for 1,22 €  and ¢t > t1, by
using (22), we can obtain

[(Sz1)(t) = (Sz2) ()] < [|71 — 22 (—p1 —p2+ L/too {Q1(S) + QQ(S)}d5>
< w1 — 22|,

which implies that
[Sz1 = Swo|| < [loy — 22|,

where the supremum norm is used. Thus, S is a contraction mapping on 2. Thus
S has a unique fixed point which is a positive and bounded solution of (1). This
completes the proof. O

Theorem 8. Assume that —co < p1, < Pi(t) <p1 < =1,0< Pa(t) <pa < —p1 —1
and (2) hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg,00) with
the supremum norm. Set

Q={$6A2M7§$(t)§Mg,t2to}.
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It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, 2 = 1,2 denote the Lipschitz constants of functions g;, ¢ = 1,2 on the set
Q, and L = max{L1, Lo}, 5; = mag)z(gi(:zr),i =1,2,... In view of (2), we can choose
TE

t1 >t0,
ti+71 >t +max{01,01}

sufficiently large such that
| @@+ 1@ds <pdtr +a 120, (23)
| [@s 1@ 00ds < (cp - 1-pds - 1z, 2
and
| [0+ @ueas s =222 i (29)
where M; and Mg are positive constants such that
—p1oM7 < (=p1 —=1=p2)Ms and « € (=p1,M7,(=p1 — 1 — p2)Ms).

Define a mapping S : @ — A as follows:

Pi(t+m)
(Sz)(t) = q - / [@1(9)91(a(5 — 1)) = Qu(s)g (s + 32) = ()]s}, ¢ > 12

+71
(Sx)(tl),to S t S tl.

{a—l—x(t—i—n) + Pyt +m)a(t + 711+ 72)

Clearly, Sz is continuous. For ¢ > t; and z € Q, it follows from (23) and (24) that

(Sz)(t) Sg—ll (a + Mg + paMs + /:O [Ql(s)ﬁl + |f(s)|} ds)

§M87

and

520 22 (o= [ Qo)+ 1760 as)

D1y

>Ms.
This implies that SQ C Q. To apply the Banach contraction principle it remains to

show that S is a contraction mapping on Q. Thus, for x1,z2 €  and ¢t > ¢4, by
using (25), we get

|(S21)(t) — (Sz2)(1)]

IN

;_llel — | (1 +p2 + L/t00 [Ql(s) + Qg(s)}ch)

21 — 22|

IN
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This implies
[Sz1 — Swa| < [lwy — w2,
where the supremum norm is used. Thus, S is a contraction mapping on 2. Thus

S has a unique fixed point which is a positive and bounded solution of (1). This
completes the proof. O

Theorem 9. Assume that —0o < p1, < Pi(t) <p1 <=1, p1+1<ps < P(t) <0
and (2) hold; then (1) has a bounded non-oscillatory solution.

Proof. Let A be the set of continuous and bounded functions on [tg, c0) with the
supremum norm. Set

QZ{LL'EA:N7§J:(t)§N8,t2tQ}.

It is clear that €2 is a bounded, closed and convex subset of A.
Let L;, i = 1,2 denote the Lipschitz constants of functions g;, i = 1,2 on the set
Q, and L = max{Ly, Lo}, B; = maécgi(:v),i =1,2,... In view of (2), we can choose
TE
t1 > to,
ti+711 >ty + max{al,al}

sufficiently large such that

| @+ 156 ds <o+ pNo+a, 020, (26)
t
/OO Q)82+ 1/(9)]]ds < (=p1 ~ DNs —a, 121, (27)
and -
[ @@+ e < B o, (28)

where N7y and Ng are positive constants such that
—p1,N7 —p2Ng < (=p1 — 1)Ns  and «a € (— p1,N7 — p2Ns, (—p1 — 1)Ns).

Define a mapping S : @ — A as follows:
Pl(to—ol— 7'1)
(Sz)(t) = —/ {Ql(s)gl(x(s —o01)) — Q2(s)g2(x(s + 02)) — f(s)]ds}, t> 11,

t+711
(Sx)(tl), to S t S tl.

{a Falt+1)+ Po(t+m)a(t + 11+ 1)

Clearly, Sz is continuous. For ¢ > t; and = € Q, from (26) and (27) it follows that

(Sx)(t) g__l (a + Ng + /too [Ql(s)ﬁl + |f(s)|}ds)

D1
<Ng
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and

(Sz)(t) 2_—1 (04 + p2Ng — /too [Q2(S)52 + |f(s)|]ds)

D1y

>Nr.

These prove that S C Q. To apply the Banach contraction principle it remains to
show that S is a contraction mapping on 2. Thus, for x1,z5 € , t > t1, by using
(28), we can obtain

A

(50 - (S22 < o = aall (1922 [ [@166)+ Qate)] )

21 — 22|

IN

This implies
[Sz1 = Swo|| < [loy — 22|,

where the supremum norm is used. Hence, S is a contraction mapping on 2. Thus
S has a unique fixed point which is a positive and bounded solution of (1). This
completes the proof. O
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