MATHEMATICAL COMMUNICATIONS 2(1997), 77-82 7

The matrix of a linear operator
in a pair of ordered bases*

DRAGAN JUKIGT

Abstract. In the lecture it is shown how to represent a linear oper-
ator by a matrixz. This representation allows us to define an operation
with matrices.
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Sazetak. Matrica linearnog operatora u paru uredenih baza.
Na predavanju je pokazano kako se linearni operator mozZe reprezentirati
matricom. Ta reprezentacija omogucava nam da definiramo operacije s
matricama.

Kljuéne rijeci: linearan operator, matrica linearnog operatora, op-
eracije s matricama

1. Defining a linear operator

The function from one vector space to another vector space is called the operator.
In this lecture we shall deal only with finite dimensional vector spaces.

Definition 1. Let V and W be any two finite dimensional real vector spaces.
We say that the operator A:V — W is linear if

AAx + py) = AM(x) + pA(y)

for all scalars A\, i € R and for all vectors x,y € V. 1t is easy to check that the
operator A : V. — W is linear if and only if A is an additive and homogenous
operator, where we define:

Definition 2. An operator A:V — W is said to be:

a) additive if A(x +y) = A(x) + A(y) for all vectors x,y € V;

b) homogenous if A(Ax) = AA(x) for each scalar A € R and for each vector
xeV.

*The lecture presented at the MATHEMATICAL COLLOQUIUM in Osijek organized by Croatian
Mathematical Society - Division Osijek, October 19, 1996.
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Properties of additivity and homogenity of a linear operator are graphically
illustrated in Figure 1.
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Alx+y) = Ax) + A(y) A(Mx) = AA(x))

a) additivity b) homogenity
Figure 1.

Example 1. Let us give some examples of a linear operator A:V — W:
a) V=W =R? A(x1,22) = (x1, —x2) (reflection of a plane in the x1 - azis);
b) V=W =R? A(x1,72) = (—1, —32) (symmetry of a plane about the origin);

¢) V=W =R? A(x1,22) = (x1,0) (orthogonal projection of a plane on x; -
azis)

Lemma 1. Two linear operators A,B : V — W are equal if and only if they
attain the same values on the basis ey, ..., e, for V.

Proof. If two operators are equal, then they attain the same values on basis,

Let us prove the converse. According to the assumption, we have A(e;) = B(e;)
for every i = 1,...,n. Let us prove that A(x) = B(x) for every x € V. For that
purpose, let x = z1e; +...+ z,e, be a linear combination of the vectors eq,...,e,
of the basis for V. Then we have

Ax) = Alzie1+ ...+ zpe,) = x1A(er) + ... xpAlen) = 71B(er) + ...z, B(ey)
= B(mlel +...+ xnen) = B(X)

from where we conclude that A = B. a
The next Theorem tells us that each linear operator A : V' — W is completely

determined by its values on vectors of the basis for V.
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Theorem 1. Let eq,...,e, be any basis for V and let vi,...,v, be any n
vector in W. Then there is one and only one linear operator A :V — W such that

Ale;))=v;, i=1,...,n.

Proof. Each vector x € V is uniquely expressible as a linear combination of vectors
ey,...,e,: X =1x1€1+ ...+ T,e,. It is easy to check that the operator A:V — W
defined by the formula A(x) = z1vy + ... + x,v, is a linear operator and that
A(ez) =V, 1= 1,...77’2,.

If B:V — W is a linear operator such that B(e;) = v;, i = 1,...,n, then from
Lemma 1 we obtain A = B O

Because linear operators are functions, they can be added, multiplied by scalars
and composed with one another.

e The sum C = A + B of linear operators A, B : V — W is again a linear
operator. Namely, for every scalar A\,u € R and for every vector x,y € V
there holds:

COxA+py) = Ax+py) +BAx+py) = (ANA(x)+pA(y)) +(AB(x)+uB(y))
= A (A(x) + B(x))+p (A(x) + B(x)) = XC(x) + uC(y)

e The scalar multiple C = a.A of the linear operator A : V — W by the scalar
a € R is again a linear operator:

CAx + py) = aA(Ax + py) =a (AA(X) + pA(y)) =X (@A(x)) + p (@A(y))
= AC(x) + uC(y)-

e The composition C = A o B of linear operators B: V — W and A: W — Z
is the linear operator from V to Z:

COAx+puy) = A(BAx+uy)) =AAB(x)+uB(y)) =\ (B(x)) + pA (B(y))
= AC(x) + puC(y).

2. The matrix of a linear operator

In this section we will show how to associate a matrix with each linear operator
AV — W, where V and W are any two finite dimensional vector spaces.

Suppose (e) = (eq,...,e,) is an ordered basis for the finite dimensional vector
space V, and (f) = (fy,...,f,) is an ordered basis for the finite dimensional vector
space W. According to Theorem 1, the operator A is completly determined by its
values A(e;), j = 1,...,n, on vectors of the basis. Since A(e;) are vectors in W and
(f) = (f1,...,fs) is the basis for W, there are unique scalars a;; (i =1,...,m,j =
1,...,n) such that:

Aler) = anfi +anfe+ ...+ amifm
Alez) = aiofi + azfy + ... + amafy,

A(en) = aipfi +aspfo+ ...+ amnf;,
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In an ordered pair of the bases (e), (f) to the operator A there belong m - n scalars

a;; (t=1,...,m,j=1,...,n) which can be displayed in a rectangular array
aip Q2 - Qin
a1 a2 - A2
A(f,e)=| . (2)
aml Am2 ' (mn

called the matriz of a linear operator A in an ordered pair of bases (e), (f). The
matrix (2) has m rows and n columns. Because of this, we say that it has the order
m X n. The matrix (2) may be written in an abbreviated form as A = (a;;).

Example 1.. Let D : P? — P2 be a linear operator that assigns to each
polynomial its derivative, (e) = (23,22, x,1) the basis for P3 and (f) = (22,2,1)
the basis for P2. Then

300 0
D(f,e)=|0 2 0 0
0010

3. The algebra of matrices

Let M,,xn be the set of all m x n real matrices and L(V, W) be the set of all linear
operators from V to W. By using Theorem 1 it is easy to see that the mapping
A — A(e,f) is a bijection from L(V,W) onto M,,x,. This bijection allows us to
represent operations by operators and vectors by operations with matrices.

Equality of matrices

Let (2) be a matrix of a linear operator A : V' — W. Furthermore, let B: V — W
be a linear operator,

B(ei) = buifi +baifo + ...+ byafy,
B(ez) = biafi + boofy + ... + bymof,

B(en) = blnfl -+ bgnfg + ...+ bmnfm

its values on vectors of the basis fi,...,f,, and
bir bz - bip
by baa -+ boy
B(f,e)= | (4)
bml bm2 e bmn

its matrix in an ordered pair of bases (e), (f). According to Lemma 1, A = B if and
only if A(e;) = B(e;) for alli =1,...,m, ie. if a;; = b;; forall i =1,...,m and
for all j =1,...,n. This gives us a criterion of equality of matrices:
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Matrices A = (a;;) and B = (b;;) are equal if and only if they have the
same order and a;; = byj foralli=1,...,m, and j =1,...,n.
Scalar multiple of matrices

Multiplying (1) with scalar @ € R we conclude that in an ordered pair of bases
(e), (f) the operator oA : V — W has a matrix

- a Q- a12 .. Q- Q1p
- a1 Q- a92 « - Aop
- A1 Q- Am2 “e. & Qmn

Motivated by this, we define:
The scalar multiple a A of the matrix A by the scalar « is the matriz
whose entries are obtained by multiplying all of the entries in A by «.

Addition of matrices

Adding (1) and (3) we see that to the operator C = A+ B in an ordered pair of
bases (e), (f), there belongs a matrix

€11 Ci2 -+ Cip ai1 + b1y a2 +biz -+ G +bin

€21 C2 - Cop az1 +ba1 a2 +by - a2y + b2,
C(f,e)=| . =

Cm1 Cm2 e Cmn am1 + bml Am?2 + bm2 e Amn + bmn

The sum A + B of the matrices A = (a;;) and B = (b;;) of the order
m x n is a matrix C = (¢;;) of the same order, where

Ccij = i + by i=1,....,m;j=1,...n).

Multiplication of matrices

Suppose B : V. — W and A : W — Z are linear operators. Furthermore,
suppose (e) = (e1,...,e,), (f) = (f1,...,f,) and (g) = (g1,...,8m) are ordered
bases for vector spaces V, W and Z, respectively. Let us show how by using matrices
A = (a;5) = A(g,f) and B = (b;;) := B(f,e) one can determine the matrix
C := C(g, e) of the linear operator C = Ao B. Let C = (¢;;). Then

C(ej)zzcijgi; j=1,...,n. (5)
=1
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On the other hand, we have

Clej) = A(B(e;) =A (él bkjfk) = k§1 brj A(fr) = i br; i @ik 8i

k=1 =1

(6)
m P
= > ( aikbkj) 8.
i=1 \k=1

m m p
According to (5) and (6), we find that )" ¢;j8 = >, ( aikbkj) g, from where,
i=1 i=1 \k=1
because of the linear independence of vectors g;, we obtain:

P
cij =Y aimbyj, i=1...m, j=1,..n (7)
k=1

The product AB of the matrices A and B is defined only if matrices A
and B are conformable for multiplication, i.e. if the number of columns
in A is the same as the number of rows in B. If A has the order m X p
and B has the order p x n, then the product AB is an m X n matriz
C = (¢;5) with entries defined by (7).

We conclude this section by listing the fundamental algebraic properties of ma-
trix addition, scalar multiplication, and matrix multiplication.

PROPERTIES OF MATRIX ADDITION

A+B=B+A

(A+B)+C=A+(B+C)

O+A=A+0=A, where O is the matrix with all entries equal to zero
A+(-A)=(-A)+A=0, where -A=(-1)A

PROPERTIES OF SCALAR MULTIPLICATION

a(A+B)=aA+aB
(o + B)A = aA + A
a(fA) = (af)A
1A=A

PROPERTIES OF MATRIX MULTIPLICATION

A(B+C)=AB+AC
(A+B)C=AC+BC
A(BC)=(AB)C
(aA)B=a(AB)

These properties hold whenever A, B and C are matrices of appropriate sizes so
that indicated operations make sense, and a and ( are any scalars.
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