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Secondary structures, plane trees and Motzkin
numbers
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∗
and Darko Veljan

†

Abstract. A bijective correspondence is established between sec-
ondary structures of a given rank and size and plane trees satisfying
certain additional conditions. The correspondence is then used to ob-
tain new combinatorial interpretations of Motzkin numbers in terms of
plane trees and Dyck paths.
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1. Introduction and preliminaries

The sequence of Catalan numbers, Cn, is one of the most ubiquitous sequences
in combinatorics; more than one hundred sixty combinatorial interpretations are
listed in Exercise 6.19 of [17], along with 11 algebraic interpretations of Exercise
6.25. (Here we counted also the interpretations given in “Catalan addendum”,
[18].) In a similar way, 13 instances of Motzkin numbers are given in Exercise 6.38
of the same book. The aim of this paper is to present a couple of combinatorial
interpretations of Motzkin numbers that do not appear in [17] and that originate
in the context of secondary structures.
Secondary structures are mathematical objects obtained by abstracting topo-

logically non-relevant properties of planar foldings of single-stranded nucleic acids.
There are many papers concerning their combinatorial properties (see, e.g. [20],
[13], [14]) and their enumerating sequences ([19], [11], [12]).
We list some basic definitions and relations that will be used in subsequent

sections.
The n-th Catalan number, Cn, n ≥ 0, is defined by Cn = 1

n+1

(
2n
n

)
. The

well-known recurrence relation Cn+1 =
∑n

k=0 CkCn−k, C0 = 1, is frequently used
as an alternative definition of the Catalan sequence.
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Perhaps the best known combinatorial objects enumerated by Catalan numbers
are Dyck paths. A Dyck path (or a “mountain path”) on 2n steps is a lattice
path in the (x, y)-coordinate plane from (0, 0) to (2n, 0) with steps (1, 1) (Up) and
(1,−1) (Down) never falling below the x-axis. The set of all Dyck paths on 2n
steps is denoted by D(n).
A slope of a Dyck path is any sequence of consecutive steps of the same type.

The number of steps in a slope is its length. A long slope is a slope of length at
least three. A peak of a Dyck path is a place where an Up step is immediately
followed by a Down step. If both slopes that meet at a peak are longer than one,
we say that the peak is lonely. The set of all Dyck paths on 2n steps with exactly
k peaks is denoted by Dk(n). The cardinality of this set is given by

|Dk(n)| = N(n, k) =
1
n

(
n

k

)(
n

k − 1

)
=
1
k

(
n

k − 1

)(
n − 1
k − 1

)
.

The numbers N(n, k), n, k ≥ 1, are called Narayana numbers. Obviously,∑n
k=1 N(n, k) = Cn.
The Motzkin numbers,Mn, satisfy a convolutional recurrence,Mn+2 =Mn+1+∑n

k=0 MkMn−k, with M0 = M1 = 1. The most popular combinatorial objects
counted by Motzkin numbers are Motzkin paths. A Motzkin path on n steps is
a lattice path in the (x, y)-coordinate plane from (0, 0) to (n, 0) using only steps
of the type (1, 1) (Up), (1,−1) (Down), and (1, 0) (Level), never falling below the
x-axis. A classical reference for Motzkin numbers is [10].
The two sequences are connected by the well-known relations (see, e.g. [1])

Mn =
n∑

k=0

(
n

2k

)
Ck, Cn+1 =

�n/2�∑
k=0

(
n

k

)
Mk.

Assume, for the moment, that n and l are integers, n ≥ 1, l ≥ 0. A secondary
structure of size n and rank l is a labeled non-oriented graph S on the vertex
set V (S) = [n] = {1, 2, ..., n} whose edge set E(S) consists of two disjoint subsets,
P (S) and H(S), satisfying the following conditions:
(a) {i, i+ 1} ∈ P (S), for all 1 ≤ i ≤ n − 1;
(b) {i, j} ∈ H(S) and {i, k} ∈ H(S) =⇒ j = k;
(c) {i, j} ∈ H(S) =⇒ |i − j| > l;
(d) {i, j} ∈ H(S), {p, q} ∈ H(S) and i < p < j =⇒ i < q < j.
The set H(S) may be empty, in which case we say that the secondary structure

S is trivial. The cardinality of H(S) is called the order of S. The only secondary
structure of size 1 is the graph K1 (one point).
In the language of molecular biology, the vertices of S are called bases, the

edges of P (S) are p-bonds and the edges of H(S) are h-bonds. If an edge of
H(S) connects the vertices i and j, we say that the bases i and j are paired by an
h-bond; vertices not incident to an edge from H(S) are said to be unpaired. We
shall resort to this terminology whenever it proves itself more concise.
We denote the set of all secondary structures of size n and rank l by S(l)(n).

The set of all such structures of order k is denoted by S(l)
k (n). The cardinalities
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of these sets will be denoted by S(l)(n) and S
(l)
k (n), respectively. By definition, we

put S(l)(0) = 1, for all l.
There are many ways to represent secondary structures graphically. The most

convenient for our purpose is the arc diagram, in which the edges from H(S) are
depicted as circular arcs in the upper half-plane. From the definition of secondary
structures, it is clear that these arcs may not intersect, that they may not share an
endpoint and that each of them must leap over at least l consecutive vertices of S.
An arc diagram representing a secondary structure from S(2)(12) is shown in

Figure 1.

1 2 3 4 5 6 7 8 9 10 11 12

p−bonds h−bonds

Figure 1. An example of a secondary structure

It has been known for long that the secondary structures of rank 0 are counted
by the Motzkin numbers ([19]). Hence, we have S(0)(n) =Mn.
A secondary structure of size n is closed if there is an h-bond connecting bases

1 and n. For given integers n ≥ 2 and l ≥ 0, there are S(l)(n − 2) closed secondary
structures of size n and rank l. We denote the set of all closed secondary structures
of size n and rank l by C(l)(n).
Starting from the arc diagram representation it is easy to obtain various corre-

spondences between the secondary structures and certain classes of lattice paths.
The case l = 0 leads to the Motzkin paths, and for l = 1 one obtains the Motzkin
paths without peaks [19]. By relaxing the condition of non-negativity of l and allow-
ing l = −1, one obtains a correspondence between degenerate secondary structures
S(−1)(n) and bi-colored Motzkin paths (or 2-Motzkin paths), much investigated
recently by Chen et al. ([3, 8]). Another class of objects related to secondary struc-
tures are non-crossing partitions ([4, 5, 6, 15]). Secondary structures are simply
non-crossing partitions with blocks whose size does not exceed 2. The non-crossing
paradigm has been further extended toward non-crossing trees and graphs [7].
The results from the papers on the non-crossing partitions and lattice paths do

not specialize easily to the case of secondary structures. It seems that there are
considerable difficulties in taking into account the additional constraints imposed
on them that convert them into secondary structures. Hence, it makes sense to look
for a direct way to relate general secondary structures and plane trees.

2. Closed secondary structures and plane trees

Assume that n and l are integers, n ≥ 1, l ≥ 0. Denote by T (l)(n) the set of all
plane trees with exactly n leaves satisfying the following constraints:
(i) no vertex of a tree from T (l)(n), has exactly one successor;
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(ii) the leftmost and the rightmost successors of an internal vertex are leaves;
(iii) if all successors of a vertex v are leaves, there must be at least l + 2 of them.
We say that a base k is visible from an arc h = {i, j} ∈ H(S) if k is either an

endpoint of h, or if i < k < j and there are no arcs {p, q} ∈ H(S) with i < p < k <
q < j.Similarly, an arc {p, q} ∈ H(S) is visible from an arc {i, j} ∈ H(S) if there is
no arc {r, s} ∈ H(S) such that i < r < p ≤ q < s < j.

Theorem 1. There is a bijective correspondence between the sets C(l)(n) and
T (l)(n).

Proof. Take a closed secondary structure S ∈ C(l)(n) and construct a tree T as
follows: Assign a leaf wi of T to each base i of S, and an internal node vh of T to
each arc h of S. Connect each internal node vh with the nodes that correspond to
bases and arcs that are visible from h. Obviously, if an arc g is visible from h, then
vh is the predecessor of vg. The tree T is obviously an element of T (l)(n), and the
correspondence is bijective. ✷

Figure 2. The correspondence between secondary structures and plane trees

An example of the correspondence just described is shown in Figure 2. The
vertices of the secondary structure (and at the same time the leaves of the corre-
sponding plane tree) are shown as circles; internal vertices of the tree are represented
by black squares; the edges of the secondary structure are drawn with solid lines,
and the edges of the tree are drawn in dashed lines.
For the case l = −1 the correspondence was obtained by Schmitt and Waterman

[16], and also by Klazar in the context of non-crossing partitions [15].

3. Consequences

By setting the value of the parameter l equal to zero, we obtain some new combi-
natorial interpretations of Motzkin numbers.

Corollary 2. For each integer n ≥ 1, the n-th Motzkin number Mn counts
the plane trees with n + 2 leaves such that every internal vertex has at least 2
descendants, and the leftmost and the rightmost of them are leaves.
The m3 = 4 trees of T (0)(5) are shown in Figure 3.
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Figure 3. All plane trees of T (0)(5)

Corollary 3. For each integer n ≥ 1, the n-th Motzkin number Mn counts the
plane forests with n leaves in which each component is a tree of T (0)(m), for m ≤ n.

Proof. The claim follows by deleting the root vertex and all edges incident to
it from the trees of T (0)(n+2), and then discarding the leftmost and the rightmost
trivial tree. An example is shown in Figure 4. ✷

Figure 4. Plane forests with three leaves obtained according to Corollary 3

By using the standard bijection between plane trees and lattice paths ([17], p.
256) we can translate the result of Corollary 2 into the context of Dyck paths.

Corollary 4. For each integer n ≥ 1, the n-th Motzkin number Mn counts Dyck
paths with n peaks that contain neither long slopes nor lonely peaks.

Proof. Let T be a tree of T (0)(n+2). We construct a Dyck path P by doing a
depth-first (preorder) search through T , adding a U step when going down an edge
of T , and aD step when going up an edge of T . After discarding the leftmost and the
rightmost peak from P , we obtain a Dyck path with n peaks that has neither long
slopes nor lonely peaks. As the construction can be reversed, the correspondence
is bijective, and the claim follows. ✷

An interesting property of the interpretation of Corollary 4 is that it is given
in terms of peaks, and not in terms of total number of steps, as the interpretations
in [17] and [10]. The nine Dyck paths with four peaks, none of them lonely, and
without long slopes are shown in Figure 5.

Figure 5. Dyck paths without long slopes and lonely peaks with exactly four peaks

Another way to arrive at the result of Corollary 4 is to start from a secondary
structure of size n and rank 0 and to construct a Dyck path as follows. We scan the
structure from left to right. For a base where an h-bond starts, we add the sequence
UUD of steps to the already constructed path. For a base where an h-bond ends,
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we add the sequence UDD. For an unpaired base, we add the sequence UD. It is
clear from the defining properties of secondary structures that the resulting path
will be a Dyck path without long slopes and lonely peaks.
It is clear from the construction of Theorem 1 that the number of internal

vertices of a tree from T (l)(n) is equal to the order (i.e., to the number of h-bonds)
of the corresponding secondary structure. By denoting the number of plane trees of
T (l)(n) with k internal vertices by T

(l)
k (n), and using explicit formulas for S

(l)
k (n)

from, e.g., [11], we obtain the following result.
Corollary 5.

T
(0)
k (n) =

(
n−2

2(k−1)

)
Ck−1;

T
(1)
k (n) = N(n − k − 1, k). ✷
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