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Picard iteration converges faster than Mann
iteration for a class of quasi-contractive operators

Ovipru PoPEscuU*

Abstract. The purpose of this paper is to introduce a new class of
quasi-contractive operators and to show that the most used fixed point
iterative methods, that is, the Picard and Mann iterations, are conver-
gent to the unique fized point. The comparison of these methods with
respect to their convergence rate is obtained.
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1. Introduction

In the last four decades many papers have been published on the iterative approx-
imation of fixed points for certains classes of operators, using the Picard, Kras-
noselskij, Mann and Ishikawa iteration methods, see [2] for a recent survey. These
papers were motivated by the fact that, under weaker contractive type conditions,
the Picard iteration (or the method of succesive approximations) need not converge
to the fixed point of the operators in question.

However, there exist large classes of operators, as for example that of quasi-
contractive type operators introduced in [2], [7], [11], [12], for which not only the
Picard iteration, but also the Krasnoselskij, Mann and Ishikawa iterations can be
used to approximate the fixed points. In such situations, it is of theoretical and
practical importance to compare these methods in order to establish, if possible,
which one converges faster.

As far as we know, there are only a few papers devoted to this very important
numerical problem, see [1] - [4], [12]. It is the main purpose of this paper to compare
the Picard and Mann iterations over a class of quasi-contractive mappings which
included the class of Zamfirescu operators and the class of ¢- contractions. This
new class is different from the class of quasi-contractions introduced by Ciri¢ [7].
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2.  Quasi-p-contractions

Let us recall a few basic definitions and results concerning a class of quasi-contractive
mappings, see [5], [13].

Definition 2.1 A function ¢ : Ry — R4 is a comparison function if ¢ satisfies
the following conditions:

(i) @ is monotone increasing, i.e., t1 < to implies p(t1) < p(t2),
(i) {o"(t)},— converges to 0 for all t > 0.
Lemma 2.2 If ¢ is a comparison function, then ¢ also satisfies
(iii) p(t) <t for allt >0,

(iv) ¢(0) = 0.
Definition 2.3 Let (X,d) be a metric space. A mapping T : X — X is a
p-contraction if ¢ is a comparison function and

d(Tz, Ty) < p(d(z,y)) (2.1)

forall x,y € X.

Definition 2.4 Let (X, d) be a metric space. A mappingT : X — X is a Picard
mapping if there exists * € X such that F(T) = {z*} and {T"xz0}, ., converges to
x* for all xg € X, where F(T) :={x € X; Tx = x}.

Lemma 2.5 Let (X, d) be a complete metric space and T : X — X a mapping.
We suppose that:

(i) for each € > 0 there exists a 6(€) > 0 such that
d(z,Tx) < 6(¢) = B(w;€) € I(T),
where

B(awie) ={y € X; d(y,x) < e}, I(T):={Ae€P(X); A#¢, T(A)CA},

(ii) there exists an element xo € X asymptotic reqular under T, i.e.,
{d(T”x, T”*lx} converges to zero as n — oo.

Then the sequence {T"xo}, -, converges to a fized point of T'.

The following theorem is a generalization of Banach’s contraction principle.
Theorem 2.6 Let (X,d) be a complete metric space and T : X — X a ¢-
contraction. Then T is a Picard mapping.
Theorem 2.7 Let (X,d) be a nonempty set, d and p two metrics on X and
T:X — X a mapping. Suppose that:

(i) there exists ¢ > 0 such that d(T'z, Ty) < cp(z,y) for all z,y € X,

(i) (X,d) is a complete metric space,
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(i) T : (X,d) — (X,d) is continuous,
(iv) T:(X,p) — (X, p) is a p-contraction.

Then the mapping T : (X,d) — (X,d) is a Picard mapping.

The previous theorem is a generalization of Maia’s theorem, see [10].

Now we consider a class more generally than the class of ¢-contractions and
extend Theorems 2.6 and 2.7.

Definition 2.8 Let (X,d) be a metric space. A mapping T : X — X is a
quasi-p-contraction if ¢ is a comparison function and

d(Tz,Ty) < p(d(z,y)) + Lm(z,y) (2.2)
for some L > 0 and for all z,y € X, where
m(z,y) := min{d(z,Tx), d(y, Ty), d(z,Ty), d(y,Tx)}.

Theorem 2.9 Let (X,d) be a complete metric space and T : X — X a quasi-
p-contraction. Then T is a Picard mapping.

Proof. First we remark that cardF(T) < 1. Indeed, assuming z*, y* € F(T),
x* # y*, since m(z*,y*) = 0, we get by the property (iii) from Lemma 2.2 that
d(z*,y*) = d(Tx*, Ty*) < p(d(z*,y*)) < d(z*,y*), which is a contradiction.
Let zp be an element of X. Let x,, := T"z. By using (2.2) we get

d(xnaxn—O—l) < @(d(xn—laxn)) (2~3)

because m(xn_1,zy) = 0, and therefore d(zp,xn+1) < ¢™(d(zo,21)) — 0 as n —
0.

So every zp € X is asymptotic regular under 7T'. -

Let € > 0 be given and d(¢) := (e — ¢(€))/(L 4+ 1). Let y € B(xo;¢). We have

d(Ty, z0) < d(Ty, Txo)+d(Txo,x0) < @(d(y, z0))+Ld(xg, Txo)+d(x0, Txo) (2.4)
and thus
d(Ty,zo) < @(d(y, o)) + (L + 1)d(zo, Txo) < p(e) + (L + 1)d(zo, Tzo). (2.5)

Hence d(z, Txo) < 0(e) = d(Ty, o) < p(€) + € — p(€) = €, so B(zo;€) € I(T).
Now the theorem follows from Lemma 2.5. O

Theorem 2.10 Let X be a nonempty set, d and p two metrics on X and
T:X — X a mapping. Suppose that:

(i) there exists ¢ > 0 such that d(T'z,Ty) < cp(z,y) for all z,y € X,
(i) (X,d) is a complete metric space,
(i) T : (X,d) — (X,d) is continuous,

(iv) T :(X,p) — (X, p) is a quasi-p-contraction.

Then the mapping T : (X,d) — (X,d) is a Picard mapping.

Proof. Let o € X. From (iv) and the previous theorem the sequence {1z},
is a Cauchy in (X, p). By (i), {T"z0},, is a Cauchy sequence in (X, d) and by (ii)
it converges. Let z* := lim T"xz¢. By (iii) * € F(T') and by (iv), F(T) = {z*}.

n—oo
O
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3. The Picard and Mann iterations

Let E be a normed linear space, T : E — FE a given operator. Let zg € E be
arbitrary and {oy, } C [0,1] a sequence of real numbers. The sequence {z,},., C E
defined by

Tnt1 =1 —ay) zp+an Txy, n=0,1,2, .. (3.1)

is called the Mann iteration or Mann iterative procedure.
If we take o, = A (const.), A € (0,1], we obtain

Tpn1=1=Nzp,+AXTxz,, n>0 (3.2)
i.e., the Krasnoselskij iteration, which gives the Picard iteration
Tpi1 =Tz, (3.3)

for A =1.
Let yo € E be arbitrary and let {a, } and {8,} be sequences of real numbers in
[0,1]. The sequence {yn},., C E defined by

Ynt1 =1 —apn) Yn +an Tzn, n=0,1,2, ..., (3.4)

2n = (1= Bn)yn + B Tyn, n=0,1,2,...,

is called the Ishikawa iteration or Ishikawa iteration procedure.

Zamfirescu proved the following theorem.

Theorem 3.1 ([14]) Let (X, d) be a complete metric space, and T : X — X a
map for which there exist real numbers a, b and c satisfying 0 < a <1, 0 < b,c <
1/2 such that for each pair x,y in X at least one of the following is true:

(1) d(Tz,Ty) < ad(z,y);
(z2) d(Tz,Ty) < bld(z,Tx) + d(y, Ty)];
() d(Tx,Ty) < cld(z,Ty) + d(y, Tz)].

Then T has a unique fized point p and the Picard iteration {x,} —, defined by (3.3)
converges to p, for any xg € X.

An operator T' which satisfies the contraction conditions ((z1) — (23)) of Theo-
rem 8.1 will be called a Zamfirescu operator [2].

Definition 3.2 ([4]) Let {an} -y, {bn}rry be two sequences of real numbers
that converge to a and b, respectively, and assume that there exists
lan —a

=1
ns00 by — bl

(3.5)

If 1 =0, then we say that {a,},., converges faster to a than {b,},., tob.
Definition 3.3 ([4]) Suppose that for two fized point iteration procedures {uy,},,
and {v, },—_, both converging to the same fized point p with the error estimates

||u7l_pH < ap, 712071,27..., (36)
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an_p” < b’l’u 712071,27..., (37)

where {an},— o and {by},—, are two sequences of positive numbers (converging to
zero). If {an},—, converges faster than {b,}, -, then we say that {u,},., con-
verges faster than {v,}.., to p.

Based on Definition 3.3, Berinde [4] compared the Picard and Mann iterations
of the class of Zamfirescu operators defined on a closed convex subset of a Banach
space and concluded that the Picard iteration always converges faster than the
Mann iteration.

Using Definition 3.3 Babu and Vara Prasad [1] showed that the Mann iteration
converges faster than the Ishikawa iteration.

Example 3.4 If we have a, = 1/n?, b, = 1/n, then {u,} converges faster than
{vn}. But if we take b, = 1/n3 (supposing that (5.7) is still available) we obtain
that {v,} converges faster than {un}.

The previous example shows that Definition 3.8 is not consistent. We will adopt
the following concept.

Definition 3.5 Suppose that two fixed point iteration procedures {un}zozo and
{on}oe, converge to the same fized point p. If

[un = pll = an, n=0,1,2,...,

lvn — p|| = bp, n=0,1,2,..., (3.8)

and {an},—, converges faster than {b,},~,, then we say that {u,},., converges
faster than {v,} -, to p.

We use Definition 3.5 to prove the following results. We replace the class of
Zamfirescu operators with the class of quasi-d-contractions.

Definition 3.6 Let (X,d), be a metric space. A mapping T : X — X is a
quasi-d-contraction if there exist §, 0 < § < 1 and L > 0 such that

d(Tz,Ty) <6 d(x,y) + L m(z,y) (3.9)

forallx,y € X.

Obviously, every quasi-d-contraction is a quasi-¢-contraction. We remark also
that a Zamfirescu operator is a quasi-d-contraction. Indeed, a Zamfirescu operator
satisfying the following inequalities (see [2]) :

d(Tz,Ty) <20 d(zx,Tx)+ 6 d(x,y), (3.10)

d(Tz,Ty) < 26 d(x,Ty) + ¢ d(z,y). (3.11)

If we take L = 2§, then inequality (3.9) holds.

Theorem 3.7 Let E be an arbitrary Banach space, K a closed conver subset
of E, and T : K — K a quasi-0-contraction. Let {yn} -, be defined by (3.1) and
yo € K, yo ¢ F(T) with {a,} C [0,1] satisfying
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(i) S0 o = 00.

Then {yn}ffzo converges strongly to the fized point of T and, moreover, the Picard
iteration {xn},_, defined by (3.3) and xo € K converges faster than the Mann
iteration if

.o 1
(i) an < 3735,n=0,1,2,..,

(iii) lim ] [ﬁ} —o.

00 k=

Proof. Using (3.1) we get

lyn+1 —pll < (1 —=an) |lyn —pll + an | Tyn —pl| - (3.12)

Take z :=p and y := y, in (3.9) we obtain

1 Tyn —pll <6 llyn —pll, (3.13)
and then
[Yns1 —pll <[1 = (A =d)an] - lyn —pll, n=0,1,2,... (3.14)
By induction, we get
lyns1 = pll < TT 11— (1= 8)aw] - llyo —pll, n=0,1,2,.... (3.15)
k=0

Asd <1, a €[0,1] and > ap = oo, it follows that

k=0
lim [J[1-(1-08)ax =0, (3.16)

which by (3.15) implies that
Jim |y —pll =0, (3.17)

that is, {yn },-, converges strongly to p.
Taking y := x,,z := p in (3.9), we obtain

[#nt1 = pll <6 llzn —pll (3.18)
which inductively yields
|lzns1 = pll < 8" flzo —pl|, n > 0. (3.19)
Now, by (3.1) we have

Yn+1 —pll = (1 — an)yn + anTyn — [(1 —ap) + O‘n]p”
Z (1 _an) Hyn_pH _anHTyn_p”' (320)



QUASI-CONTRACTIVE OPERATORS 201

Using (3.13) we get

[ynt1 —pl = [1 = an(1+0)] llyn —pll, (3.21)
which implies that
lynr1 —pll > [T 11 = ar(1+6)] llyo —pll, n=0,1,2,.... (3.22)
k=0

In order to compare {x,} and {y, }, we must compare 6" and ] [1 — (1 + &)aw,]-
k=0
First, note that 1 — (14 6)ay, > 0, for all 6 € [0,1) and {au} ., satisfying (ii).
Moreover, by (iii) we have
5n+1

L T ) 2

By (3.23) and Definition 3.5 we obtain that the Picard iteration converges faster
than the Mann iteration. O

Remark 3.8 Theorem 3.7 will remain true if conditions (i) and (#i) are re-
placed by

(iv) there exists ¢ satisfying 6 < ¢ <1 and

(3.24)

for allm=0,1,2,....

Corollary 3.9 Let E be an arbitrary Banach space, K a closed convex subset
of E, and T : K — K a quasi-0-contraction. Let {yn} -, be defined by (3.2) and
yo € K, with A < c(a;fa) for some ¢ such that § < ¢ < 1. Then {y,} ., converges
strongly to the fized point of T and, moreover, the Picard iteration {xy} -, defined
by (3.3) and o € K converges faster than the Krasnoselskij iteration {yn}ffzo if
yo & F(T).

Remark 3.10 Since strict contractions, Kannan mappings [9], Hardy and Rogers
generalized contractions [8], as well as Chatterjea mappings [6] belong to the class of
Zamfirescu operators, so also to the class of quasi-L-contractions, by Theorem 3.7
we obtain similar results for these classes of contractive mappings.

References

[1] G.V.R. BaBu, K.N.V.V. VARA PRASAD, Mann iteration converges faster
than Ishikawa iteration for the class of Zamfirescu operators, Fixed Point The-
ory and Applications 1(2006), 1-6.

[2] V. BERINDE, [lterative Approxzimation of Fized Points, Ed. Efemeride, Baia
Mare, 2002.



202

O. PoPEscuU

, On the convergence of the Ishikawa iteration in the class of quasi-
contractive operators, Acta mathematica Universitas Comenianae, New Series
73(2004), 119-126.

__, Picard iteration converges foster than Mann iteration for a class
of quasi-contractive operators, Fixed Point Theory and Applications 2(2004),
97-105.

D.W. Boyp, J.S. WoNG, On nonlinear contractions, Proc. Amer. Math.
Soc. 20(1969), 458-464.

S. K. CHATTERJEA, Fized-point theorems, C.R. Acad. Bulgare Sci. 25(1972),
727-730.

L. CIRIC, A generalization of Banach’s contraction principle, Proc. Amer.
math. Soc. 45(1974), 267-273.

G.E. HAarDY, T.D. ROGERS, A generalization of a fized point theorem of
Reich, Canad. Math. Bull. 16(1973), 201-206.

R. KANNAN, Some results on fized points, Bull. Calcutta Math. Soc. 10(1968),
71-76.

M. G. MAIA, Un’ osservazione sulle contrazioni metriche, Rend. Sem. Mat.
Univ. Padova, 40(1968), 139-143.

B.E. RHOADES, Fized point iterations using infinite matrices, Trans. Amer.
Math. Soc. 196(1974), 161-176.

-, Comments on two fited point iteration methods,
J.Math.Anal. Appl. 56(1976), 741-750.

1. Rus, Generalized Contractions and Applications, Cluj University Press, Cluj-
Napoca, 2001.

T. ZAMFIRESCU, Fiz point theorems in metric spaces, Arch. Math. (Basel),
23(1972), 292-298.



