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On I and I∗−convergence of double sequences

Vijay Kumar
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Abstract. The idea of I-convergence for single sequences was
introduced by Kostyrko, Salat and Wilczynski [7] in 2000/2001 and de-
veloped in [1], [2], [3], [6], [8], [9], and [15]. Nowaday it has become
one of the most active areas of research in classical analysis. Recently
Tripathy and Tripathy [15] extended the concept of I-Convergence from
single sequences to double sequences. In this paper we introduce the con-
cept of I∗-convergence for double sequences and prove some results for
I and I∗-convergence of double sequences.
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1. Introduction

The notion of the statistical convergence was first independently introduced by
Fast [4] and Schonenberg [14]. Later on it was further investigated from a sequence
space point of view and linked with summability theory by Fridy [5], Salat [13], and
many others. In [10] and [11] the above concept is extended to double sequences
by using the idea of a two dimensional analogue of natural density. Kostyrko, Salat
and Wilczynski [7] defined I-convergence for single sequences which is a natural
generalization of statistical convergence. The idea of I-convergence is based on the
notion of the ideal I of subsets of N, the set of positive integers. Tripathy and
Tripathy [15] introduced the concept of I-convergence and I-Cauchy sequence for
double sequences and proved some properties related to the solidity, symmetricity,
completeness and denseness. In the present paper we introduce the concept of I∗-
convergence of double sequences and prove some results for I and I∗-convergence in
a more natural way.
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2. Known definitions and theorems

Throughout the paper, N will denote the set of positive integers whereas N2; the
usual product set N × N. For any set X, P(X) stands for the power set of X and
Ac will denote the complement of the set A.

Definition 2.1 ([7]) If X is a non-empty set. A family of sets I ⊂ P (X) is
called an ideal in X if and only if (i) ∅ /∈ I; (ii) For each A, B ∈ I we have
A ∪B ∈ I ; (iii) For each A ∈ I and B ⊂ A we have B ∈ I.

Definition 2.2 ([7]) Let X be a non-empty set. A non-empty family of sets
F ⊂ P (X) is called a filter on X if and only if (i) ∅ ∈ F ; (ii) For each A, B ∈ F
we have A ∩B ∈ F ; (iii) For each A ∈ F and B ⊃ A we have B ∈F.

An ideal I is called non-trivial if I
= ∅ and X /∈ I. It immediately follows thatI ⊂
P (X) is a non-trivial ideal if and only if the class F = F (I) = {X −A : A ∈ I} is
a filter on X. The filter F = F (I) is called the filter associated with the ideal I.

Definition 2.3 ([7]) A non-trivial ideal I ⊂ P (X) is called an admissible ideal
in X if and only if it contains all singletons i.e., if it contains {{ x} : x ∈ X}.

Definition 2.4 ([7]) Let I be a non trivial ideal of subsets of N. A sequence x
= (xn) of numbers is said to be I-convergent to a number ξ if and only if for each
ε > 0, the set A (ε) = {n ∈ N : |xn − ξ| ≥ ε} belongs to I. The number ξ is called
the I-limit of the sequence x = (xn) and we write =I-limn→∞xn = ξ.

I-convergence generates another type of convergence which we call I*-convergence.
Definition 2.5 ([7]) A sequence x = (xn) of numbers is said to be I*-convergent

to a number ξ if and only if there exists a set M = {m1 < m2 < . . . < mk < . . .} in
F (I) such that limk→∞xmk

= ξ.
Definition 2.6 ([3]) A sequence x = (xn) is said to be I-Cauchy sequence if for

each ε > 0 there exists a positive integer k such that, the set {n ∈ N : |xn − xk| ≥ ε}
belongs to I.

Definition 2.7 A double sequence x = (xij) is said to be convergent to a number
ξ in the Pringsheim’s sense [12] if for each ε > 0 there exists a positive integer m
such that |xij − ξ| < ε whenever i, j ≥ m. The number ξ is called the Pringsheim
limit of the sequence x and we abbreviate it as P-limi,j→∞xij = ξ.

Definition 2.8 ([12]) A double sequence x = (xij) is said to be Cauchy sequence
if for each ε > 0 there exists a positive integer m such that |xij − xpq | < ε for every
i ≥ p ≥ m and j ≥ q ≥ m.

Definition 2.9 ([12]) A double sequence x = (xij) is said to be bounded if
there exists a real number M > 0 such that |xij | < M for each i and j, i.e., if
‖x‖(∞,2) = supij |xij | < ∞. We shall denote the set of all bounded double sequences
by �2∞. Note that in contrast to the case for single sequences a convergent double
sequence need not be bounded.

Mursaleen and Osama [11] introduced the two dimensional analogue of natural
density; however the same concept was also introduced by F. Morciz [10]. Before
starting the main results, we also recall the following definitions of [10] and [11].

Definition 2.10 Let K ⊂ N2 and K (m,n) denotes the number of (i,j) in K
such that i ≤ m and j ≤ n. Then the lower asymptotic density of K is defined
by δ2(K) = lim infm,n→∞

K(m,n)
mn . In case the sequence (K(m,n)

mn ) has a limit in
Pringsheim’s sense then we say that K has a double natural density and is defined
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by limm,n→∞
K(m,n)

mn = δ2(K).
Definition 2.11 A real double sequence x = (xij) is said to be statistically

convergent to a number ξ if for each ε > 0, the set

A(ε) = {(i, j), i ≤ m, j ≤ n : |xij − ξ| ≥ ε}
has double natural density zero. In this case we write, st − limi,j→∞xij = ξ . Let
st2 denote the set of all double sequences which are statistical convergent.

Definition 2.12 A real double sequence x = (xij) is said to be statistically
Cauchy if for each ε > 0, there exist positive integers m(ε) and n(ε) such that for
every i, p ≥ m and j, q ≥ n, the set {(i, j), i ≤ m, j ≤ n : |xij − xpq | ≥ ε} has double
natural density zero.

3. I-convergence

For further study we shall take X = N2 and I will denote the ideal of subsets of
N2. As earlier, the following proposition express a relation between the notions of
an ideal and a filter.

Proposition 3.1 I ⊂ P (N2) is a non-trivial ideal if and only if the class F =
F (I) = {N2 −A : A ∈ I} is a filter on N2.

Definition 3.1 Let I ⊂ P (N2) be a non-trivial ideal in N2. A double sequence
x = (xij) of numbers is said to be I-convergent to a number ξ if for each ε > 0
the set A(ε) = {(i, j) ∈ N2 : |xij − ξ| ≥ ε} belongs to I. The number ξ is called the
I-limit of the sequence (xij) and we write I − limi,j→∞xij = ξ. Let I2 denotes the
set of all double sequences which are I convergent.

Remark 3.1 If we take I = {E ⊂ N2: E is of the form (N × A) ∪ A × N)
where A is a finite subset of N}. Then I-convergence is equivalent to the usual
Pringsheim’s convergence.

Remark 3.2 Let I =Iδ2 ={ A: A is subset of N2 such that δ2(A) = 0}. Then
I-convergence coincides with statistical convergence.

Proposition 3.2 I-limit of any double sequence if exist is unique.
Proof. Let x = (xij) be any double sequence and suppose that I−limi,j→∞xij =

ξ, I−limi,j→∞xij = η where ξ 
= η. Since ξ 
= η , we may suppose that ξ > η. Select
ε = ξ−η

3 , so that the neighborhoods (η−ε, η+ε)) and (ξ−ε, ξ+ε) of η and ξ respec-
tively are disjoints. Since ξ and η both are I-limit of the sequence x = (xij), therefore
both the sets A= {(i, j) ∈ N2 : |xij − ξ| ≥ ε} and B = {(i, j) ∈ N2 : |xij − η| ≥ ε}
belongs to I. This implies that the sets AC = {(i, j) ∈ N2 : |xij − ξ| < ε} and
BC = {(i, j) ∈ N2 : |xij − η| < ε} belongs to F( I ). Since F (I) is a filter on N2

therefore AC ∩ BC is a non empty set in F(I). In this way we obtain a contradic-
tion to the fact that the neighborhoods (η − ε, η + ε)) and (ξ − ε, ξ + ε) of η and ξ
respectively are disjoints. Hence we have ξ = η. ✷

Proposition 3.3 If x = (xij) and y = (yij) are two double sequences, then

(i) If I contains all sets of the form N × {n}, {n} × N , for n ∈ N then P −
limi,j→∞xij = ξ implies I − limi,j→∞xij = ξ .

(ii) If I − limi,j→∞xij = ξ and I − limi,j→∞yij = η, then I − limi,j→∞(xij +
yij)=ξ + η.
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(iii) If I − limi,j→∞xij = ξ and I − limi,j→∞yij = η, then I − limi,j→∞(xijyij)
= ξη, where xijyij means usual multiplication of the corresponding entries of
the sequences x and y.

Proof. (i) Let ε > 0 be given. Since x = (xij) is P-convergent to ξ, there-
fore there exists a positive integer m such that |xij − ξ| < ε whenever i, j ≥ m.
This implies that the set A = {(i, j) ∈ N2 : |xij − ξ| ≥ ε} ⊂ N × {1, 2, 3...m− 1} ∪
{1, 2, 3...m− 1} × N . Since I contains all sets of the form N × {n}, {n} × N , for
n ∈ N therefore the set on the right side belongs to I. As I is an ideal therefore A
belongs to I. This shows that, I − limi,j→∞xij = ξ.
(ii) Let ε > 0 be given. Since I − limi,j→∞xij = ξ and I − limi,j→∞yij = η, there-
fore the sets A = {(i, j) ∈ N2 : |xij − ξ| ≥ ε

2} and B = {(i, j) ∈ N2 : |yij − η| ≥ ε
2}

belongs to I. Let C = {(i, j) ∈ N2 : |(xij + yij)− (ξ + η)| ≥ ε}. Since I is an ideal
therefore to prove the result it is sufficient to prove that C ⊂ A ∪B . For this let,
(i, j) ∈ C, then we have ε ≤ |(xij + yij) − (ξ + η)| ≤ |xij − ξ|+ |yij − η|. As both
of {|xij − ξ|, |yij − η|} can not be (together) strictly less than ε

2 , and therefore we
have either |xij − ξ| ≥ ε

2 or |yij − η| ≥ ε
2 . This shows that (i, j) belongs to A or B

i. e, (i, j) ∈ A ∪B. Hence C ⊂ A ∪ B and therefore the result follows.
(iii) Since I − limi,j→∞xij = ξ , therefore the set {(i, j) ∈ N2 : |xij − ξ| ≥ 1} be-
longs to I, which implies that the set A = {(i, j) ∈ N2 : |xij − ξ| < 1 belongs to
F(I). Also for any (i,j) in A we have |xij | < |ξ| + 1. Let ε > 0 be given. Choose
δ > 0 such that 0 < 2δ < ε

|ξ|+|η|+1 . It follows from the assumption that the sets
B = {(i, j) ∈ N2 : |xij − ξ| < δ} , C = {(i, j) ∈ N2 : |yij − η| < δ} belongs to F(I).
Since F(I) is a filter therefore A ∩ B ∩ C ∈ F(I). Also for each (i,j) ∈ A ∩ B ∩ C,
we have |xijyij − ξη| = |xijyij − xijη + xijη − ξη| ≤ |xij ||yij − η| + |η||xij − ξ| <
(|ξ|+1)δ+ |η|δ = (|ξ|+ |η|+1)δ < ε. Hence {(i, j) ∈ N2 : |xijyij − ξη| ≥ ε} belongs
to I, and therefore (iii) holds. ✷

Proposition 3.4 Let x = (xij) and y = (yij) be two real double sequences.
Then:

(i) If I − limi,j→∞xij = ξ and xij ≥ 0 for every (i,j) in K, where K ∈ F (I),
then ξ ≥ 0.

(ii) If x = (xij) and y = (yij) be two double sequences such that xij ≤ yij for
every (i,j) in K, where K ∈ F (I) and if I− limi,j→∞xij = ξ, I− limi,j→∞yij

= η then ξ ≤ η.

Proof. (i) If possible, let ξ < 0. Select ε = − ξ
2 . Since I − limi,j→∞xij = ξ,

therefore the set A= {(i, j) ∈ N2 : |xij − ξ| < ε} belongs to F(I). Since F(I) is a
filter on N2 and the sets A,K ∈ F (I), therefore A ∩K is a non empty set in F(I).
So we can find out a pair (i0, j0) in K such that |xi0j0 − ξ| < ε . This implies that
xi0j0 < 0. In this way we obtain a contradiction to the fact that xij ≥ 0 for every
(i, j) in K. Hence we have ξ ≥ 0.
(ii). If possible, let ξ > η. Select ε = ξ−η

3 , so that the neighborhoods (η− ε, η+ ε),
(ξ − ε, ξ + ε) of η and ξ respectively are disjoints. Since I − limi,j→∞xij = ξ,
I − limi,j→∞yij = η, therefore both the sets A = {(i, j) ∈ N2 : |xij − ξ| < ε} and
B = {(i, j) ∈ N2 : |yij − η| < ε} belongs to F( I ). This implies that ∅ 
= A∩B ∩K
∈ F (I), and therefore there exists a pair (i0, j0) in K such that |xi0j0 − ξ| < ε and



On I and I∗−convergence of double sequences 175

|yi0j0 − η| < ε. This shows that yi0j0 < xi0j0 . In this way we obtain a contradiction
to the fact that xij ≤ yij for every (i, j) in K. Hence we have ξ ≤ η. ✷

Theorem 3.1 (Sandwich theorem) If x = (xij), y = (yij) and z = (zij) be
three double sequences such that

(i) xij ≤ yij ≤ zij, for every (i, j) in K, where K ∈ F (I), and

(ii) I − limi,j→∞xij = ξ, I − limi,j→∞zij = ξ,

then I − limi,j→∞yij = ξ.
Proof. Let ε > 0 be given. By condition (ii) the sets {(i, j) ∈ N2 : |xij − ξ| ≥ ε}

and {(i, j) ∈ N2 : |zij − ξ| ≥ ε} belongs to I. This implies that the sets

A = {(i, j) ∈ N2 : |xij − ξ| < ε}, C = {(i, j) ∈ N2 : |zij − ξ| < ε}
belongs to F(I). Let B = {(i, j) ∈ N2 : |yij − ξ| < ε}. It is clear that, the set A ∩
C ∩K is contained in B. Since F( I ) is a filter on N2 and A ∩ C ∩K belongs to
F(I) therefore B ∈ F (I). Hence the set {(i, j) ∈ N2 : |yij − ξ| ≥ ε} belongs to I and
therefore the theorem is proved. ✷

Theorem 3.2 Let I ⊂ P (N2) be an admissible ideal in N2. Then I2 ∩ �2∞ is a
closed linear sub space of the normed linear space �2∞.

Proof. By Proposition 3.3, it is obvious that I2 ∩ �∞ is a linear subspace of the
normed linear space �2∞. So to prove the result it is sufficient to prove that I2 ∩ �∞
is closed. Let = x(mn) = (x(mn)

ij ) be a convergent sequence in I2 ∩ �2∞. Suppose
that x(mn) converges to x. It is clear that x ∈ �2∞ . Since x(mn) ∈ I2, therefore by
definition of I-convergence there exist real numbers amn such that I−limi,j→∞x

(mn)
ij

= amn (m, n = 1, 2, 3 . . .). As x(mn) → x, this implies that x(mn) is a Cauchy
sequence. So for each ε > 0, there exists a positive integer n0 such that

|x(pq) − x(mn)| < ε

3
for every p ≥ m ≥ n0, q ≥ n ≥ n0 (1)

where |.| denotes the norm in the linear space. Since I − limi,j→∞x
(pq)
ij = apq and

I − limi,j→∞x
(mn)
ij = amn , therefore by definition of I-convergence both the sets

{(i, j) ∈ N2 : |x(pq)
ij − apq| ≥ ε

3} and {(i, j) ∈ N2 : |x(mn)
ij − amn| ≥ ε

3} belongs to I.

Let,K1 = {(i, j) ∈ N2 : |x(pq)
ij − apq| < ε

3
},K2 = {(i, j) ∈ N2 : |x(mn)

ij − amn| < ε

3
}.

(2)
Then both sets K1 and K2 belongs to F(I). Since F(I) is a filter on N2 thereforeK1∩
K2 is a non empty set in F(I). Choose (k1, k2) ∈ K1 ∩K2 , then we have from (2)
that

|x(mn)
k1k2 − amn| < ε

3
and |x(pq)

k1k2 − apq| < ε

3
(3)

Therefore for each p ≥ m ≥ n0 and q ≥ n ≥ n0, we have from (1) to (3)
|apq − amn| = |apq −x

(pq)
k1k2 +x

(pq)
k1k2 −x

(mn)
k1k2 +x

(mn)
k1k2 − amn| ≤ |apq −x

(pq)
k1k2|+ |x(pq)

k1k2 −
x

(mn)
k1k2 | + |x(mn)

k1k2 − amn| < ε
3 + ε

3 + ε
3 = ε. This implies that (amn) is a Cauchy

sequence and consequently convergent. Let,

limmn→∞amn = a (4)
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Now to prove the theorem it is enough to show that the sequence x is I-convergent
to a. Since x(mn) is convergent to x in �2∞ , so by the structure of �2∞ it is also
coordinate wise convergent. Therefore for each ε > 0, there exist a positive integer
n1(ε) such that

|x(mn)
ij − xij | < ε

3
for every m, n ≥ n1(ε) (5)

By (4) for each ε > 0, there exist a positive integer n2(ε) such that

|amn − a| < ε

3
for every m, n ≥ n2(ε) (6)

Let n3(ε) = max{n1(ε), n2(ε)} and chose m0, n0 ≥ n3(ε). Then for any (i,j)∈ N2

|xij − a| = |xij − x
(m0n0)
ij + x

(m0n0)
ij − am0n0 + am0n0 − a|

≤ |xij − x
(m0n0)
ij |+ |x(m0n0)

ij − am0n0 |+ |am0n0 − a|

<
ε

3
+ |x(m0n0)

ij − am0n0 |+
ε

3
(by using (5) and (6)) (7)

Let, Am0n0(
ε

3
) = {(i, j) ∈ N2 : |x(m0n0)

ij − am0n0 | ≥
ε

3
}

A(ε) = {(i, j) ∈ N2 : |xij − a| ≥ ε}
AC

m0n0
(
ε

3
) = {(i, j) ∈ N2 : |x(m0n0)

ij − am0n0 | <
ε

3
}and

AC(ε){(i, j) ∈ N2 : |xij − a| < ε}

So for any (i,j) ∈ AC
m0n0

( ε
3 ) we have by (7), |xij − a| < ε and therefore AC

m0n0
( ε
3 )⊂ AC(ε). This implies that A(ε) ⊂ Am0n0(

ε
3 ). Since Am0n0(

ε
3 ) ∈ I, therefore we

have A(ε) ∈ I. Hence x is I-convergent to a and therefore x ∈ I2. This proves that
I2 ∩ �2∞ is a closed linear subspace of �2∞. ✷

Let � denote the class of all admissible ideals in N2 then � is a partially ordered
set with respect to the usual inclusion. If I0 ⊂ � is a non-void linearly ordered subset
of �, then it is clear that ∪ I0 is an admissible ideal in N2 which is an upper bound
of I0. So by Zorn’s lemma � has a maximal ideal. The following lemma gives a
characterization of a maximal admissible ideal.

Lemma 3.1 Let I0 be an admissible ideal ideal in N2, then I0 is maximal if
and only if A ∈ I0 or N2 −A ∈ I0 holds for every A ⊂ N2.

Theorem 3.3 Let I ⊂ P (N2) be an admissible ideal inN2. Then I2 ∩ �2∞ =
�2∞ if and only if I is maximal ideal.

Proof. First assume that I is maximal ideal and let x = (xij) ∈ �2∞, then
there exist a positive real number M such that |xij | ≤ M for every i and j. Let
A1={ (i, j) ∈ N2: −M ≤ xij ≤ 0} and B1= {(i, j) ∈ N2: 0 ≤ xij ≤ M}. Then
it is clear that N2 = A1 ∪ B1. Since I is an admissible ideal therefore we have
either A1 /∈I or B1 /∈I i.e., at least one of them does not belongs to I. Let K1

denote the set which does not belongs to I and J1 be the corresponding interval
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then we have K1 = {(i, j) ∈ N2 : xij ∈ J1} /∈ I. We can therefore inductively
construct a sequence J1 ⊃ J2 ⊃ J3 ⊃ ...Ji ⊃ Ji+1 ⊃ ... of closed intervals such
that jn → 0 as n → ∞ and the sets Kp ={ (i, j) ∈ N2: xij ∈ Jp} /∈ I for p = 1,
2, 3, ... By nested interval property we have ∩∞

p=1Jp 
= ∅. Let ξ ∈ ∩∞
p=1Jp. We

shall prove that I − limi,j→∞xij = ξ . Let ε > 0 be given . Since Jn decreasing
to zero and ξ ∈ ∩∞

p=1Jp therefore we can choose a positive integer m such that
Jn ⊂ (ξ − ε, ξ + ε) for every n ≥ m. Now Km = {(i, j) ∈ N2 : xij ∈ Jm} /∈ I
implies that the set {(i, j) ∈ N2 : |xij − ξ| < ε} /∈I. The maximality of I implies that
{(i, j) ∈ N2 : |xij − ξ| ≥ ε} belongs to I. Hence I − limi,j→∞xij = ξ. Conversely-
Assume that I2 ∩ �2∞ = �2∞. We prove that I is maximal. Suppose that I is not
maximal. Then by Lemma 3.1, there exists a subset A = {(i, j)} i, j = 1, 2, 3, . . .
of N2 such that A /∈ I and AC /∈ I. Define the sequence x = (xij) as follow:

xij =
{
1, if (i,j)∈ A
0, otherwise.

We claim that x is not I-convergent. Suppose that there exist a real number ξ
such that I − limi,j→∞xij = ξ . Since for sufficient small ε > 0, the set A(ε) =
{(i, j) ∈ N2 : |xij − ξ| ≥ ε} is equal to A or AC or N2 and none of these sets belongs
to I. Hence x is not I-convergent. Also it is obvious that x ∈ �2∞. Thus we have a
bounded sequence (xij) which is not I-convergent. This contradicts the assumption
I2 ∩ �2∞ = �2∞. Hence I is maximal ideal. ✷

4. I∗-convergence of double sequences

In [13] Salat proved that a sequence x = (xn) of real numbers is statistically conver-
gent to ξ if and only if there exists a subset K = {m1 < m2 < m3... < mk...} ⊂ N
with δ(K) =1 such that limk→∞xmk

= ξ. Kostyrko, Salat and Wilczynski [7]
used this result to introduce the concept of I∗-convergence for single sequences.
Mursaleen and Osama [11] extend the above result of Salat analogously to double
sequences as follow: A real double sequence x = (xij) is statistically convergent to a
number ξ if and only if there exist a subset K = {(i, j)} ⊂ N2, i, j = 1, 2, 3, . . . such
that δ2(K) = 1 and lim(i,j)∈K,i,j→∞xij= ξ. Analogous to [7], we use this result to
introduce the concept of I∗-convergence for real double sequences as follow:

Definition 4.1 A real double sequence x = (xij) is said to be I∗-convergent to
a number ξ if and only if there exist a set K = {(i, j)}, i, j = 1, 2, 3,...in F (I)
such that lim(i,j)∈K,i,j→∞xij= ξ. Let I∗2 denotes the set of all double real sequences
which are I∗-convergent.

Proposition 4.1 Let I be an admissible ideal such that I contain all sets of the
form H × N , N × H where H is a finite subset of N. If I∗-limi,j→∞xij= ξ, then
I − limi,j→∞xij= ξ.

Proof. Let I∗-limi,j→∞xij= ξ, therefore there exist a set K = {( i, j )} i, j =
1, 2, 3. . . In F (I) such that

lim(i,j)∈K,i,j→∞xij = ξ (8)

Let ε > 0 be given. By virtue of (8) there exists a positive integer n1 such that
|xij − ξ| < ε for every (i, j) ∈ K with i, j ≥ n1. Let A = {1, 2 ... n1-1}; B =
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{(i, j) ∈ K : |xij−ξ| ≥ ε}. Then it is clear that B ⊂ (A×N)∪(N×A) and therefore
belongs to I. Also K ∈ F ( I ), therefore K =N2- H for some H ∈I. Obviously the
set = {(i, j) ∈ N2 : |xij − ξ| ≥ ε} ⊂ B ∪ H and therefore the proposition follows.✷

The following example shows that the converse of the above proposition is not
true.

Example 4.1 Let N =∪∞
i=1 Ni be a disjoint decomposition of N such that each

Ni is an infinite set. Then it is obvious that N2 = ∪∞
i=1∪∞

j=1 (Ni×Nj) is a disjoint
decomposition of N2. Let I = {A ⊂ N2:A is contained in (N×(∪p

i=1Ni)∪(∪q
j=1Nj)×

N) for some positive integer p and q }. Then it is clear that I is an admissible ideal
in N2 such that I contains all sets of the form H ×N , N ×H where H is a finite
subset of N. We define the sequence x = (xmn) as follow: For (m, n) ∈ Ni × Nj,
define xmn = 1

i +
1
j where i,j= 1, 2, 3,... Obviously limm,n→∞xmn= 0 and therefore

by Proposition 3.3, I−limm,n→∞xmn= 0. Next we prove that I∗ - limm,n→∞xmn =
0 does not hold. Suppose that I∗-limm,n→∞xmn = 0, then by definition there exists
a set K = {(m,n)}, m, n = 1, 2, 3,...in F (I) such that lim(m,n)∈K,m,n→∞xmn=
0. Since K ∈F(I), therefore there is a set B ∈ I such that K = N2 − B. By
definition of the ideal I there exist positive integers p and q such that B is contained
in (N × (∪p

i=1Ni) ∪ (∪q
j=1Nj) × N) . But then K contains the set Np+1 × Nq+1

and therefore xmn = 1
p+1 + 1

q+1 for infinitely many (m,n) ∈ Np+1 × Nq+1 ⊂ K.
This shows that lim(m,n)∈K,m,n→∞xmn does not exist and therefore we obtain a
contradiction to the fact that lim(m,n)∈K,m,n→∞xmn = 0.

Definition 4.2 ([7]) An admissible ideal I ⊂ P (N2) is said to be satisfy the
condition (AP) if for every countable family of mutually disjoint sets {A1, A2, . . . }
belonging to I there exists a countable family {B1, B2, . . . } in I such that Ai � Bi

is a finite set for each i ∈ N and B = ∪∞
i=1Bi ∈ I.

Proposition 4.2 If the ideal I has the property (AP), then I-convergence implies
I∗ − convergence for real double sequence.

Proof. Suppose that the ideal I satisfies the condition (AP). Let x = (xij) be a
real double sequence such that I − limi,j→∞xij = ξ. Then for each ε > 0, the set
A(ε) = {(i, j) ∈ N2 : |xij − ξ| ≥ ε} belongs to I.

For n ∈ N , we define the set An as follow: Put A1 = {(i, j) ∈ N2 : |xij − ξ| ≥ 1}
and An = {(i, j) ∈ N2 : 1

n ≤ |xij − ξ| < 1
n−1} for n ≥ 2 , n ∈ N . Now it is clear

that {A1, A2...} is a countable family of mutually disjoint sets belonging to I and
therefore by the condition (AP) there is a countable family of sets {B1, B2...} in I
such that Ai �Bi is a finite set for each i ∈ N and B = ∪∞

i=1Bi ∈ I. Since B∈ I so
there is set K in F (I) such that K = N2 - B. Now to prove the result it is sufficient
to prove that lim(i,j)∈K,i,j→∞xij = ξ. Let η > 0 be given. Chose a positive integer
q such that η > 1

q+1 . Then we have

{(i, j) ∈ N2 : |xij − ξ| ≥ η} ⊂ {(i, j) ∈ N2 : |xij − ξ| ≥ 1
q + 1

} = ∪q+1
i=1Ai (9)

Since Ai � Bj is a finite set for each i = 1, 2, 3 ...q +1, therefore there exist a
positive integer n0 such that {{∪q+1

i=1Bi} ∩ {(i, j) ∈ N2 : i, j > n0}} = {{∪q+1
i=1Ai}

∩ {(i, j) ∈ N2 : i, j > n0}}. If i, j > n0 and (i, j) ∈ K, then (i,j) /∈ B. This implies
that (i,j) /∈ ∪q+1

i=1Bi and therefore (i,j) /∈ ∪q+1
i=1Ai. Hence for every i, j > n0 and
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(i,j)∈ K we have by (9) |xij − ξ| < η. This completes the proof of the proposition.
✷

Theorem 4.1 For an admissible ideal I in N2, closure (I∗2 ∩ �2∞) = I2 ∩ �2∞.
Proof. Since (I∗2 ∩ �2∞) ⊂ I2 ∩ �2∞ and I2 ∩ �2∞ is a closed linear subspace of

�2∞ , we get closure (I∗2 ∩ �2∞) ⊂ I2 ∩ �2∞. Next we prove that I2 ∩ �2∞ ⊂ closure
(I∗2 ∩ �2∞). For z ∈ �2∞ and δ > 0, let B(z, δ) ={x ∈ �2∞ : ‖x− z‖(∞,2) < δ} denote
the open ball in �2∞. So to prove the result it is sufficient to prove that for each
(xij) ∈ I2 ∩ �2∞ and 0 < δ < 1 we have B(x, δ) ∩ I∗2 ∩ �2∞ 
= ∅. Take 0 < δ < 1 and
let (xij) ∈ I2 ∩ �2∞ with I − limi,j→∞xij=ξ. Choose η ∈ (0, δ), then I-convergence
of (xij) implies that the set A = {(i, j) ∈ N2 : |xij − ξ| ≥ η} belongs to I. Let K =
N2 - A then K ∈ F (I). We define a sequence (yij) as follow:

yij =
{
ξ, if (i, j) ∈ K
xij, otherwise.

Thus we have a set K ∈ F(I) such that lim(i,j)∈K,i,j→∞yij= ξ. This shows that
I−∗ limi,j→∞yij= ξ. As (yij) ∈ �2∞, therefore (yij) ∈ (I∗2 ∩ �2∞). Also it is obvious
that (yij) ∈ B(x, η). ✷

5. I - Cauchy sequence

K. Dems [3] proved that, in a complete metric space (X, ρ); I-Cauchy sequence is
necessary and sufficient for the I-convergence of a sequence. He also extended this
result for double sequences. The same result was proved by Tripathy and Tripathy
[15]. The proof given by the authors is very short and interesting however we give
its different proof.

Definition 5.1 ([15]) A real double sequence x = (xij) is said to be I- Cauchy
sequence if for each ε > 0, there exists (m,n) in N2 such that the set

{(i, j) ∈ N2 : |xij − xmn| ≥ ε} belongs to I.

Theorem 5.1 Let I⊂P(N2) be an admissible ideal. A double sequence x = (xij)
is I-convergent if and only if it is I- Cauchy.

Proof. Necessity: Suppose that (xij) is I-convergent to ξ. Let ε > 0 be given.
Since I − limi,j→∞xij = ξ, therefore the set A( ε

2 ) = {(i, j) ∈ N2 : |xij − ξ| ≥ ε
2}

belongs to I. This implies that the set AC( ε
2 ) = {(i, j) ∈ N2 : |xij − ξ| < ε

2} be-
longs to F(I) and therefore is non empty. So we can choose positive integers m
and n such that (m,n) /∈ A( ε

2 ), but then we have |xmn − ξ| < ε
2 . Let B =

{(i, j) ∈ N2 : |xij − xmn| ≥ ε}. We prove that B ⊂ A( ε
2 ). Let (i, j) ∈ B then

we have ε ≤ |xij − xmn| ≤ |xij − ξ| + |xmn − ξ| < |xij − ξ| + ε
2 . This implies that

ε
2 < |xij − ξ| and therefore (i, j) ∈ A( ε

2 ). Since B ⊂ A( ε
2 ) and A( ε

2 ) belongs to I,
therefore B ∈ I. This shows that x=(xij) is I- Cauchy sequence.
Sufficiency- Assume that x=(xij) is I- Cauchy sequence. We shall prove that x is
I-convergent.To this effect, let (εp) be a strictly decreasing sequence of numbers
converging to zero. Since x is I- Cauchy, therefore there exist two strictly increasing
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sequences (mp) and (np) of positive integers such that
Ap = {(i, j) ∈ N2 : |xij − xmpnp | ≥ εp} ∈ I , p=1, 2, 3 . This implies that

∅ 
= {(i, j) ∈ N2 : |xij − xmpnp | < εp} belongs to F (I), p = 1, 2, 3 . . . (10)

Let p and q be two positive integers such that p 
= q. By (10), both the sets
{(i, j) ∈ N2 : |xij − xmpnp | < εp} and {(i, j) ∈ N2 : |xij − xmqnq | < εq} are non em-
pty sets in F (I). Since F (I) is a filter on N2, therefore

∅ 
= {(i, j) ∈ N2 : |xij − xmpnp | < εp} ∩ {(i, j) ∈ N2 : |xij − xmqnq | < εq}

belongs to F(I). Thus for each pair p and q of positive integers with p 
= q, we can
select a pair (ipq, jpq) ∈ N2 such that |xipq,jpq −xmpnp | < εp and |xipq ,jpq −xmqnq | <
εq. It follows that |xmpnp−xmqnq | ≤ |xipqjpq−xmpnp |+|xipqjpq−xmqnq | ≤ εp+εq → 0
as p, q → ∞. This implies that (xmpnp) p = 1, 2, 3 ...is an ordinary single Cauchy
sequence and therefore it satisfies the Cauchy convergence criterion. Thus the
sequence in the usual sense goes to a finite limit ξ (say).i.e., limp→∞xmpnp = ξ.
Also we have εp → 0 as p → ∞, so for each ε > 0 we can choose a positive integer
p0 such that

εp0 <
ε

2
and|xmpnp − ξ| < ε

2
forp ≥ p0 (11)

Next we prove that the set A={(i, j) ∈ N2 : |xij − ξ| ≥ ε} is contained in Ap0 . Let
(i, j) ∈ A, then we have ε ≤ |xij − ξ| ≤ |xij − xmp0np0

| + |xmp0np0
− ξ| < |xij −

xmp0np0
|+ ε

2 (by 11) This implies that ε
2 < |xij −xmp0np0

| and therefore by first half
of (11) we have εp0 < |xij − xmp0np0

|. This implies that (i,j) ∈ Ap0 and therefore A
is contained in Ap0 . Since Ap0 belongs to I therefore A belongs to I. This proves
that x=(xij) is I-convergent to ξ. ✷
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