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SOME RESULTS ON THE SCHWARTZ SPACE OF I'\G

GORAN Muié

to Sibe Mardesié, in memoriam

ABSTRACT. Let G be a connected semisimple Lie group with finite
center. Let I' C G be a discrete subgroup. We study closed admissible
irreducible subrepresentations of the space of distributions S(I'\G)’ defined
by Casselman, and their relations to automorphic forms on I'\G when T" is
a congruence subgroup.

1. INTRODUCTION

Let G be a connected semisimple Lie group with finite center. Let K be
the maximal compact subgroup of G, and Z(gc) the center of the universal
enveloping algebra of the complexification of the Lie algebra g of G. Let
I" C G be a discrete subgroup. For example, it could be a trivial group. But
the main example is given by the following

AssuMPTIONS 1.1. We assume that G is a group of R—points of a
semisimple algebraic group G defined over Q. Assume that G is connected
and not compact. Let T' C G be a congruence subgroup with respect to the
arithmetic structure given by the fact that G defined over Q (see [6]).

In [8], Casselman has defined the Schwartz space S(I'\G) (see Section 3
for definition). It is obvious that G acts on the right. The corresponding
representation is a smooth representation of moderate growth ([7], [25]). The
main object of the interest is the strong topological dual space S(IT'\G)’. This
is the space of all continuous linear functionals on S(I'\G) equipped with the
strong topology. By general theory of topological vector spaces, the space
S (I'\G)' is a complete locally convex vector space. The natural action of G
on S (I'\G)' is continuous. The usual representation-theoretic arguments are
valid there ([12], Section 2).
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The main interest in the space S(T'\G)’ is that its Garding space can be
identified with the space of functions of uniform moderate growth A4 (I'\G)
(see (UMG-1) and (UMG-2) in Section 3 for the definition). Under Assump-
tion 1.1, Z(gc)-finite Aymg(I'\G) are smooth automorphic forms on G for I
Also, Z(gc)finite and K-finite on the right in Ay,me(I'\G) are equal to the
space usual space A(I'\G) of K—finite automorphic forms for I' [6].

Now, we describe the content of the paper and main results proved in the
paper. In Section 2, under Assumption 1.1, we recall the notion of smooth
and K-finite automorphic forms. In Section 3, we describe the results of
Casselman [8] used in the paper. In Section 4 we prove some main results
in the paper. This section is strongly motivated by a lecture of Wallach [26].
Some of the results here are probably well-known, and we present our way of
understanding them. We let (7, H) be an irreducible admissible representa-
tion of G acting on the Hilbert space H. The space of H> vectors in H is a
representation of moderate growth. The main results of Section 4 gives the
description of closed irreducible admissible subrepresentations of S(I'\G)’ in
terms of continuous I'-invariant functionals on H> (see Proposition 4.3, The-
orem 4.7). The proofs use deep results of Casselman and Wallach ([7], [25])
on smooth globalization of representations at the critical points. Examples
of subrepresentation can explicitly be constructed using Eisenstein series [13],
or be shown to exists using Poincaré series ([17], [18], [19], [20]), or the trace
formula ([1], [2]). In Theorem 4.8, we prove that the trivial representation is
the only finite-dimensional subrepresentation of S(I'\G)' under Assumption
1.1 and assuming that G has no compact components. In Section 5, we study
realization inside S(I'\G)’ of irreducible subrepresentations H of L?(I'\G) (see
Theorem 5.6). In this case, H>* C Aymg(I'\G). The proof of Theorem 5.6
contains the proof of the fact that smooth cuspidal automorphic forms are
rapidly decreasing. This is proved using methods of Casselman and Wallach.
Different proof is contained in [16]. In Theorem 4.6, we relate various topolo-
gies on H*> for an irreducible subspace H C L?(I'\G). For example, we prove
that if the sequence of elements in H™, (y)n>1, converges to ¢ € H*> in
the standard topology on H™°, then it converges to ¢ in usual topology on
C>(G) (see the description before the statement of Theorem 5.7. In Section
6, we study [—invariants in &'(G) and their relation to the space (S(G)")" (see
Proposition 6.3). In Proposition 6.4 we give the interpretation of the classical
construction of automorphic via Poincaré series (see for example [20]) in terms
of I'—invariants in §'(G).

I would like to thank anonymous referee for many valuable corrections
and comments regarding the content of the paper.
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2. PRELIMINARIES

In this section we assume that G is a connected semisimple Lie group
with finite center, and recall the notion of the norm on G. It is essential for
all what follows.

We fix a minimal parabolic subgroup P = M AN of G in the usual way
(see [24], Section 2). We have the Iwasawa decomposition G = NAK.

We recall the notion of a norm on the group following [24], 2.A.2. A norm
| || is a continuous function G — [1, oo satisfying the following properties:

(1) [|z7Y] = ||z]|, for all z € G;

(2) [lz - yll < |l2[| - [lyl], for all z,y € G;

(3) the sets {z € G; ||z|| < r} are compact for all r > 1;

(4) ||k1exp (tX)ka|| = || exp (X)||*, for all k1, ko € K, X €p, t>0.
Any two norms || ||;, i = 1,2, are equivalent: there exist C,r > 0 such that
llz]]1 < C||x|]5, for all z € G.

We recall the following lemma;:

LEMMA 2.1. There exists a real number do > 0 such that [, ||g]|%dg < oo
ford > dy. Since ||g| > 1 for all g € G, the lemma follows.

PROOF. The existence of dy > 0 such that [, ||g||~%dg < oo is proved
in [24, Lemma 2.A.2.4]. d

In the remainder of this section, we assume the following:

ASSUMPTIONS 2.2. We assume that G is a group of R—points of a
semisimple algebraic group G defined over Q. Assume that G is connected
and not compact. Let I' C G be a congruence subgroup with respect to the
arithmetic structure given by the fact that G defined over Q (see [6]).

The group satisfying the Assumption 2.2 is a connected semisimple Lie
group with finite center. Also, I is a discrete subgroup of G and it has a finite
covolume.

An automorphic form (or a K-finite automorphic form; see [10]) for T is
a function f € C*°(G) satisfying the following three conditions ([26] or [6]):
(A-1) fis Z(gc)-finite and K-finite on the right;
(A-2) f is left—invariant under T i.e., f(yz) = f(z) for all y € T', x € G;
(A-3) there exists r € R, r > 0 such that for each u € U(gc) there exists a

constant C,, > 0 such that |u.f(z)] < Cy - ||z||", for all z € G.

A smooth automorphic form (see [8], [10]) for T" is a function f € C*(G)
satisfying (A1)—(A3) except possibly K-finiteness. We discuss smooth auto-
morphic forms in more detail the next section.

We write A(T\G) (resp., A®(I'\G)) for the vector space of all auto-
morphic forms (resp., smooth automorphic forms). Obviously, A(T\G) C
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A>(T'\G). It is easy to see that A(T'\G) is a (g, K)—-module (using [12],
Theorem 1), and since G is connected, the space A (T'\G) is G-invariant .
An automorphic form f € A>®(T'\G) is a I'-cuspidal automorphic form if for
every proper Q-proper parabolic subgroup P C G we have

/ flux)de =0, z€Gq,
Unr\u

where U is the group of R-points of the unipotent radical of P. We re-
mark that the quotient U NT\U is compact. We use normalized U—invariant
measure on U NT\U. The space of all I'-cuspidal automorphic forms (resp.,
I'—cuspidal smooth automorphic forms) for I' is denoted by Acysp (T\G) (resp.,
AZnsp(T\G)). The space Acysp(I'\G) is a (g, K)-submodule of A(I'\G). The
space A% (T'\G) is G—invariant.

cusp

Following Casselman [8], we define
= inf G.
llgllrve = inf [lygll, g €

It is obvious that || - ||\ is I'-invariant on the right, and that ||g||r\a < ||g]|
for all g € G. The condition (A-3) is equivalent to

(A-3’) there exists r € R, r > 0 such that for each u € U(gc) there exists a
constant C,, > 0 such that |u.f(z)| < C, - ||x\|§\G, for all z € G.

We recall the following standard result:

LEMMA 2.3. Under above assumptions, we have the following:

(a) If f € C>*(G) satisfies (A-1), (A-2), and there exists p > 1 such that
f € LP(T\QG), then f satisfies (A-3), and it is therefore an automorphic
form. We speak about p—integrable automorphic form, forp =1 (resp.,
p = 2) we speak about integrable (resp., square—integrable) automorphic
form.

(b) Let p > 1. Every p—integrable automorphic form is integrable.

(¢) Bounded integrable automorphic form is square—integrable.

(d) If f is square integrable automorphic form, then the minimal G-
invariant closed subspace of L*(T\G) is a direct is of finitely many
irreducible unitary representations.

(e) Every I'—cuspidal automorphic form is square—integrable.

PROOF. For the claims (a) and (e) we refer to [6] and reference there.
Since the volume of T'\G is finite, the claim (b) follows from Holder inequality
(as in [17], Section 3). The claim (c) is obvious. The claim (d) follows from
([24], Corollary 3.4.7 and Theorem 4.2.1). d

In [20, Proposition 4.7] we give a simple proof of Lemma 2.3 (a) using
results of Casselman [8] recalled in the next section.
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3. SOME RESULTS OF CASSELMAN

In this section we assume that G is a semisimple connected Lie group with
finite center. We assume that I is a discrete subgroup of G. For example, I'
could be a congruence subgroup or just a trivial group.

We recall the definition of the Schwartz space S (I'\G) defined by Cas-
selman ([8], page 292). It consists of all functions f € C°(G) satisfying the
following conditions:

(CS-1) f is left-invariant under T" i.e., f(yz) = f(z) for all y € T, z € G;
(CS-2) || f|lu,—n < oo for all u € U(gc), and all natural numbers n > 1.

In above definition, for u € U(gc), and a real number s, we let
def s
s = sup [|2]| g [u-f ()] -
zelG

Since ||z||p\¢ > 1, we have

1w, < (£

u,ss
for s’ > s.

We recall the following result (see [8], 1.8 Proposition):

ProrosITION 3.1. Using above notation, we have the following:

(i) The Schwartz space S (I'\G) is a Fréchet space under the seminorms:
| [lu,—n, w € U(gc), 1 € Zx1.

(i) The right regular representation of G on S (T\G) is a smooth Fréchet
representation of moderate growth.

We recall the definition of representation of moderate growth. Let (7, V)
be a continuous representation on the Fréchet space V. We say that (m, V) is
of moderate growth if it is smooth and if for any continuous semi-norm p there
exists an integer n, a constant C' > 0, and another continuous semi-norm v
such that

Im(g)oll, < Cllgll™[lvll,, g€ G, veV.
We recall that the semi-norms on a locally convex vector space (for example,

a Frechét space) V' are constructed via Minkowski functionals.

The following definition is from [8, page 295].

DEFINITION 3.2. The space S (T\G)" of tempered distributions or distri-
butions of moderate growth on T\G is the strong topological dual of S (T\G).

For convenience of the reader, we recall the definition of a strong topolog-
ical dual in our particular case. By general theory, the subset B C S (I'\G) is
bounded if for every neighborhood V' of 0 there exists s > 0 such that B C tV,
for ¢ > s. This definition is not very practical to use. Again from the general
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theory (and easy to see directly), B C S (I'\G) is bounded if and only if it is
bounded in every semi-norm defining topology on S (T'\G) i.e.,

sup || fllu,—n <00, uwe€lU(ge), 1€ Z>1.
fenB

The strong topological dual S (I'\G)" of S (I'\G) is the space of continuous
functionals on X equipped with strong topology i.e. topology of uniform
convergence on bounded sets in S (T'\G) i.e. topology given by semi—norms

lla|lg = sup |a(f)|, where B ranges over bounded sets of S (I'\G).
feB

By general theory of topological vector spaces, the space S (I'\G)' is a com-
plete locally convex (defined by above semi-norms) vector space.

The natural action of G on S(I'\G)' is continuous. The usual repre-
sentation—theoretic arguments are valid there ([12], Section 2).

Following Casselman, we consider the two spaces of functions: the func-
tions of moderate growth A,,,(I'\G), and the functions of uniform mod-
erate growth Ay, (I'\G). The space A,,4(I'\G) consists of the functions
f € C(Q) satisfying the following conditions:

(MG-1) f is left-invariant under T i.e., f(yx) = f(z) for all y € T, z € G;
(MG-2) for each u € U(gc) there exists a constant Cy, > 0, r, € R, 7, >0
such that |u.f(x)] < Cy - ||z||™, for all z € G.

The space Aymg(I'\G) consists of the functions f € C*°(G) satisfying the
following conditions:

(UMG-1) f is left-invariant under I i.e., f(yz) = f(z) for all y € T, z € G;
(UMG-2) there exists r € R, r > 0 such that for each u € U(gc) there exists
a constant C,, > 0 such that |u.f(z)| < C, - ||z]|", for all z € G.

We note that in the second definition r is independent of u € U(gc).

LEMMA 3.3. We maintain the assumptions of the first paragraph of Sec-
tion 2. Then, the spaces of functions which are Z(gc)—finite and K—finite on
the right in Apg(T\G), and in Aymg(T\G) coincide, and are equal to the space
A(T\G) of automorphic forms for T'. Next, the space of smooth automorphic
forms A>(I'\G) is a subspace of Z(gc)-finite functions in Aymg(I\G). Fur-
thermore, we have

A(T\G) C A (T\G) C Aumg(T\G) C A,,,4(T\G).
PRrOOF. This is a simple observation made in [20, Lemma 4.4]. d

LEMMA 3.4. The Garding space in S(T\G)' is equal to the space
Aymg(T\G).

PRrROOF. This is [8, Theorem 1.16]. d
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We remark that S (I'\G)' is not a Fréchet space so [11] can not be ap-
plied to prove that the space of smooth vectors is the same as the Garding
space. Therefore, for example, in the settings of Lemma 3.3, A°°(T'\G) is just
subspace of the space of all Z(g¢)-finite vectors in S (I'\G)'.

Regarding smooth vectors in S (I'\G)', the following lemma will be used
later (see [20], Lemma 4.6):

LEMMA 3.5. Assume that f € LP(T'\G), for somep > 1, and oo € C°(G).
Then, fx o is equal almost everywhere to a function in Ayumg(T'\G).

The referee has pointed out that Lemma 3.5 can be also proved using
[21, Lemma I1.2.5] under the Assumption 2.2.

4. SOME RESULTS ON THE SPACES S(I'\G)'

This section is strongly motivated by a lecture of Wallach [26]. Some
of the results here are probably well-known, and we present our way of un-
derstanding them. We also give a complete description of irreducible closed
subrepresentations S(I'\G)’. We prove that under proper assumptions on G
and I' only finite dimensional subrepresentation of S(I'\G)’ is trivial repre-
sentation.

In this section, we let (m,H) be an irreducible admissible representation
of G acting on the Hilbert space H. We write ( , ) for the inner product on
H. We denote by H* the subspace of smooth vectors in H. It is a complete
Fréchet space under the family of semi—norms:

Allu = [lm(w)h]], weUlge),

where || || is the norm on # derived from ( , ). It is a smooth Frechét
representation of moderate growth ([25], Lemma 11.5.1). In particular, if A
is a continuous functional on H*°, then there exists d € R, and a continuous
semi-norm x such that

(4.1) A (@ (@) < llgll*k(h), g€ G, heH>.
The reader can easily check that if (4.1) holds for any d = dp, then it holds
for all d > dy. We make the following definition (see also [19], (3-4)):

DEFINITION 4.1. Let dy » = dr,» > —o0 be the infimum of all d € R such
that (4.1) holds for some continuous semi-norm k = Kq.

LEMMA 4.2. The Frechét representation G on H™> is irreducible in the
category of Frechétl representations.

PROOF. This representation is a canonical globalization (see [25], Chapter
11, or [7]) of a (g, K)—module Hy. Hence, the lemma. It is also easy to give
a direct proof. Let ¥V C H> be a closed subrepresenation different than {0}.
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Pick any v € V, v # 0. Then since H*° is a smooth representation, the Fourier
expansion converges absolutely ([12], Lemma 5):

v = Z Es(v),

seK

where we fix the normalized Haar measure dk on K, and let
Ei(v) = [ dO&® n(bo dk
K

Here, as usual K is the set of equivalence of irreducible representations of
K. Also, for § € K, we write d(6) and &; for the degree and character of ¢,
respectively. The vector Es(v) belongs to the d—isotypic component V(4) of
V. This shows that Hx NV is dense in V. In particular, Hx NV is non—
zero (g, K)—submodule of H . Hence, Hx C V since Hy is irreducible. But

because of the same reason Hy is dense in H°. This implies that V = H>°.
O

PROPOSITION 4.3. Let ' C G be a discrete subgroup. Let A be a continu-
ous functional on H> which is I'—invariant. Then, we have the following:
(i) The pairing H>® x S(T'\G) — C given by (h, f) — fF\G M7 (g)h)f(g)dg
is well-defined, continuous in appropriate locally convex topologies, and
G—equivariant.
(i1) The map H>* — S(T\G)" which maps h — ax r(h) where

anr(W)(f) = / AT, € ST\G),

is a continuous map of locally convex representations of G. The image
is contained in Aymg(T\G).

(iii) If X # 0, then axr is an embedding. The closure Cl(axr (H™)) is a
closed irreducible admissible subrepresentation of S(I'\G)'.

PROOF. We prove (i). First, we may assume that d > 0 in (4.1). Then,
I'-invariance implies that

A (w(@)h)] = A (w(v9)h)] < [lvgl|*w(R),
forall y eI, g € G, and h € H*>. Hence
A (w(@)h)] < [lgllf\gr(h),

g € G,and h € H™.
Next, [, |lg]|7%dg < oo for all sufficiently large do > 0. Then, [8, Propo-

sition 1.9] implies that fF\G Hg||1?\dgdg < oo for all sufficiently large dy > 0.
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Hence

(4.2) <

/ A(n(9)1) f(9)dg
G

1
————dg.

—d+d
\@ [lglld ™
Consequently, the pairing is well-defined and continuous. It is clearly G—
equivariant. This proves (i).

Now, we prove (ii). The continuity of a r is obvious from above inequal-

ity since if B C S(I'\G) is bounded, and if we let

/ N (9)h) F(@)|dg < KW F1]1—ao - /
G r

Mp = sup || fl[1,-a, < 00,
JeB

then we have

llaxr(h)||p = sup [axr(h)(f)| < Mg - (/ !
feB r

——————dg | k(h), h € H*™.
6 gl ™ )
Next, the first paragraph of the proof shows that the function g — A(w(g)h)
belongs to Aymg(I'\G). This completes the proof of (ii).

A different argument is based on results of Casselman (see Lemma 3.4).
Indeed, because of the Dixmier-Malliavin, each h € H can be written in the
form

I
h=Y_n(Bi)hi,
i=1

for some 3; € C°(G) and h; € H™. Hence, we have
1

axr(h) =Y _r'(Bi)a(h:)
which implies that ay r(h) € Aymg(T\G).
dif

Now, we prove (iii). Let f € C2°(G). Then, Pr(f)(z) = > cr f(vyx) for
x € G, defines an element of S(I'\G) which is compactly supported modulo
T'. For h € H*>°, we have

anr(h) (Pe(f)) = /

G

Nr@)h)PE(F)(a)Ma = | Ma(a)h) fa)ds
Letting f € C°(G) vary, we see that there exists at least one h € H>™ such
that ay r(h) # 0 provided that A # 0. In view of Lemma 4.2, this implies
that o) r is an embedding. Next, as in the proof of Lemma 4.2, we define
projectors

Es(a) = /K d(6)és(k) ' (K)o dk, o € S(T\G)’
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for § € K. Since ayr (H™) is obviously dense in CI (ayr (H*)), we have
that
Es (anr (H™))
is dense in
E(; (Cl (Oé)\’[‘ (HOO))) .
But
Es (axr (H™)) = anr (Bs (1)) = axr (H™(6)) = axr (Hk(9))

is a finite—dimensional space. Hence, it is closed. Thus, we have that

Cl(anr (H®)) (6) Y Es (Claar (™)) = anr (Hk(6))

is finite-dimensional. This proves that Cl (a r (H°)) is admissible. We show
that Cl(ayr (H*)) is irreducible i.e., only closed G-invariant subspaces of
Cl(ayp (H*>)) are {0} and Cl(axr (H>)). We use smooth vectors.

Using the argument from [24, Lemma 1.6.4], the subspace of smooth vec-
tors Cl (axr (H™))™ in Cl(axr (H™)) is a complete locally convex repre-
sentation of G where topology is defined by the semi—norms:

a— |l (u)al|s,

where u € U(ge) and B C S(T'\G) is bounded. The key thing is that each
smooth vector has a Fourier expansion analogous to the one in the proof of
Lemma 4.2. Then, as in the proof of Lemma 4.2 we see that Cl (a r (H>°))™
is irreducible meaning that only G—invariant subspaces are trivial and every-
thing.
Now, if W C Cl(axr (H™)) is closed G-invariant subspace. Assume
W #£ 0. Then
W™ C Cl(axr (H®))™
is closed G—invariant subspace in appropriate topology. It is dense in W (see
[12], Corollary 1), and therefore non—zero. But then we must have
W = Cl (ayr (H>))™.
Again because the smooth vectors are dense ([12], Corollary 1), this implies
W = Cl(axr (H™)).
d

The Garding space Ayumq(I'\G) has a natural filtration by the smooth
Frechét representations:

SMT\G) C -+ C Aumg,—1(T\G) C Aumg,o(I'\G) C
C Aumg1(T\G) C Aymg2(T\G) C -- -,
where for an integer n we let

Aumg,n(F\G) ={pe Aumg(F\G); ||<F’Hu,n <oo, u€U(ge)}-
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We remark that all embeddings are continuous, and that
SMT\G) = Nnez Aumgn(T\G).
We may therefore let
Aumg,—oo(I\G) = S(T\G).

LEMMA 4.4. Letn > —oo. Then, the representation of G on Aymgn(I\G)
is of moderate growth.

PROOF. The proof is similar to the proof of [25, Lemma 11.5.1]. We
remarked above that representation is smooth. Let p be the continuous semi-
norm on Aymg»(I\G). Then, since p is continuous, there exists a constant
C >0, and uq,...,u; € U(gc) such that

el < C-Ulellurn -+ [[@llun) s ¢ € Aumgn(P\G).

This is for the case n > —oo. But when n = —oo, the above is true for
convenient integer (again denoted by) m. In this case, we fix such n.

Next, we consider the standard filtration of U(gc) by finite G—invariant
subspaces:

U(ge) =C cU'(gc) CU(gc) C -+

Let k > 0. Let vy, ... v, be the basis of ¥ (gc). Then, there exists smooth
functions 7, ; such that

k
Ad(g)vi = ij (9)v;-
j=1
Clearly, 7; ; are matrix coefficients of the representation on U*(gc). By the

construction of the norm, there exists D,r > 0 such that

Imi;(9) < D-|lgll", g€Ga,

for all 4, j.
We assume that k is large enough so that uy,...,u; € U*(gc). Then, we
can write

k
Ad(g)u; = Z vij(g)v;.

The functions v;; are linear combinations of functions 7;;. Therefore, there
exists Dy > 0 such that
lvij(9)l < Di-|lgll", g € G,

for all 4, j.
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Now, for ¢ € Aymgn(I'\G), and g € G, using properties of the norm, we
have

lr(9)ell, < C- Z\Isolu,n—c Zsup || ™" Juir(g)p ()]
1= la:
:C-Zsup || |r(9) Ad(g ™ us).o(x)|
1= 1w
=C-Zsup ]| =" | (Ad(g ™ Yui) o (g)|
1= 1w
SC-ZZM [sup ™" Jey o(ag)]
i=1 j=1
=C-ZZM [sup [fzg ™17 oy o()
=1 j=1
l k
<COD1- 323 g1 sup flag ™17 ()
=1 j5=1
<CDy- ZZIIQII"*’“sup [[2|] 7™ [vj.0(x)]
i=1 j=1

= ICDl|g|[™*" Z lleell

Jj=1

LEMMA 4.5. Let n > —oo. Then, the linear functional ¢ — ¢(1) is
continuous on Aymgn(T\G).

PRrROOF. Assume first that n > —oo. Then, we have

e = el < llelh,-n,

for ¢ € Aumgn(I'\G). The case n = —oc is a consequence of above inequali-
ties. O

LEMMA 4.6. Let I' C G be a discrete subgroup. Let A be a continuous
functional on H*> which is I'~invariant. For any integer n such thatn > d j,
the map, which assigns to h € H*> a function g — X(m(g)h) in Aumgn(I\G),
is G—equivariant, continuous in appropriate locally convex topologies, and if
A # 0, then it is an embedding. Moreover, the same holds if n = dr y = —00.
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PROOF. By definition of d. » (see Definition 4.1) and the fact that ||z|| >
1 for all x € G, we have (see (4.1))

A (w(@h)] < [lgll?s(h), g€ G, heH™.

The semi-norm h — s(7(u)h) is again continuous, for v € U(ge), and we
have as a consequence of above inequality

A (w(g)m ()| < |lgll?&(x(u)h), g€ G, heH™.
For v € T', the I'-invariance of A implies that

A (m(g)m(w)h)| = X (m(vg)m(w)h)| < [|vgl|*w(m(u)h).
Since the norm is continuous and I' discrete, for fixed x € G, there exists
Yo € I' such that

[voz|| = |[2||lr\a = Wllelf; ||yl

Thus above inequality implies

A (m(g)m(w)h)| < |lgllt\ gr(m(u)h).
This implies that
sup [|g][pv 1A (m(9)m(w)h)| < w(m(u)h).
geG
Now, the lemma easily follows. ]

Now, we prove the main result of the present section.

THEOREM 4.7. Let V C S(I'\G)’ be a closed irreducible admissible sub-
representation of S(T\G)'. Then, there exists an irreducible admissible rep-
resentation of G acting on a Hilbert space H, and a non—zero I'—invariant
continuous functional on H* such that

V = CZ (00\71'* (Hoo)) .

PrOOF. By [12, Lemma 4], V*° NVk is dense in V. Since V is admissible,
we see that Vg C V. It is easy to check that Vi is an irreducible (g, K)—
module. In particular, every vector in Vg is Z(gc)—finite. Therefore, by
[12, Theorem 1], for each ¢ € Vi there exists a € C°(G) such that ' (a)p =
. Hence, Vi belongs to the Garding space of V, and consequently to the
Garding space of S(I'\G)" which is A,y (I'\G). By means of the Casselman
subrepresentation theorem, we can find an infinitesimal embedding of Vi into
a principal series of G. In this way, we obtain a globalization of Vi i.e., there
exists an irreducible admissible representation (m, H) on the Hilbert space H
infinitesimally equivalent to Vg . Let us fix an isomorphism 7 : Hx — Vi .

We recall the filtration of Ay, (I'\G) by the representations of moderate
growth (see Lemma 4.4) :

Aymg 1 (T\G) C Aymg 2(T\G) C Aymg s(T\G) C --- .
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This is also filtration of U(gc)-modules. Since Vi is irreducible, there exists
n > 1 such that

Let V,, be the closure of Vg in Aymgn(T\G). It is obvious that a (g, K)-
module on the space of K—finite vectors in W, is Vg . Therefore, V,, is irre-
ducible. We remark that V;, being a closed subrepresentation of a represen-
tation of moderate growth Aymg »(I'\G) is also a representation of moderate
growth (see Lemma 4.4; [25], Lemma 11.5.2). But > is also a representa-
tion of moderate growth ([25], Lemma 11.5.1) and irreducible (see Lemma
4.2). So, the isomorphism 7 : Hx — (W), = Vi, extends to a continu-
ous isomorphism of G-representations 1 : H° — V,, applying [25, Theorem
11.5.1].
Now, the required linear functional is

A(m) ) (1)

Indeed, it is obviously continuous (see Lemma 4.5). Next, it is I'-invariant
since

Alm(y)h) = n(x(V)h)(1) = r(v)n(h)(1) = n(h)(v) = n(h)(1), he H>, v eT.

Now, using the notation introduced in Proposition 4.3, we compute
A(m(g)h) = n(w(g)h)(1) = r(g)n(h)(1) = n(h)(9), heH™, geG.
For h € H, above computation and Proposition 4.3 (ii) implies that
Oé)\,r (HK) - VK.

The proof of Proposition 4.3 shows that the space of K-finite vectors of
Cl(axr (H™>®)) is axr (Hk) and it is dense in Cl(axr (H*)). Since Vg
is dense in Vg, the theorem follows. ]

Examples of subrepresentation can explicitly be constructed using Eisen-
stein series [13], or be shown to exists using Poincaré series [20], or the trace
formula ([1], [2]). Now, we show that there are no finite-dimensional rep-
resentations except the trivial representation in S(I'\G)’ under appropriate
assumptions.

THEOREM 4.8. We maintain Assumption 2.2. Then, if G has no com-
pact components, then the trivial representation is the only finite—dimensional
subrepresentation of S(T\G)'.

PRrROOF. Let V C S(I'\G)' be a finite-dimensional subrepresentation.
Then, by Theorem 4.7, there exists finite dimensional representation #H (sat-
isfying the assumption of the first paragraph of this section) such that

V=_Cl (Oz,\j (7‘[00)) = axT (7‘[00) .
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Since H is finite-dimensional, we have H* = H, and there is a non—zero
I'—invariant functional on H. So, the algebraic dual H’ is smooth irreducible
representation of G having a non-zero I'-invariant vector. By general theory,
H' is a restriction of an algebraic (holomorphic) representation of G(C) to G.
But the Borel density theorem [3] implies that I' is Zariski dense in G(C).
Because of that a I'-invariant vector is also G(C)—invariant. In particular,
it is G-invariant. But H’ is an irreducible representation of G. Hence, H’
is one—dimensional and G acts trivially. Thus, the same holds for H and
consequently for V. ]

The most important consequence of Theorem 4.8 is the following corollary.
In fact, as the referee observed, the theory of Schwartz spaces is not necessary
here, the Borel density theorem [3] can be used as in the previous proof.

COROLLARY 4.9. We maintain Assumption 2.2. Then, if G has no com-
pact components, then the trivial representation is the only finite—dimensional
subrepresentation of a (g, K)-module A(T\G) (defined in Section 2).

5. REsULTS ON L?(T'\G)

In this section we continue with the assumptions of previous Section 4.
The reader should review the second paragraph of Section 4.

We consider the usual embedding A,y (I'\G) — S(I'\G)’, given by ¢ —
B, where B, is defined by B, (f) = fF\G o(z) f(x)dz, for f € S(T'\G).

LEMMA 5.1. We equip the space of smooth vectors (S(T\G)')* with the
usual topology (described in the proof below). Let n > —oo. Then, the embed-
ding Aumg.n(D\G) — (S(T\G))™, given by o — By, is G-equivariant and
continuous.

PROOF. Recall that the space of smooth vectors (S(I'\G)")™ in S(I'\G)’
is a complete locally convex representation of G where topology is defined by
the semi—norms:

ar— ||r'(u)alls,

where u € U(gc) and B C S(I'\G) is bounded.

Let v € U(ge) and let B C S(I'\G) be a bounded set. Let ¢ €
Aymgn(C\G). Then, assuming that in the computation below n means any
integer if originally we have n = —oo,

sup |1’ (u) B, (f)| = sup
feB feB

/ u.p(x) f(x)dx|.
G
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We note again, [8, Proposition 1.9] implies that fF\G ||g|1?\dg;dg < oo for all
sufficiently large dy > 0. Let Mp =sup;cp |[f]|1,—a, < oo. Hence

WNMWMﬂK<MR/ m&?w)mmw.
feB G

The continuity of the map easily follows. The map is obviously G—equivariant.
d

We recall the classical and well-known argument in our settings. Let
X € g. Then, for F € LYI'\G) N C>®(G) and f € S(T'\G), we have

X.F(z)f(x)dzx =
G

:Awimwumwmvmm

= [l (Flaexp (t)) ]z exp (X)) da
G

d
—-/gv}FTw)dth—of(weXp(tXU)dx

d d
-/ im0 F@f @) do / o Flo)glemof (e e (1))

d
_ /F\G F(@) 3 lio (w exp (¢X))d.

The map g — g, given by X —— —X. This extends to a C-linear
anti-automorphism u — u# of U (gc) which satisfies

(5.1) / w.F(z) f(x)de = / F(x) u”.f(z)dx
G e
Since S(I'\G) is a smooth representation, for each u € U(gc), the map
f +— u.f is continuous. So, if 8 € S(T'\G)’, then f — B(u.f) is a continuous
linear functional. Hence, S(I'\G)’ becomes U(gc)-module:

wpf(f) = Bu”.f), feST\G).

We consider the embedding of L?(I'\G) — S(I'\G)/, given by ¢ — f3,
where (3, is defined by 5, (f) = fF\G o(x) f(z)dz, for f € S(T\G). It is proved
in [8, Proposition 1.17] that the map is continuous. We sketch the argument.
Let d > 0 be an integer such that fF\G ||x|\;\2§dm‘ < 00. Let B C S(T\G) be
a bounded set. Then, we have the following:
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(5.2)

1BellB = sup
feB

/ () f()da| < sup / o(@)| £ (2)] de
NG feBJr\G

1/2 1/2
= ( / ||x|;€édx> <sup ||f||1,—d> - ( / |¢<x>|2dx>
NG feB NG

which clearly proves the continuity. It is by the general theory that we have
continuous map of smooth representations (L2(T'\G))™ < (S(I'\G)")*, the
image is actually in Aymg(I'\G) (see Lemma 3.5). But even more is true

LEMMA 5.2. If the sequence (opn)n>1 in (L2(I‘\G))Oo converges to ¢ €
L*(D\G), then for each u € U(gc) the sequence (By(u)p, )n>1 converges to
u.fB, in the topology of S(T\G)'.

PROOF. Arguing as in (5.2) and using (5.1), we have

||6uwn - uﬂwHB <
1/2

1/2
( / . |x||;€édw> (;gg ||f|u#7_d) - ( / len@) w(x)Ide> ,

for all bounded sets B C S(I'\G) and u € U(gc). ad
COROLLARY 5.3. S, is a smooth vector in S(T\G)' for all ¢ € L*(T'\G).

PROOF. We recall that the space of smooth vectors (S(I'\G))™ in
S(T\G)' is a complete locally convex representation of G where topology is
defined by the semi—norms:

ar— [|r'(u)al|s,

where u € U(gc) and B C S(I'\G) is bounded. Now, since by the general the-
ory, the image of (L2 (F\G))OO belongs to (S(I'\G)')™, we may apply Lemma
5.2 to complete the proof. ]

LEMMA 5.4. Let H be a closed irreducible G—invariant subspace of
L?(I'\G). Then, we have the following commutative diagram:

p—p

H —S— LAI\G) 5 sm\GQY

I I I

Ho —S s (L2I\G)™ £22% Ay, (N\G),

where in the first row are continuous maps, and the second row is also con-
tinuous if we equip Aymg(D\G) with the topology inherited from (S(I\G)")™.
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PROOF. Above discussions imply that the first row consists of continuous
maps. Next, Lemma 3.4 and Diximier—-Malliavin theorem [11] assure that
the image of (L2(I'\G))™ in Aumy(I'\G). Finally, the commutativity of the
diagram is a consequence of general facts about smooth vectors. ]

The following result uses deep results about globalization due to Cassel-
man [7] and Wallach [25].

LEMMA 5.5. Let ‘H be a closed irreducible G—invariant subspace of
L*(T\G). Then, there exists ng € Z such that for n > ng, the map ¢ — B,
maps H™ equipped with its natural topology into Aumgn(I\G) (considered as
a subspace of S(T\G)' but equipped with its standard topology) isomorphically
onto its image which is closed in Aymgn(T\G).

PRrROOF. By Lemma 5.4, the map H>® — Aumg(I'\G), given by ¢ —
By, is continuous if we equip Aymg(I'\G) with the topology inherited from
(S(T\G))™. Tt is also U(gc)—equivariant. Select any non-zero ¢ € H.
Then, there exists ng € Z such that

¢ € Aumgng (T\G) C Aumgno+1(F\G) C Aumgno2(T\G) C -+ .

But since Aymg n(I'\G) are smooth representations, and H is an irreducible
U(gc)module, we see that the image of H is contained in Aymg n(I'\G) for
n > ng. Let W, be the closure of the image in Aymg n(I'\G) for n > ng. It is
obvious that a (g, K)-module on the space of Kfinite vectors in W, is the
image of Hx. Therefore, W, is irreducible. We remark that W,, being a closed
subrepresentation of a representation of moderate growth Aym,q.»(I'\G) is also
a representation of moderate growth (see Lemma 4.4; [25], Lemma 11.5.2).
But H> is also a representation of moderate growth ([25], Lemma 11.5.1) and
irreducible (see Lemma 4.2). So, the map Hx — (W), ¢ — B, which
is an isomorphism of (g, K)-modules, extends to a continuous isomorphism of
G-representations H> and W,, applying [25, Theorem 11.5.1]. Let us finally
determine this map. This is easy since by the composition with the continuous
inclusion Aymg.» (T\G) = (S(T\G)')™ (see Lemma 5.1), we obtained the map
that coincides on Hg with the continuous map given by the second row of
the diagram in Lemma 5.4. Hence, the map is ¢ — B,,. 0

The first main result of this section is the following theorem. The reader
should review the statement of Proposition 4.3.

THEOREM 5.6. Let H be a closed irreducible G—invariant subspace of
L?(T\G). Then, we have the following:
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(i) The continuous inclusion H — L*(T\G) gives rise to a continuous
linear functional A such that the following diagram is commutative:

H 2l sm\GY

| dl
He 22D, S(D\G).
Furthermore, H is embedded into the smooth vectors of the closure
Cl(aar (H*>)).
(i) In addition, assume that Assumption 2.2 holds. Then, if H is tempered,
then dy ) = —o0.

PROOF. We prove (i). Lemma 5.4 implies that H> C Aypmg(T\G). Next,
by Lemma 5.5, there exists an integer n > 1 such that H*™ C Aymg.n(T\G).
This inclusion is continuous in appropriate topologies. Hence, by Lemma 4.5,
@ — (1) is a continuous functional on H*°. If we denote this functional by
A, then the commutativity of the diagram follows. The last part of (i) follows
from Corollary 5.3.

We prove (ii). Because of the Assumption 2.2, we may consider the space
of the closed subspace L2,,,(I'\G) of cuspidal functions in L*(I'\G). It is a
G-subrepresentation. By a result of Wallach [23], since H is a tempered closed
subrepresentation of L2(T'\G), H is a closed subrepresentation of L2 . (I'\G).

cusp

Then, using the notation of Section 2, Hx C Acyusp(T\G), and in fact
Hi C Acusp(T\G) N S(T\G),

since K-finite cuspidal automorphic forms are rapidly decreasing [6]. Now,
arguing as in the proof of Lemma 5.5, we see that

H® c AZ_(T\G) N S(T\G).

cusp
This implies (ii). It also shows that smooth cuspidal automorphic forms are
rapidly decreasing. Which gives a different proof of the fact proved also in
[16]. |

We maintain the Assumption 2.2, and assume that G posses represen-
tations in discrete series ([15], [12]). Then, if (7w, ) is a representation in
discrete series, then there exists infinitely many congruence subgroups I' such
that we can embedded it in L2, (T\G) ([22], [9]). Therefore, it posses a
non-zero I' invariant functional such that d, x = —oo. On the other hand, by
counting tempered representation, most of them do not appear as subrepre-

sentations of L?(T'\G) for a congruence subgroup T'.

Following Harish—Chandra ([12], Section 5), we introduce the topology on
C*°(G) by means of seminorms

vou, 2 C G iscompact and u € U(gc)
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defined by
vo.u(F) = sup |[uF(z)|].
z€eQ

We end this section with the following theorem:

THEOREM 5.7. Let H be a closed irreducible G—invariant subspace of
L*(T\G). Assume that the sequence of elements in H™, (¢n)n>1, converges
to ¢ € H™ in the standard topology on H*. Then, it converges to ¢ in
above described topology on C*°(Q). In addition, assume that Assumption 2.2
holds. Then, if H C L2,,,(T\G), then u.on — u. uniformly on G for all
u € U(ge).

PRrROOF. The first part follows from Lemma 5.5. In addition, for the
second part, we need the fact that

H>® C A%, (T\G) NS(T\G)
established in the proof of Theorem 4.9. O

6. ON T'-INVARIANTS IN §'(G)

Let T' C G be a discrete subgroup. Then, the canonical map S(G) —
S(I\G), given by Pr(f)(z) = >_, cr f(y2), is a continuous ([8], Proposition
1.110). We sketch the argument since the details of the argument will be
useful later. Let u € U(gc). Let n > 1 be an integer. Then, we have

P ()], = sup [[z][P\g |u-Pr(f)(2)]-
z€G

Since u.Pr(f) = Pr(u.f) and |[z||r\g < |||, we obtain
|zl @ [u-Pr(f) (@) = [|2]|t\q [Pr(u.f) ()]

< Al f )] < Wl —amn | D I2ll7)
yer ~yerl
where d > 0 is large enough such that [, ||z[|~?dz < co. But, by [8, Lemma
1.10], we have
def _
(6.1) My = sup > |lya|| ¢ < 0.
xeryEF
Thus, we obtain

(6.2) P (P —n < MallF 1~ -
The group I acts on the left on S(G): I(y) f(x) = f(y'z). By duality T
acts on S(G)'s I'(1)alf) = a(l(y)f).

LEMMA 6.1. Let v € T'. Then, the linear operator l(v) (resp., U'(v)) is
continuous in the topology on S(G) (resp., S(G)’).
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PRrOOF. Indeed, for u € U(gc), and for an integer n > 1, we have the
following:
1

IA

V) flu,—n = sup [|2|["u.f (v~ 2)| = sup [|yz|["[u.f ()] < [ [[f]lu,~n-
zeCG z€CG

This proves that [(+) is continuous. Next, we have
1 (y)alls = sup la(i(y")f)| = sup |a(f)] = llalli-1)5-
feB fel(y—1)B

We remark that since [(y~1) is continuous, the set I(y~!)B is bounded. This
proves that I'(y) is also continuous. d

LEMMA 6.2. Let (S(G))" be the space of all a € S(G)' such that I'(y)a =

o for ally € T. Then, (S(G))" is a closed subrepresentation of S(G) (where
G acts by right translations).

PROOF. Indeed, if (cx)aen is a net in (S(G)’)" which converges to o €
S(G)' i.e., the nets ||ax — || g, where B C §(G) is bounded, converge to zero.
Then, since for v € T', the operator I'(+) is continuous, we have that the net
I'(7)ay converges to I'(y)a. This implies I/(y)a = o. Hence, o € (S(G)")".

]

PROPOSITION 6.3. We maintain Assumption 2.2. Then, the canonical
map S(T\G) — S(G)’ is a continuous embedding with the image dense in
the closed subrepresentation (S(G)')". The space Aumg(T\G) gets identified

with the Garding space of the subrepresentation (S(G)’)F.

PROOF. Since Assumption 2.2 holds, the canonical map S(G) —
S(I\G), given by Pr(f)(z) =>_ cr f(y2), is a continuous epimorphism ([8],
Proposition 1.11, Theorem 2.2).

Next, the map S(T\G) — S(G)’ is an embedding. It is also obvious
that its image is contained in (S(G)')". Let us that it is continuous. Let
B C 8(G) be a bounded set. Then, since Pr is continuous, Pr (B) C S(I'\G)

is a bounded set. Then, we have

llao Prl[p = sup |a (Pr(f))| = [lallpos)-
feB

This proves the continuity of the map.

The space Aymg(I'\G) is the Garding space of S(I'\G)’. Thus its image
is contained in the Garding space of the subrepresentation (S(G)’)". But the
Garding space of (S(G)')" is contained in the Garding space of S(G)’. This
space is Aymg(G) (see Lemma 3.4). So let o belong to the Garding space of

(S(G)’)F. Then, by what we have just said, « is represented by a function
© € Aymg(G):

a(f) = /G o(@)f(z)dz, f e S(C).
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Since « is I'invariant, we have that ¢(yz) = ¢(z), v € T, € G. Now,
© € Aumg(T\G).

Finally, since Aymq(I'\G) maps onto the Garding space of (S(@))', the
space S(I'\G)' — S(G)’ maps onto a dense sbspace of (S(G))". 0

In the following proposition we give the most general construction of
classical Poincaré series. In part, it generalizes [20, Theorem 6.4].

PrOPOSITION 6.4. Assume that T' C G is a discrete subgroup. Let
¢ € LYG). Then the series > er (V)¢ converges absolutely in S(G)" to

an element of (S(G))" (which is in the image of S(T\G)’). Moreover, if ¢ is
a smooth vector in the Banach representation L'(G) under right-translations,

then S, cr 179 € Aunmg(T\G).
PROOF. Let B C S(G) be a bounded set. We need to show that

S li)ells < oo

yel

Since S(T'\G)’ is complete, this proves the absolute convergence.
By definition, we have

i)l = sup ] /G oy 2) f ()de

< sup/ (v )| f ()| d
reBJa

= sup /G o(@)||f (1) da

< <sup|f|1,_d> - / o) ||yz] |~ da.
feB G

So, the series is

< <sup||f|1,—d> M, / ()] dz < oo,
feB G

where the number M, is defined by (6.1).
The distribution in question is in fact the integration against the classical
Poincaré series Pr(¢) € L' (I'\G):

| @@= [ o)

yel
= 1) f(z)dz = x)f(x)dx
b et b L ioe@ @i

for f € S(G).
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The space of smooth vectors in L (G), where G acts by right translations
r, is a Frechét space under seminorms ([25], Lemma 11.5.1):

r () £l = /G Ir(u) f ()| e, u € Ulge).

Then, by Diximier-Malliavin theorem [11], for smooth vector ¢ there exists,
smooth vectors ¢, ..., ¢, and aq,...,qa; € C(G) such that

!
Y= Zr(ai)%‘ = Z%’*%\‘/y
i=1

i=1

where as usual o) (z) = a;(z7!). By the standard measure-theoretic argu-
ments, we have

l
Pr(p) = ZPF(%‘) *ay .

Now, we apply Lemma 3.5. 0

(1]

2]

(3]

(4]

[11]

[12]
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Neki rezultati o Schwartzovom prostoru za I'\G

Goran Muié

SAZETAK. Neka je G povezana poluprosta Liejeva grupa s
kona¢nim centrom. Neka je I' C G diskretna podgrupa. U ovom
radu proucavamo dopustive zatvorene podreprezentacije prostora
distribucija S(I'\G)', koji je definirao Casselman, te njihov odnos
s prostorom automorfnih formi na I'\G kada je I" kongruencijska
podgrupa.
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