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On collocation methods for Volterra integral
equations with delay arguments*

VILMOS HORVAT?

Abstract. In this paper we construct and give an analysis of the
global convergence and local superconvergence properties of polynomial

collocation solution u € Sr()j-)i-d(ZN) of Volterra integral equations with
constant delay, thus extending the existing theory for d = —1 to the

general case.
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1. Introduction

We consider the numerical discretization of Volterra integral equations with (con-
stant) delay 7 > 0,

y(t) = g(t) +/O ki(t, s,y(s))ds —l—/o 7Tk2(t,s,y(s))ds, tel:=[0,7], (1)

with
y(t) = ¢(t)a te [_Tv O)a (2)

by collocation methods in certain polynomial spline spaces. The aim of this paper
is to introduce a new polynomial collocation method to approximate the solution
of (1). It will be assumed that the given functions, ¢ : [-7,0] - R, g : [ — R,
ki : SXxR—->R(S:={(ts):0<s<t<T}),and ko : S; xR — R (5, :=
I x [—7,T — 7]) are at least continuous on their domains. We will not discuss the
”classical” Volterra integral equations. So, assume that ks(t, s,y) does not vanish
identically on its domain. Existence and uniqueness results for (1) can be found in,
for example, [2] and [6].

The exact solution of (1), in the case ks = 0, has been approximated by the col-
location method in polynomial spline spaces S'. ) (Zn) (see [3], [4]) and Sﬁld(ZN)

m—1

for d > —1 (see [7], [8]). Details of the notation are given in §2. Recently, the
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collocation solution of (1) has been constructed in the piecewise polynomial space
S,(,:i(Z ~) (see [5]). The aim of this paper is to construct an approximate solution
of (1) in the polynomial space Sfj_)ird(ZN). The approximation u € Sf,‘jid(ZN) will
be determined by collocation. The attainable order of global and local convergence
of these methods, both in exact and discretized case, is analysed in detail.

2. Collocation

Let t, = nh (n =0,...,N — 1, ty = T) define a uniform partition for I = [0, 7],
and let I := {to,...,tn}, 00 := [to, t1],0n := (tn, tnt1] (1 <n < N —1). The mesh
Il is constrained in the following sense:

h=2_ for some r € N. (3)
r

With a given mesh IIy we associate the set of its interior points, Zn := {t, : n =
1,...,N —1}. For a fixed N > 1 and, for given integers d > —1 and m > 1, the

piecewise polynomial space Sﬁfﬁr 4(Zn) is defined by

g

D a(Zn) = {u: T = Riulo, =t un € Trasul)y (t) = ul (t,), v =0, ..., d}, (4)

where 7,4 denotes the set of (real) polynomials of a degree not exceeding m + d.

The dimension of this space is given by dim @ (Zn) = Nm+d+1. Let u, = u

m~+d
u € Sfjjrd

On>

(Zn), for all t € g, we have

d ()

u,” 1 (tn "
un(t) =Y #(t —tn) + D an(t—t)™, n=0,.,N-1, (5)
=0 ’ =1

where u(_l)1 (0) =y"M(0), 1=0,...d.

From (5) we see that an element u € Sr(:ﬁr 4(Zn) is well defined when we know
the coefficients {ay,;} for all =0, ..., N — 1. In order to compute these coefficients,
we consider the set of collocation parameters {c;}, where 0 < ¢; < ... < ¢ < 1,

and define the set Xy := {tn,j}m’N71 of collocation points by

j=1,n=0
tnj =tn+ch j=1,...,mn=0,..,N—1. (6)
The collocation solution u € 57(72_ 4(Zn) will be determined by imposing the condi-

tion that u satisfies the integral equation (1) on the finite set Xy

t t—1
ut) = glt)+ / ka(t, 5, u(s))ds + / ko(t,s,u(s))ds, with  (7)
0 0
u(t) = ¢(t) on [-7,0). (8)
If t = t,; is such that ¢, ; — 7 (= th—r ;) < 0 (recall that, by (3), 7 = rh = t,),

then (1) becomes

u(t) = g(t) +/0 ki(t,s,u(s))ds—@(t), t=tnj, (j=1,....m; n=0,..,7—1), (9)
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where
0
B(t)i= [ kalt,s.00)ds. (10)

In contrast to classical Volterra integral equations corresponding to ko = 0, the
occurrence of the term ®(t) in the collocation equation (9) reveals that, for ¢ =
tn,; < 7, we have to evaluate (or approximate) a functional containing the given
initial function ¢(t).

In order to put (7) into a form amenable to numerical computation, let ¢ € o,
and define

tn n-1 .1
F,(t) ;:/ kl(t,s,u(s))ds:hZ/ k1 (t, t; + vh, u(t; + vh))dv. (11)
0 i—0 70
Moreover, let

D) = /O_Tkg(t,s,u(s))ds with (12)
D) = —(t)ift<r

By using (6), equation (7) can be written as
¢
(tns) = 9ltn3) + Faltns) + Dltng) 1 [ Falta st + vhultn + oh))dv, (13)
0

for j =1,...,m.

Consider now (13). Generally, the integrals on the right-hand side including
those in F,(tn,;) and D(t, ;) cannot be evaluated analytically, but have to be
approximated by suitable quadrature formulae.

Let po and p; be given positive integers. Suppose that the quadrature parame-
ters {d;} and {d;;} satisfy 0 < d; < ... <dy, <land 0<d;; < .. <dju <¢j
(j = 1,...,m), respectively. The quadrature weights are then given by

1 K1
v —d,
wy = dv, I =1,..., and
ce [T = m
r=1,r#l
cj Ho —d..
wj; = / H Uij”dv, =1, p j=1,....m.
’ 0 dji —dj;
r=1,r#l ’

The fully discretized collocation equation corresponding to (13) is thus given by

Ko
a(tn,j) = g(tn,j)+Fn (tn,j)+D(tn,j)+h Z wj,lkl (tn,j; ty +dj,lh; ﬁ(tn+dj,lh))7 (14)
=1
7 =1,...,m, with
n—1 pi1
Fou(tn;) =hY > wiky(tn g, ti + dih, a(t + dih)), (15)

=0 =1



96 V. HORVAT

and, if n —r > 0, then

n—r—1 pi

Dn(tng) = h Y > wika(tn,ti + dih, it + dih)) (16)
=0 I=1

Ho
+h Z wj, ko (tn,j, tn—r +d; h, ’ll(tn_r +d 'Jh)).
=1

If n—r <0, Dy(tn,;) is given either by the exact value of —®(¢,, ;) (recall (10)),

1
ﬁn(tn,]) = Dn(tn,]) = —h/ k’g(tn,j, tn—r + ’Uh7 ¢(tn—T + ’Uh))d’U (17)

J

-1
—h Y ka(tn g ti + vh, ¢t + vh))do,

i=n—r+1
or by a suitable quadrature approximation to —® (¢, ;),

M1
Dn(tng) = —hY_ @jika(tng,tn—r + & ih, (tn—r + & 1h)) (18)
=1
—1 [5%
—h Z Zwlk’Q(tn,jvti +dlh,¢(ti +dlh))

i=n—r+1[=1

where &1 :=c¢; + (1 —¢;)di, W5 :=(1—¢j)wy (j,l=1,..,m).
Since the quadrature error terms will be disregarded, we generate an approximation

u € s

ma-a(Zn) of the following form:

d ~() m
a(t) = tn(t) = Zw(t—tn)l—kz%,l(t—tn)d“ (19)

a0) = y®0), 1=0,...d forallt€o, n=0,.,N—1.

Equations (13) and (14) represent for each n = 0, ..., N — 1, a recursive system of
m nonlinear algebraic equations with the unknowns {a, ,} and {a,. .}, respectively.
Since the solutions of the systems have been found, the values u and @ and their
derivatives on o,, are determined by (5) and by (19), respectively.

3. Global convergence

Let u € Sﬁfi_d(ZN) denote the (exact) collocation solution to (1) defined by (7)-(9).

For simplicity of exposition we will focus on the linear version of (1),

y(t) = glt) + / K (t, s)y(s)ds + O_TKzu,s)y(s)ds, tel (20)

where K7 € C(S), Ky € C(S;). A comment on the extension of the convergence
results to the nonlinear equation (1) can be found at the end of this section.
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Theorem 1. Assume that the given functions in (20) and (2) satisfy g €
Cmtdrl() Ky € CmHIHL(S), Ky € OmTat(S)), ¢ € O™ IHL([—7,0]), and that
for t € [0, 7] the integral (10)

0
B(t) = | Kolt,s)p(s)ds (21)

t—7

is known exactly. Then for all sufficiently small h = 7/t (r € N) the constrained
mesh collocation solution u € S,(:ld(ZN) to (20) satisfies

ly® —u® | o < CRh™ =k for all k =0,...,m +d, (22)

where Cy, are positive constants not depending on h. This estimate holds for all
collocation parameters {c;} with 0 < ¢ < ... < ¢m < 1.

Proof. Assume for simplicity, and without any loss of generality, that T'= Mt
for some M € N. In each interval J, := (u7, (1 + 1)7), the exact solution y of (20)
is m + d 4+ 1 times continuously differentiable. This follows from the smoothness
hypotheses we have imposed on ¢, g, K1 and K5, and from the expressions for
y™)(t) obtained by successively differentiating (20) with respect to t. From this it
is obvious that both the left and right limits of y*)(t) (v = 0,...,m +d + 1), as t
tends to u7, exist and are finite.

We will prove the estimate (22) by induction. For n = 0,1,..., N — 1, and all
t =t, +vh € o, (v € (0,1]), the exact solution of y can be expanded in Taylor
series:

m-4d (1)
y(tn +vh) = Z yli('tn)vlhl + R, (v)h™T4H where (23)
=0 ’
1 Y (md1) d
— m—+d+ m+

So, by (5) and (23) we have

d 1) m

e tn

e(tn +vh) = %()hlv’ N <§ Bp 0™ +Rn(v)> . (24)
: =1

=0

and

(d+1) o
KB, = <%> B (=1,..,m). (25)

As y is the solution of (20), and u € Sﬁld(ZN) satisfies the exact collocation

equation (7)-(9), the collocation error e := y — u satisfies

tn,j

e(tn) = Ki(tn, s)e(s)ds + /O " Kaltn, )e(s)ds, (26)
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If t, < 7 (=t), then t,_,; = t, +cjh — 7 < 0. Since u(t) = ¢(t) on [-1,0),
equation (26) is reduced to

tn,j
e(tn,;) = K (tn ;,8)e(s)ds (27)
0
and can be written as
cj n—1
e(tn,;) = h/ K1 (tn,j,tn+ vh)e(ty, +vh)dv+ h ZKl (tn,j, ti + vh)e(t;+ vh)dv. (28)
0 i=0

If t,, > t,, the equation (26) can be written as

cj n—1 1
e(tn,;) = h/o K1(tn j,tn+ vh)e(tn,+ vh)dv—l—hZ/O K1 (tn,j, ti+ vh)e(t;+ vh)dv
=0

+h/ Ko(tn j,tn—r + vh)e(tn—r + vh)dv (29)
0

n—r—1

1
+ho Y / Ko(tn j, ti +vh)e(t; + vh)dv.
=0 0

In order to make the following analysis more obvious, let

ﬁn = (ﬁn,l; "'7ﬁn,m)7—a n= 0) 7N - 1)

qg):::(qSiw“aqg%JT77l__Q

@2 (@) )

ey — 1,

qn w1 s Qm) T, m=1, 0, N =1,
with
¢\ = —Ru(cj) +h [ Ki(tn, ta + vh) Ry (v)dv
R K (b b+ vh) Ry(v)do
and

qgg = qr(zlz +h focj K2(tn,ja tn—r +vh) Ry (v)dv

+h Z?;0T71 fol Ko(tn j,ti + vh)R;(v)dv.

By using the expression (25) for e, we obtain the following recurrence relation from
(28) and (30) for the vectors 3, of the form

hYi ngl,gﬁi ) g, n=0,..,r—1

(V - hQS%)ﬂn = n—1 n—r (30)
h ZQS}ﬁwh Zngﬁiﬁ-Tg)—i—qg), n=r.,N—-1
=0 i=0
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1 .2

(1) F(l,) Q(Q) Fr(i) and the vectors ry, 7, 7,/ are

where the square matrices V, W, @

n,’ T n,t’ Cn,i’
given by
Vo= (c}”l), W= (cé) (j,l=1,..,m),
on = (fol Ki(tnj,ti +vh)vdtldv) if 0<i<n-—1,
m K (ty gt Fohwtde) i i=n(5,0=1,...,m),
0 J
FO [y Kiltag titohld)  if 1<i<n—1,
e (Jo? Ki(tnj, ti + vh)oldv) if i=n(jl=1,..,m),
02 - (fol Ko(tn j,ti +vh)o¢tldv) if 0<i<n—r—1,
o (Jo? Katnj,ti + vh)v®ldv)  if i=n—r(j,l=1,..,m),
2 (fol Ko(tnj,ti +vh)oldv) if 1<i<n-—r-—1,
"t (Jo? Katnj ti + vh)o'dv) if i=n—r(j,l=1,..,m),
n—1
W= by E i+ (hESY — Wy,
i=1
RPr@ = prdtlp() hz Fr(fi)%

i=1
. . e ()
with p=m +d+1 and v; := (Vi,1, .., Vi;m)", @ = 1,...,n where v;; := h' —*=7—.
For all collocation parameters {c;} with 0 < ¢; < ... < ¢, <1,V and W are the
Vandermonde matrices and thus nonsingular. Let K := max{|K(t,s)| : (¢t,s) € S}
and K := max{|Ka(t,s)| : (t,s) € S}, since by the assumptions, K; € C(S) and
K € C(S;), thus K; and Ko are finite.
For n =0, by (5) and (27), we obtain:

(V= hQ§3)50 = V. (31)

Since V is nonsingular, and by the assumptions of Theorem 1, it follows that there
exists A > 0, such that the matrix V — hQ((f()) possesses uniformly bounded inverse
for all h € (0, h). Since |Ry(v)| < My for all v € [0,1] (My > 0 is a finite constant),
we obtain Hq(()l)||1 < m(My + hMyK;) =: q. By using these estimations in (31), we
find:

ol < 11V = hQ50) Il 11 < Dog =: B. (32)

Thus, (32) together with (24) proves that
le(to + vh)| < Coh™ L for all v € [0, 1]. (33)

We take the derivative in relation (25) k times (k = 1,...,m + d), and use (32) to
obtain
e (g + vh)| < Corh™F4F1E for all v € [0, 1]. (34)

Suppose now that for j =0,...,.n —1

le®)(t; + vh)| < Cjph™ Ik forallv € (0,1], k=0,...,m+d.  (35)
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We shall prove that (35) holds for j =n (< r). B

Since by the assumption, K; € C(S), it follows that there exists A > 0, such
that HBQSMM < 1, by a standard Neumann series argument, it follows that the
matrix V — hQ%l,zl possesses a uniformly bounded inverse for all A € (0,h). We
also note that the matrices FT(:Z-),
constant Cg such that ||hF7(Llr)l — W] < Cp. By using (35), we get || 7mtarvill < 94
i=1,...,n. Since |R,(v)| < M,, for all v € (0,1] (M,, > 0 is a finite constant), we
obtain

i =1,...,n are bounded, so there exists a positive

llgll < m(M, +nhKiM,) =: q. (36)
By using these estimates, it follows from (33) that
n—1
18all < hCo Y 1IBills + Ch. (37)
i=0

A well known result on discrete Gronwall inequalities (see [3, p.41]) leads to
[Bnll1 < Crexp(CoT) =: B, (38)
(0 <n <r—1) uniformly as h — 0 (where rh = 7). This by (24) implies that
le(tn +vh)| < CR™T4 for all v € (0,1]. (39)

We take the derivative in relation (24) k times (k = 1, ...,m 4+ d) and by using (38),
we obtain
le®) (L, + vh)| < Cp ™ FH17F for all v € (0, 1]. (40)

Now let t,, > t,.(= 7), then for n = r, by (32) we obtain

r—1
(V= hQU)B =Y QB+ +q. (41)
i=0
Similarly as in the case t,, < t,., by the assumptions of Theorem 1, for all sufficiently
small A > 0, the matrix V — hQS-},z is nonsingular and has a uniformly bounded
inverse. Other matrices involved in (41) have bounded norms, so by using these
estimates and (39), the equation (41) yields a discrete Gronwall inequality like (37)
with n = r. Thus, the results on discrete Gronwall inequalities ([3, p.41]) lead to

16:]l1 < B. (42)

Thus, (42) with (24) proves that (39) holds for n = r. If we take the derivative in
relation (24) k times (k = 1,..,m+d), and by using (42), we obtain that (40) holds
for n = r. Suppose now that (40) holds for j = 0,...,n — 1 (n > r). In complete
analogy with the above results, by the assumptions of Theorem 1 and the induction
argument for all sufficiently small h > 0, the equation (30) yields a discrete Gronwall
inequality

n—1 n—r
18alls < BCo Y 1IBills +hDo Y 1Bill1 + Ci, (43)

=0 =0
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where now » <n < N — 1. The estimates (38) and the results [3, p.41], lead to
1Bulli B (r<n<N-1) (44)

uniformly as h — 0 (with Nh = T). So, by (24) the estimate (39) holds for all
n=r,..,N—1. By using the same argument as in (44), the estimate (40) holds for
alln =r,...,N — 1. Hence, Theorem 1 holds. O
If ®(t) in (10) cannot be found analytically, it has to be approximated by a
suitable numerical quadrature.
Theorem 2. Let the assumptions of Theorem 1 hold, except that the integrals

0
B(t) = / Kot )o(s)ds,  t—=tn;  (n=0,..r—1),
t—T1
are now approzimated by quadrature formulas i)(t), with corresponding quadrature
errors FEo(t) := ®(t) — ®(¢), such that
|Eo(t)] < hi, t=1tn; 0<n<r), (45)

for some q > 0. Then the collocation solution u € Sﬁﬁ_d(ZN) satisfies, for all

sufficiently small h > 0,
el oe < CkhP™E, for allk=0,...,p—1, (46)

with p :== min{m + d + 1, ¢}, where C}, are finite constants not depending on h.

Proof. Because of (13), we have to calculate the integrals ®(t) only if ¢, < ¢,
(= 7). Thus, if ¢, > t,, the estimate (22) holds (with & = 0). So, we assume that
0 < n < r. By subtracting (13) from (20) (with ¢ = ¢, ;), we obtain

tn.j .
e(tn,j) = oK (tn.j; s)e(s)ds — (D(tn,;) — P(tn,;))- (47)
Instead of (24), let
d 1) m
ln

e(tn +vh) = 6”%,();#1/ + AP B w4 R, (v0), with (48)

1=0 ’ =1

p y () — An,l \ 11

hPBni = W R (l=1,..,m), (49)

and with suitable p > 0 to be determined. Substitution of this expression for
the collocation error in the above error equation yields, after division by AP, the
recurrence relation for the vectors 3, of the form

n—1
- n — D T + 7(1 —h™ , n=4U,...,r— 1,
V= hQU)Bn =h Y Qs + (D) 4 pmtdtiorgh) _ pr gy 0 1
=0
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where EY := (Eo(tn1), ..., Eo(tn,m))". Proceding as in the proof of Theorem 1, we
are in a situation in which we may apply the discrete Gronwall inequality, in analogy
to (43),

n—1

1Bulls < hCo Y N1Billi+Cr, 0<n <,
i=0

where €y := hmTd+1=PCy 4 p9=PQ;. This implies that 18nllr < Ch exp(CoT), 0
n < r. Hence, ||B,|[1 will remain uniformly bounded as h — 0 (rh = 7) iff p
min{m + d + 1,q}. Now, we take the derivative in relation (48) k times (k

[ IAIA

1,...,min{m+d, ¢g—1}), and by using the fact that ||3,]1 < Bforalln =0,.... N—1,
we obtain for p = min{m +d + 1, ¢}

le®) ()] < C xhP~F, for all t € o, (50)

O

The global convergence of the fully discretized collocation method is described
in the following theorem.

Theorem 3. Let the assumptions of Theorem 2 hold, and assume that the ap-
proximations @(t) att=1t,; (0 <n<r) are given by the interpolatory quadrature
formulas (18). Suppose that the quadrature formulas used in (14)-(16) satisfy:

1 M1
/ p(t; + vh)dv — Zwlp(ti +dih) = O(h™), and, for j=1,...,m: (51)
0 =1
cj Mo
/ pltn -+ h)do — 3 w;1p(tn + djih) = O(A™). (52)
0

=1

Then the error é := y — 4 associated with the collocation solution @ € Sﬁld(ZN)
(defined by (14)-(16), (18) and (19)) satisfies, for all sufficiently small h = 7/r,

69| oo < CkhP~F, for allk=0,...p—1, (53)

with p :== min{m +d + 1,79 + 1,71}, where C}, are finite constants not depending
on h.

Proof. Since [|é™ o < [y —u®|| + [[u® —a*) ||, and by the statement
(22) of Theorem 1 ||y*® — u®) | = O(R™*+4+1) we have to estimate only ||u(*) —
4®)]| . Now, by subtracting (19) from (5), it follows that the error function & :=
u — 4 can be written for all n =0,..., N — 1 in the form

d s m
_ E’rlfl(t”) s1.8 p d+s
e(tn +vh) = ZOTU h®+h Zlnnysv , where (54)
hpnn,s = (an,s - &n,s)hd+sa (55)

with p being a suitable positive integer to be determined. Consider the integrals
in the (exact) collocation equation (13) (for the linear case (20)). By using the
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interpolatory quadrature formulas, we have the following error terms:

1 M1
Egu:/ Ky (tn g, titvh)u(titoh)dv—> weKi(tn j, titdsh)u(ti+dsh), 0<i<n,
0 s=1
) ] Ho
Emi = / Ki(tn g, tn+vh)ulty +vh)dv = w; K1 (tn,j tn + dj sh)u(ts + d; oh),
0 s=1
. 1 151
EM = / Ko (tn j, trtoh)u(titoh)dv—3 woKa(ty j, trtdsh)u(titdsh), 0 <i<n-—r,
0 s=1
. cj Ho
Epd = | Ka(tnj,tnstvh)ultnrtoh)dv—Y w; Ko(tnj,tn—stdj sh)u(tn rtd; oh).
0 s=1
If n <, we approximate the integrals ®(t, ;) (recall (10)) by quadrature formulas
(18), and have the error term Fy = Z?:n—'r—i—l E}"7. By subtracting (19) from (13),

and by using the above quadrature error terms, we find that

Ho
Etng) = hY_wKi(tnj,tn + djh)e(tn + d;oh) (56)
s=1

n—1 pi1

+h Y 0N WKy (tn g, ti + dsh)e(ti + dih)

i=0 s=1

+h Y EM 4 Altny), j=1,..m,
=0

where, if n < r, then A(t, ;) = Eo. If n > r, then

Ho

A(tmj) = h Z wj s Ko (tmj? tn—r + dj,sh)f:‘(tn_»,« + dj,sh) (57)
s=1
n—r—1 p1 n—r o
th Y Y wKa(tn g, ti + dsh)e(ti + dsh) + h Y B
i=0 s=1 =0

Let 1y, := (Mn1y ooy Mn,m) 7, Where n,, 1 is given by (55). Now, by replacing € with
(54) in (56) and (57), we obtain analogue recurrence relations for the vectors 7, as
for f3,, in the proof of Theorem 1. We obtain

v hOW ) h Z?;OI Qg,im + 72%1) + q/\1(’L1)7 n=0,.,r—1
- n,n)ln =

Ry QW+ h Sy Q8+ 7+, n=r . N1
where the square matrices QS)I, FT(ISB , (s = 1,2), are discrete version of matrices
Q(S) )

mis Fnis (s = 1,2) obtained by replacing integrals by quadrature formulas (see
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the proof of Theorem 1). The associated vectors are given by

ZEOR —hZFUAZ—i— hE() —W)A,,  hPi@ = pmtdtly (1)+hz 2%,

nyi V
i=1

n —
TYITS DICCRNY ST PSS SERTY o]
i=0 ; .

w

and 4; :== (5,15 s Yiom) ", ¢ = 1,..,m, where 4, := = nls TR

Now, by using the same techmque (an induction for n) as in the proof of The-
orem 1 and taking into account the assumptions (51) and (52), it is easy to show
that the norms ||n,||1 satisfy a discrete Gronwall inequality,

n—1

el < hC’OZHmﬂl—i—hpCl for 0 <n <,
i=0
n—1 n—r

Inalli < BDo Y lmills +hDy Y il + AP Dy for n > .
=0 i=0

where p = min{rg + 1,71 }. Hence,
[7n]l1 < CHP, for alln =0,...,N — 1. (58)
Together with (54), the above estimate implies that
|e(tn 4+ vh)| < ChP?, p = min{uo + 1, u1} for all v € (0, 1].

Now, we take the derivative in relation (54) k times (k =1,...,p — 1) and by using
(58), we obtain

le®) (t, 4+ vh)| < Ceh?~*, for all v € (0,1] and k =0, ...,p — 1.
Finally, by using the results of Theorem 1, we obtain
6k |loe < Cxh? ~*, for all k=0,....p' — 1 with p’ = min{m + d + 1, p}.

a

We conclude this section with a comment regarding the extension of the results

of Theorems 1 - 3 to the nonlinear delay equation (1). Under the assumption of

the existence of a (unique) solution y(¢) on I, the nonlinear analogue of the error
equation (26) is

e(tn;) = / " k(b 5,0(5)) — B (b g, 5, u(s)) s (59)
+ /0 "ﬂﬂ{kzg(tn,j, $,Y(8)) — ka(tn,j, s,u(s))}ds (j=1,...,m).

If the partial derivatives Ok;(t,s,y)/0y (i = 1,2) are continuous and bounded on
S x D and S; x D, respectively with D :={y e R: |y —y(s)| <Y, s € I} and
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D ={yeR:|ly—y(s)| <Y, se[-7,T — 7]}, for some ¥ < oo, and if h > 0 is
sufficiently small (assuring the existence of a unique collocation solution w), then
(59) may again be written in the form (26). The roles of the K are now assumed
by
Ok;
kz(l)(t,s) = a—yz(t,s,zi(s)) (i=1,2),

where z;(s) := 0;y(s) + (1 —0;)u(s), 0 < ; = 0;(s) < 1. Hence, the above proofs are
easily adapted to deal with the nonlinear case (1), and so the convergence results
of Theorems 1 - 3 remain valid for nonlinear delay integral equations.

4. Local superconvergence on Zy

The notion of local superconvergence is used when on a set of interior points Zy
(or Zy) the approximate solution has a convergence order greater than the global
one. From Theorem 1 we notice that the only conditions imposed on the collocation
parameters {c; } are that they must be distinct and must belong to (0, 1]. The local
superconvergence on Zy is closely connected with the choice of the collocation
parameters and with the relation between their number and the number of the
coefficients of the approximate solution determined from the smooth conditions
(see [5] for delay and [3] for ”classical” Volterra integral equations). Without loss
of generality, we assume that T' =ty = M7 for some M € N.

Theorem 4. Assume that the functions given in (20) and (2) satisfy g €
C™tr (1), Ky € C™*P(S), Ky € C™1P(S,), ¢ € C™P([—71,0]) for some (given)
integer p with d + 1 < p < m. Suppose that the delay integral ®(t) (10) can be
evaluated analytically.

If m > d+2, and if the collocation parameters {c;}, with0 < c¢; < ... < ¢y =1,
have the ortogonality property

1 m
Jp = / SkH(S—Cj)dSZO, fork=0,..p—1; (60)
0o o

J, # 0.

If h = 7/r is sufficiently small, then the collocation solution u € Sf,fid(ZN) defined
by (13),(17) is locally superconvergent at the mesh points

_ < m+p
 max, ly(tn) — u(tn)] < CR™TP. (61)

Proof. The collocation equation (7) (applied to the linear delay equation (20))
may be written in the form

t t—1
u(t) = —0(t) + g(t) +/ Ki(t, s)u(s)ds +/ Ks(t,s)u(s)ds, t € 1,
0 0
where the defect § vanishes on Xy

d(tn;)=0, j=1,..,m;n=0,..,N —1; (62)
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we also have 0(t) = 0 for ¢ < 0. The collocation error e := y — u solves the integral
equation

e(t) = / Ki(t,s)e(s)ds+ F(t), te€ I, where (63)
/ Ks(t,s)e(s)ds if t e [r,T]. (64)

For t € [0,7], we have F(t) = 0 (by our assumption on ®(¢)), and so the error
equation (63) reduces to a ”classical” Volterra equation (unique) solution given by

e(t) = o(t) —l—/o R (t, s)d(s)ds (65)

where R; denotes the resolvent kernel associated with the given kernel K; (see,
[3, pp. 11-13]). As T' = M for some positive integer M, we may set , = ur
(uw=0,..,M), and then for ¢t € [£,,&u41] (1 < p < M — 1) the collocation error
e(t) governed by (63) can be expressed in the form

t—iT

+Z/ Quui(t, 5)8(s)ds, (66)

where the functions @, ;(t,s) depend on the given kernel functions K;(t,s) (i =
1,2). This result is the crucial part of the proof of Theorem 4 (proved by H. Brunner,
see [5]), and may be viewed as a generalisation of the resolvent representation of
the collocation error for the nonlinear case (see, e.g. [3, 4]).

Let t =t, € [{, + h,&u41]. Because t,, — it =t, —irh = (n — ir)h, we obtain

tn —iT B n—ir—1

e(tn +Z/ Qni(tn, $)8(s)d +2; Z\I/["] (tx + vh)dv, (67)

with W (1 + vh) == Qui(tn, t + vh)S(tx + vh).

We now replace each of the integrals in the above expression by the sum of its
interpolatory m-point quadrature formula (with the abscissas coinciding with the
collocation points tx + cjh, j = 1,...,m), and the corresponding quadrature error

E'™ Since 0(t) =0 for t € Xn (cf. (62)), we obtain gl ](tk +¢jh) =0,

et eyt

n n—ir—1

e(tn tn)+hY Z MO0<p<n<p+1< M), where M7r=T. (68)
=0 k=0

Since the integrands \I/Zf]i(tk + vh) are smooth for all v € [0,1], and by the
orthogonality conditions (60), the quadrature errors in (68) can be bounded by
|E | < Ch™*P Wlth some finite constant C' not depending on h. Finally, because
Mt = Mrh = = Nh, we obtain |e(t,)] < [6(t,)] + CR™TP. Since ¢, = 1,
tn € XN, we obtain |e(tn)| < Ch™*P (n=1,...,N). O
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The maximum value of p in the orthogonality condition (60) occurs iff the col-
location parameters are the Gauss-Legendre points in (0, 1). We have fixed ¢, = 1,
thus the degree of precision in (61) cannot exceed 2m — 1.

The proofs of Theorems 2, 3 and 4 suggest that the local superconvergence results
are also true for discretized collocation solution @ € Sgid(ZN) defined by (14)-(16),
(18) and (19) and characterized by po = p1 = m. The quadrature approximation
to the delay integral

0
o(t,) = 7/ ka(tn, s, ¢(s))ds 1is given by
tn—r
-1 m
O(ty) = —h > > wika(tnti+dié(t;+d)) (0<n<r). (69)

i=n—r (=0

Theorem 5. If the assumptions of Theorem4 hold, assume that the approxi-
mations to the delay integrals ®(t, ;) and O(t,) (where 0 < n < 1) are given by the
quadrature formulas (18) and (69), respectively, if h = 7/r is sufficiently small and
if the orthogonality conditions (60) hold, then the solution @ given by ((14)-(16),
(18), and (19)) has the property

. < Opm+p
 max, ly(tn) — G(tn)] < CR™TP. (70)

With the same techniques as in the proof of Theorem 4 we can obtain the statement
of the above theorem. We leave these details to the reader.

Finally, we comment on the extension of the results in Theorems 4 and 5 to the
nonlinear case. Instead of (63), the equation for the collocation error e now has the
form

o) = 80+ [ {Eats.9(9) ~ Ra(ts,u(s) s+ F(),  where
Flt) = /O_T{kzg(t,s,y(s))—kzg(t,s,u(s))}ds.

Under appropriate differentiability and boundedness conditions for k1 and ko, we
obtain

bitos,(5) ~ Bt u(s) = Gt sa(s) () +

02k,
8y2 (tv S, Zl(s)) ’ 62(8)7

1
2
where z; is between y and u. The global convergence of v and 4 has already been
established (see Section 8). So, we know that

1€%]|o = O(R*™ D) for any {c;}.

The remaining part of the proofs (both u and @) once more makes use of the
techniques described before.
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5. Numerical examples

We applied the collocation method to some model Volterra integral equations with
constant delay.

Example 1. y(t) =X ™t = (A —1)e ! — )\ftZT y(s)ds with

{y@)=¢@)=e‘ﬂ te[-7,0)

y(t) =et, t>0.
Gauss Radau IT Gauss ¢ = 1
d| N h llen oo llelloo llen oo llelloo llen oo llelloo

0| 10 0.1 2.23E-7 8.50E-8 2.15E-9 2.77TE-8 1.45E-8 1.66E-8
20 0.05 1.48E-8 5.91E-9 | 6.51E-11 1.78E-9 | 9.10E-10 1.03E-9
40 | 0.025 9.24E-9 | 8.70E-10 | 2.00E-12 | 1.13E-10 | 5.70E-11 | 6.40E-11

1|10 0.1 4.59E+4 5.19E+3 5.88E-7 1.71E-5 | 1.79E-10 | 6.56E-10
20 0.05 | 2.07E+17 | 2.44E+16 2.8TE-3 3.36E-1 | 1.26E-12 | 1.03E-11
40 | 0.025 | 1.28E+44 | 1.58E+48 | 8.05E+4 | 8. 7T7TE+7 | 2.08E-14 | 3.05E-13

Tablel. Errors for FExample 1
Example 2. y(t) = 1 (sin(?(t — 7)) —sin 27) +cost — 47+ ftt_T y?(s)ds with

{ y(t) = ¢(t) = cost, te€[-1,0)

y(t) = cost, t>0.
Gauss Radau IT Gauss ¢y = 1
d| N bl llenllso llelloo llen oo llelloo llen [loo llelloo

0| 10 0.1 2.03E-7 | 6.42E-8 2.81E-9 2.96E-8 | 4.65E-8 5.83E-8
20 0.05 1.28E-8 | 4.14E-9 | 8.97E-11 1.84E-9 2.92E-9 3.63E-9
40 | 0.025 | 8.09E-10 | 2.63E-10 | 2.82E-12 | 1.15E-10 | 1.85E-10 | 2.27E-10

1|10 0.1 - - | 8.70E-10 1.83E-7 | 2.42E-11 | 8.65E-11
20 0.05 - - - - | 3.80E-18 | 1.66E-12
40 | 0.025 - - - - | 6.22E-15 | 5.95E-14

Table2. Errors for Example 2

The Ezxamples I and 2 were taken from [1]. The exact solutions of these equations
we approximated by the exact collocation method, the integrals occurring in the
collocation equation (13) being evaluated analytically. In case of Ezample 2 the
obtained nonlinear equations were solved by the Newton’s method.

We choose m = 3 and d € {0,1}, and for the collocation parameters Gauss
points, Radau II points and Gauss points with ¢,, = 1, respectively.

We found that the collocation method for m = 3 and d = 1 exhibits an unstable
behaviour for Gauss and Radau II points. In the table 2 the symbol -’ indicates
that Newton method could not solve the system of nonlinear algebraic equations
on the whole interval [0,T] for Gauss and Radau II points.

The stability properties of the collocation methods with d > 1 will be studied
elsewhere.
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