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Minimal structures, punctually m-open functions
in the sense of Kuratowski and bitopological spaces
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Abstract. By using m-open functions from a topological space
into an m-space, we establish the unified theory for several weak forms
of open functions in the sense of Kuratowski between bitopological spaces.
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1. Introduction

Semi-open sets, preopen sets, a-open sets, $-open sets and d-open sets play an
important role in the research of generalizations of open functions in topological
spaces and bitopological spaces. By using these sets, several authors introduced
and studied various types of modifications of open functions in topological spaces
and bitopological spaces. Maheshwari and Prasad [10] and Bose [1] introduced the
concepts of semi-open sets and semi-open functions in bitopological spaces. Jelié
(2], [4], Kar and Bhattacharyya [5] and Khedr et al. [6] introduced and studied
the concepts of preopen sets and preopen functions in bitopological spaces. The
notions of a-open sets and a-open functions in bitopological spaces were studied
in [3], [12] and [7]. The notion of semi-preopen sets in bitopological spaces was
studied in [6]. Recently, in [14] and [15] the present authors introduced the notions
of minimal structures, m-spaces and m-continuity. Quite recently, in [13], they have
introduced some generalizations of open functions in bitopological spaces.

In the present paper, we introduce the punctual notion of m-open functions in
the sense of Kuratowski [8]. We obtain some characterizations of a function which
is m-open at a point of the range of the function and also characterize the set of all
points at which a function is not m-open.
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2. Preliminaries

Let (X,7) be a topological space and A a subset of X. The closure of A and
the interior of A are denoted by Cl(A) and Int(A), respectively. Throughout the
present paper, (X,7) and (Y, o) always denote topological spaces and (X, 7y, 72)
and (Y, 01, 02) denote bitopological spaces. The closure of A and the interior of A
with respect to 7; are denoted by iCl(A) and iInt(A), respectively, for i = 1, 2.

Definition 1. A subfamily mx of the power set P(X) of a nonempty set X is
called a minimal structure (or briefly m-structure) [14], [15] on X if 0 € mx and
X emy.

By (X,mx) (or briefly (X, m)), we denote a nonempty set X with a minimal
structure mx on X and call it an m-space. Each member of mx is said to be
mx-open (or briefly m-open) and the complement of an m x-open set is said to be
mx-closed (or briefly m-closed).

Definition 2. Let X be a nonempty set and mx an m-structure on X. For a
subset A of X, the mx-closure of A and the mx-interior of A are defined in [11] as
follows:

(1) mX-Cl(A) :m{F:ACF7X—Fme},
(2) mx-Int(A) = U{U:U C A,U € mx}.

Lemma 1. (Maki et al. [11]). Let (X, mx) be an m-space. For subsets A and
B of X, the following properties hold:

(1) mx-Cl(X — A) = X —mx-Int(A) and mx-Int(X — A) = X — mx-CI(A),
(2) if (X — A) € mx, then mx-Cl(A) = A and if A € myx, then mx-Int(A) = A,
(3) mx-Cl(0) = 0,mx-Cl(X) = X, mx-Int(}) =0 and mx-Int(X) = X,

(4) if A C B, then mx-Cl(A) C mx-Cl(B) and mx-Int(A) C mx-Int(B),

(5) A Cmx-Cl(A) and mx-Int(A) C A,

(6) mx-Cl(mx-Cl(A)) = mx-Cl(A) and mx-Int(mx-Int(A)) = mx-Int(4).

Lemma 2. (Popa and Noiri [14]). Let (X, mx) be an m-space and A a subset
of X. Then x € mx-Cl(A) if and only if UN A #£ O for every U € mx containing
z.

Definition 3. A minimal structure myx on a nonempty set X is said to have
property B [11] if the union of any family of subsets belonging to mx belongs to
mx.

Lemma 3. (Popa and Noiri [16]). Let (X, mx) be an m-space and mx satisfy
property B. Then for a subset A of X, the following properties hold:

(1) A € mx if and only if mx-Int(A) = A,
(2) A is m-closed if and only if mx-Cl(A) = A,

(3) mx-Int(A) € mx and mx-Cl(A) is mx-closed.
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3. Punctual m-openness in the sense of Kuratowski

Definition 4. A function f: (X,7) — (Y,0) is said to be K-open at y € Y [8]
if for each open set U of X such that y € f(U), there exists an open set V of Y
such that y € V.C f(U).

Definition 5. A function f : (X,7) — (Y, my) is said to be K-m-open at y € Y
if for each open set U of X such that y € f(U), there exists V. € my such that
y eV C f(U). The function f is said to be K-m-open if it is K-m-open at every
pointy €Y.

Theorem 1. For a function f: (X,7) — (Y, my), the following properties are
equivalent:

(1) fis K-m-open aty € Y;

(2) for every open set G of X such that y € f(G), y € my-Int(f(G));
(3) if y € f(Int(A)) for A € P(X), then y € my -Int(f(A));

(4) if y € fnt(f~1(B))) for B € P(Y), then y € my -Int(B);

(5) if y € my-CU(B) for B P(Y), then f~'(y) C CL(f~H(B)).

Proof. (1) = (2): Let G be any open set of X such that y € f(G). Then, there
exists V' € my such that y € V C f(G); hence y € my-Int(f(G)).
(2) = (3): Let A € P(X). Then Int(A) is open in X. Since y € f(Int(A4)), by (2)
y € my-Int(f(Int(A))) C my-Int(f(A)).
(3)=(4): Let Be P(Y)andy € f(Int(f~1(B))). By (3), y € my-Int(f(f~*(B))) C
my—Int(B).
(4) = (1): Let U be an open set of X such that y € f(U). Then U C f~'(f(U)) and
hence U C Int(f~1(f(U))). Therefore, y € f(Int(f~*(f(U)))). By (4), y € my-
Int(f(U)). Hence, there exists V' € my such that y € V C f(U). Therefore, f is
K-m-open at y.
(2) = (5): Let y € Y and B € P(Y) such thatf~!(y) is not contained in C1(f~(B)).
Put G = X — Cl(f‘l(B)). Then f~Y(y) NG # 0. Hence y € f(G) = f(X —
Cl(f~Y(B))) c f(f~Y(Y — B)) C Y — B. By (2), we have y € my-Int(Y — B) =
Y — my-Cl(B). Hence y ¢ my-Cl(B).

(

(5) = (2): Let G be an open set of X and y € Y — my-Int(f ( )) = my- CI(Y -
f(G)). Set B=Y — f(G). Then y € my-Cl(B). Therefore, f~ (y) c CI(f~Y(B))
= ClI(f 1Y — f(@))) c CUX — f7Hf(@))) Cc CUX — G) — G. Hence

ffyynG=0andy¢ f(G). O

Theorem 2. A function f : (X,7) — (Y,my) is K-m-open if and only if
my-Int(f(U)) = f(U) for each open set U of X.

Proof. Necessity. Let y € Y and U be an open set of X such that y € f(U).
Then, by Theorem 1 we have y € my-Int(f(U)). Therefore, f(U) C my-Int(f(U))
and by Lemma 1 f(U) = my-Int(f(U)).

Sufficiency. Let y € Y and U be an open set of X such that y € f(U). Then we
have y € f(U) = my-Int(f(U)). Therefore y € my-Int(f(U)). By Theorem 1, f is
K-m-open at y. O
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Remark 1. Theorem 2 shows that a function f : (X,7) — (Y,my) is K-m-
open if and only if it is m-open in [13].
For a function f: (X,7) — (Y, my) we denote

DO(f)={y €Y: fis not K-m-open at y }.
Theorem 3. For a function f: (X, 7) — (Y, my) the following properties hold:

D(f) = Uger {£(G) = my — Int(f(G))} = Uaep(a) L f (Int(A)) — my — Int(f(A))}
= Upep){./(Int(f(B))) — my — Int(B))}.

Proof. Let y € D(f). Then, by Theorem 2, there exists an open set G of X
such that y € f(Go) and y ¢ my-Int(f(Gp)). Hence we obtain

y € f(Go) —my-Int(f(Go)) C Uger{f(G) — my-Int(f(G))}-
Conversely, let y € Uge-{f(G) — my-Int(f(G))}. Then there exists an open set
Gy of X such that y € f(Go) — my-Int(f(Go)). Therefore, by Theorem 2 f is not
K-m-open at y and y € DO(f).

The other equations are proved silimarly. O

4. Minimal structures on bitopological spaces

First, we shall recall some definitions of weak forms of open sets in a bitopological
space.
Definition 6. A subset A of a bitopological space (X, T1,72) is said to be

(1) (i,7)-semi-open [10] if A C jCl(iIut(A)), where i # j,i,j =1, 2,
(2) (i,7)-preopen [2] if A C iInt(jCl(A)), wherei#j, 4,5 =1, 2,
(3) (i,7)-a-open [3] if A C iInt(jCl(iInt(A))), wherei # j, i, j =1, 2,

)
(4) (i,j)-semi-preopen [6] if there exists an (i, j)-preopen set U such that U C A C
JCUU), wherei # 7,14, j =1, 2.

The family of (i, j)-semi-open (resp. (i,j)-preopen, (i,j)-a-open, (i,j)-semi-
preopen) sets of (X, 71, 72) is denoted by (4, j)SO(X) (resp. (i,7)PO(X), (¢, 7)a(X),
(1,7)SPO(X)).

Remark 2. Let (X, 71,72) be a bitopological space and A a subset of X. Then
(1,7)SO(X), (i,5)PO(X ), (i,5)a(X ) and (i,5)SPO(X ) are all m-structures on X.
Hence, if mi; = (i,5)SO(X) (resp. (i,7)PO(X), (i,5)(X), (i,5)SPO(X)), then
we have

(1) myy-CAA) = (i,5)sCUA) [10] (resp. (i,§)-DCUA) [6], (i.j)-aCl(A) [12],
(i, j)-spCI(A) [6]),

(2) m;;-Int(A) = (4, j)-sInt(A) (resp. (i,7)-pInt(A), (¢, j)-alnt(A), (3, j)-spInt(A)).

Remark 3. Let (X, 71,72) be a bitopological space.
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(a) Let my; = (i,7)S0(X) (resp. (i,5)a(X)). Then, by Lemma 1 we obtain the
result established in Theorem 13 of [10] (resp. Theorem 3.6 of [12]).

(b) Let my; = (i,5)SO(X) (resp. (4,5)PO(X), (i,5)c(X), (4,5)SPO(X)). Then,
by Lemma 2 we obtain the result established in Theorem 1.15 of [9] (resp.
Theorem 3.5 of [6], Theorem 3.5 of [12], Theorem 3.5 of [6]).

Remark 4. Let (X, 71,72) be a bitopological space.

(a) It follows from Theorem 2 of [10] (resp. Theorem 4.2 of [5] or Theorem
3.2 of [6], Theorem 8.2 of [12], Theorem 3.2 of [6]) that (i,7)SO(X) (resp.
(1,7))PO(X), (i,5)a(X), (i,7)SPO(X)) is an m-structure on X satisfying
property B.

(b) Let my; = (i,5)SO(X) (resp. (i,§)PO(X), (i,j)a(X), (i,5)SPO(X)). Then,
by Lemma 3 we obtain the result established in Theorem 1.13 of [9] (resp.
Theorem 3.5 of [6], Theorem 3.6 of [12], Theorem 3.6 of [6]).

5. K-m-open functions and bitopological spaces

Definition 7. A function f: (X, 7,72) — (Y,01,02) is said to be (i, j)-semi-open
[1] (resp. (i, j)-preopen [5], (i, j)-a-open [7], (i, j)-semi-preopen) if for each T;-open
set U of X, f(U) is (i,7)-semi-open (resp. (i,j)-preopen, (i,J)-a-open, (i, j)-semi-
preopen) in'Y .

Remark 5. By Remark 4(a)

(1,7)S0(Y), (i, j)PO(Y ), (i, j)e(Y) and (i, j)SPO(Y)
are all m-structures on'Y satisfying property B. Therefore, a function
f : (X7 7—177—2) - (Ya 01702)

is (i,7)-semi-open (resp. (i,7)-preopen, (i,j)-ca-open, (i,j)-semi-preopen) if and
only if f: (X, ;) — (Y, my;) is m-open, where m;; = (i,5)SO(Y) (resp. (i,5)PO(Y ),
(i, 1)a(Y), (i, ))SPO(Y )

Definition 8. Let (Y,01,02) be a bitopological space and m;; an m-structure
onY determined by o1 and oo. A function f: (X, 71, 72) — (Y,01,02) is said to be
(i,7)-K-m-openaty € Y if f: (X, ) — (Y, my;) is K-m-open at y. The function f
is said to be (i, j)-K-m-open if it is (4, j)-K-m-open at each y € Y.

Remark 6. By Definition 5.2, it follows that a function f : (X, 71,7) —
(Y,01,02) is (i,7)-K-m-open at y € Y if and only if for each 7;-open set U such
that y € f(U), there exists an myj-open set V of Y such that y € V- C f(U).

By Definition 8 and Theorems 1 and 2, we obtain the following theorems.

Theorem 4. Let (Y,01,02) be a bitopological space and m;; an m-structure
on'Y determined by o1 and o2. For a function f : (X, 1,m) — (Y,01,02), the
following properties are equivalent:

(1) fis (i, j)-K-m-open at y € Y;
(2) for every G € 7; such that y € f(G), y € my;-Int(f(G));
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(3) for every A € P(X) such that y € f(ilnt(A)), then y € my;-Int(f(A4));
(4) for every B € P(Y) such that y € f(ilnt(f~*(B))), then y € m;;-Int(B);
(5) for B € P(Y) such that y € m;;-Cl(B) , f~1(y) C iCl(f~*(B)).

For example, put m;; = (¢, 7)PO(Y"), then we obtain the following characteriza-
tions:

Corollary 1. Let (Y,01,02) be a bitopological space and m;; = (i,j)PO(Y ).
For a function f: (X, m1,72) — (Y,01,02), the following properties are equivalent:

(1) fis (i, j)-K-preopen at y € Y ;

(2) for every G € 7; such that y € f(G), y € (i, §)-pInt(f(G));

(3) for every A € P(X) such that y € f(ilnt(A)), then y € (i, §)-pInt(f(A));
(4) for every B € P(Y) such that y € f(ilnt(f~(B))), then y € (i, )-pInt(B);
(5) for B € P(Y) such that y € (i,7)-pCl(B), f~1(y) C iCl(f~1(B)).

Theorem 5. Let (Y, 01,02) be a bitopological space and m;; an m-structure on
Y determined by o1 and oo. A function f: (X, 71,7) — (Y,01,02) is (i,7)-K-m-
open if and only if f(U) = my;-Int(f(U)) for every U € ;.
Remark 7. By Theorem 5 and Remark 5, we obtain Definition 7.
For a function f : (X, 71,72) — (Y, 01,02), we denote
DY(f) ={y €Y: fis not (i, j)-K-m-open at y },

then by Definition 8§ and Theorem 3 we obtain the following theorem:
Theorem 6. For a function f : (X,7) — (Y, my), where m;; is a minimal
structure on Y determined by o1 and os, the following properties hold:

D?j(f) _ U {F(G) = mij —Int(f(Q))} = U {f(iInt(A)) — mi; — Int(f(A))}
GeT; AeP(X)
= |J {f@mt(f~1(B))) — mi; — Int(B))}.
BeP(Y)

For example, if we put
mi; = (¢,7)S0(Y) and ijo(f) ={y eY: fis not (i, j)-semi-open at y },
then we obtain the following properties:
Corollary 2. For a function f : (X,7) — (Y,my), the following properties
hold:

DiP(f) =J (/) = (i.5) = slut(f(U))} = | {F(ilnt(A)) — (i, 5) —sInt(f(A))}
Uer; AeP(X)

= U {flmt(f71(B) = (i,) — slnt(B)}.

BeP(Y)
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