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WEIGHTED HARDY-TYPE INEQUALITIES INVOLVING
FRACTIONAL CALCULUS OPERATORS

SAJID IQBAL, JosiP PECARIC, MUHAMMAD SAMRAIZ AND ZIVORAD
ToMOVSKI

ABSTRACT. The aim of this paper is to give a new class of general
weighted Hardy-type inequalities involving an arbitrary convex function
with some applications of generalized fractional calculus convolutive op-
erators which contain Gauss-hypergeometric function, generalized Mittag-
Leffler function and Hilfer fractional derivative operator, in the kernel.

1. INTRODUCTION

In recent years many mathematicians gave generalizations and improve-
ments of Hardy-type inequalities. They discover important and useful Hardy-
type integral inequalities for convex functions which has great importance
in mathematical analysis. The Hardy inequality has fundamental impor-
tance in the mathematical analysis and lot of rich literature and informa-
tions concerning Hardy-type inequalities have been published (see for example
[1-3,5,11-13]).

Let (Q1,%1, 1) and (Qsa, X9, o) be measure spaces with o-finite measures
and Ag be an integral operator defined by

(11) Apf(z) = ﬁ / k(e 9) f () dpa(y),
Q2

where k : 21 x5 — R is measurable and non-negative kernel, f is measurable
function on €5, and

(1.2) 0< K(z):= /kj(ﬂ;,y)dug(y), x €.
Qo

The following results of this section are given in [3].
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THEOREM 1.1. Let 0 < p < g < co. Let (1,%1, p1) and (Qa, Xa, p12) be
measure spaces with o-finite measures, u be a weight function on Q1, w be a

Hao— a.e. positive function on o, k be a non-negative measurable function on
Q1 X Qo, and K be defined on Qy by (1.2). Suppose that K(x) > 0 for all

K(x)
fized y € Qo. Let ® be a non-negative convex function on an interval I C R.

If

x € Q1 and that the function  — u(x) (k(““”y)); is integrable on Q1 for each

A= swpw? ) | [ uta) (’“}éf;)gdmu) e

1

then there exists a positive constant C, such that the inequality

1
P

1

(1.3) /U(x)@ (Aef(@))Pdm(z) | <C Q/w(y)@(f(y))duz(y)
Q1 2

holds for all measurable functions f : Qo — R with values in I and Agf be

defined by (1.1). Moreover, if C is smallest constant for (1.3) to hold, then

C<A.

COROLLARY 1.2. Let —o00 < g < p < 0, and let the assumption of Theo-
rem 1.1 be satisfied with a positive convex function ®. If

B= it w7 ) | [u (’}f(;f)))gdm(m e

1

then there exists a positive real constant C, such that the inequality

1
q

(1.4) / w()[® (A f ()] dpa ()

Q1

=

e / w(y)® () dpa(y)

2

holds for all measurable functions f : Qo — R with values in Q. Moreover, if
C' is smallest constant for (1.4) to hold, then C > B.

THEOREM 1.3. Let 1 < p < g < 0. Let (Q1,%1, 1) and (Q2,Xa, uo) be
measure spaces with o-finite measures, u be a weight function on 4y, v be a
measurable ps-a.e. positive function on o, k be a non-negative measurable
function on Q1 X Qg, and K be defined on Qq by (1.2). Let K(x) > 0 for all

q
x € Q1 and let the function x — u(x) (kf((gzmy))) be integrable on Q1 for each
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fized y € Qa. Suppose that ® : I — [0,00) is a bijective convex function on
an interval I C R. If there exist a real parameter s € (1,p) and a positive
measurable function V : Qo — R such that

Q=

A = FV) s v | fue) (BE) g | < o

yEN2

where
—p'(s—1) o
F(V,v) = / VS ()0 ()dps(y) |
Qo

then there is a positive real constant C, such that the inequality

q

(15) / w(@)® (Apf (@) din(z) | < C / o()® (f(4)) dpia(y)

Ql Q2

holds for all measurable functions f : Qo — R with values in I where Ay f is
defined on Q1 by (1.1). Moreover, if C is smallest constant for (1.5) to hold,
then

C < inf A(s,V).
1<s<p
V>0

2. HARDY-TYPE INEQUALITIES FOR FRACTIONAL INTEGRAL OPERATOR
WHICH CONTAINS GAUSS-HYPERGEOMETRIC FUNCTION

First we give the definition of fractional hypergeometric operator (see [4]).

DEFINITION 2.1. Let a > O,p > —1,8,n € R. Then the generalized

fractional integral Ifj,’tﬁ’"’“ of order «, for a real-valued continuous function f
is defined by:

(2.1) I5) ™" ()

T
x7a7ﬂ72y,

a- ot
= T O/tu(xt) LB <a+ﬂ + =yl — x) f(t)dt, z € [0,b],

where, the function o F1(., ., ; .) appearing as kernel for operator (2.1) is the
Gaussian hypergeometric function defined by

oFi(a,byet) = i Mt”

|
— (¢)un!

)

and (a)y, is the Pochhammer symbol: (a), =ala+1)...(a+n —1),(a)o = 1.
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The operator (2.1) includes Saigo, Riemann-Liouville and Erdélyi-Kober
fractional integral operators i.e.

7 f(x) = Ig0™0 f(x)

x

—a—8
= xr /(.’I; - t)a_lel

7N

a+p,—n; o 1—;) f)de, x € [0,0].

@
R® f(x) = I f(x) = ﬁ ](33 — O f()dt, 3 € [0, 5.
0
and
10 f() = 1807 f() = ”F_:a_; j (x — )L f ()t @ € [0, )]

0

Our first result for generalized fractional integral operator is given in the
upcoming theorem.

THEOREM 2.2. Let 0 <p<g<oo, s>1,a>0, u>—-1, B,neR. Let
u be a weight function on (0,b), w be a.e. positive function on (0,b). If

F(l—ﬂ)l“(a+u+1+n))11’
P(p+1)I(1 - B+n)

(2.2) A= sup w_pl(t)(
te(0,b)

b

¢ b
X /u(m) (xa”gFl <a+ﬂ+,u, -1, 1—) t“(m—t)‘”l) dr | < oo.
x
i

Then there exists a positive constant C, such that the inequality

s5q

jww<ﬁfwvuwa—ﬁwm+u+l+m>Pm '

(2.3) 2+ B+ 1)1 =B +n)
0
. 3
<C| [ w)f(t)dt
/

holds for all measurable functions f : I — R with values in I. Moreover, if C
is the smallest constant for (2.3) to hold, then C < A.

Proor. Applying Theorem 1.1 with ©; = Qy = (0,b), dui(x) = dx,
dﬂ‘? (t) = dt7

—a—B—2p
k(w t)z{ a2 Filat B el = D@ =) 0t <
’ 0, r<t<b,
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and we calculate K (z) as:
(2.4) K@ﬂ=4?Li/w‘“”‘%zﬂ Bty =, s 1— - ) (2 — 1) e
: F(Oé) ’ » & z
0

Substituting 1 — % = y and using the formula given in [6, page 813], i.e.

()T (p)T(y+p—a—p)
FP(y+p—a)l(v+p—p)’

1
[ar oy P pisa)de =
0

we get

PP (u+ DT(1 - B +1)
r1-B(a+p+1+mn)

(2.5) K(z)=
So that Ay f(z) becomes

Ay fla) = oI @PA =A@t pt 1+ )
wfla) = =BT (u+ 1)I(1 — B +1)

Then the inequality (1.3) takes the form

b
(2.6) /u(x)

0

Q=

aq
p

dx

w BT+ DI(L— B+ 1)

o (I&f’"’“f(z)I‘(l — B (a+p+1+ n))

. 1
<o /w@ﬁﬂmﬁ

0

If we choose the function @ : RT™ — R defined by ®(z) = 2%, s > 1, then (2.6)
reduces to (2.3). 0

COROLLARY 2.3. Let —oc0 < ¢ < p < 0, and let the assumptions of the
Theorem 2.2 be satisfied. If

inf w7 (t)

B_(ru—ﬁﬁm+u+1+m>é
o t€(0,b)

I(p+ DI =5 +n)

S
Q=

b
t
X /u(x) (m_a_“gFl <a+ﬁ+u, —n,a;1 — x) t“(x—t)a_1> dr| < oo,
t
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then there exists a positive constant C, such that the inequality

/b <13’wﬁ’"’”f($)F(1 —B)(a+pu+1 +n)>qu ‘
u(x) da

(2.7) z=r=BT(u+ 1)T(1 - B +n)
0
. »
> C | [ w)f(t)dt
/

holds for all measurable functions f : I — R with values in I. Moreover, if C
is the smallest constant for (2.7) to hold, then C' > B.

THEOREM 2.4. Letl <p<g<oo,anda>0,u>—1,8,n€cR. Let u be
a weight function on (0,b), w be a.e. positive function on (0,b). Suppose that
D : T — [0,00) is a bijective convex function on an interval I C R. If there
exist a real parameter s € (1,p) and V : (0,b) — R is a positive measurable
function such that

A(s,V) =

b p’

<F(1 -B)(a+p+1+ n)) /V#(tw*’" ()dt up V()
0

D(p+1I'(1 - B8+n) te(0,b)

. 1
t q
X /u(m) (x_a_“gFl (a—l—ﬁ—i—u, —n,a;1 — ) th(x — t)a_l) dr | < oo,
T
t

then there exists a positive constant C, such that the inequality

-

/b u() [cp <Iaf’”’“f(w)1“(1 ~H)T(a+pt1 +77)> Y\

(2.8) e F BT (u+ )I(1 = B+1) o
0
. 3
<C| [ v()®P(f(t))dt
/

holds. Moreover, if C is the smallest constant for (2.8) to hold, then
C < inf A(s,V).
P

1<s<
V>0

ProOF. Applying Theorem 1.3 with the same techniques as used in The-
orem 2.2. 0

COROLLARY 2.5. If we take p =0 in Theorem 2.2, Corollary 2.3, Theo-
rem 2.4, we get the results for Saigo fractional derivative.
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COROLLARY 2.6. If along = 0 we take 8 = —a in Theorem 2.2, Corol-
lary 2.3, Theorem 2.4, we get the inequalities for Riemann-Liouville’s frac-
tional integral which are given in [8] and [7].

COROLLARY 2.7. If we take 8 =0 and p = 0 in Theorem 2.2, Corollary
2.8, Theorem 2.4, we get the inequalities for Erdélyi-Kober fractional integral
operator.

3. HARDY-TYPE INEQUALITIES FOR FRACTIONAL INTEGRAL OPERATOR
WHICH CONTAINS GENERALIZED MITTAG-LEFFLER FUNCTIONS

Now we give the definition of Mittag-Leffler function [14] and fractional
integral operator involving generalized Mittag-Leffler function appearing in
the kernel [17].

DEFINITION 3.1. Let a, 3,7,6 € C, min{R(a),R(5), R(y),R()} > 0,
m,k > 0 and k < Ra + m. Then the generalized Mittag-Leffler function
defined in [17] is given by

1 7,6,k
(3 ) 7ﬂrn Z T O[n—f-ﬂ ) ’

where (), represents the Pochhammer symbol, defined by (v)n, = v(y—1)(y—
2)...(y=n+1). The function (3.1) represents all the previous generalizations
of Mittag-Leffler function by setting

e m =k =1, it reduces to Elg( ) = Z F(an+5) (5) defined by Salim
[16].

e 0 = m =1, it represents E'Y’k( ) = Z which was intro-

F(an+/3) n'
duced by A. K. Shukla and J. C. ijapatz in [18]. In [19] H M.
Srivastava and Z. Tomouvski investigated the properties of this function
and its existence for a wider set of parameters.

o § =m =k =1, the operator (3.1) is defined by Prabhakar in [15] and

o0
is denoted as: E 5(2) = F(ggiﬁ) il
’ n=0 ’

e y=30=m=k=1, it reduces to Wiman’s function presented in [21],
moreover if 8 = 1, Mittag-Leffler function E,(z) will be the result.

DEFINITION 3.2. Let «, 3,7,8 € C, min{R(a),R(8),R(y),R()} > 0,
m,k > 0 and k < Ra +m. For all f € L(a,b) we introduce an integral
operator, which contain a Mittag-Leffler function (3.1) in the kernel
62 (A d) @ = [0 B wle - ) St

a
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which contains the generalized Mittag-Leffler function (3.1) in its kernel is
investigated and its boundedness is proved under certain conditions.

THEOREM 3.3. Let 0 < p < g < 00, and «, 3,7,9, m, k be as in Definition
3.2. Let u be a weight function on (a,b) and w be a.e. positive function

(@=t)" ' BLGE (w(@=1)*) ) "

(z—a)PE] QY (w@—a)®)
integrable on (a,b) for each fized t € (a,b). Let ® be a non-negative convex

function on an interval I C R. If

b T — )P (e — 1) AN
A= sup w_Tl(t) /u(x)<( D7 Eopim(@le —1) )> de | < oo,

te(a.b) (x — a)BEg’g’fl o (w(z —a)®)

n (a,b). Suppose that the function x — u(x) <

then there exists a positive constant C, such that the inequality

(57"”C +f) () ’ q
(3.3) / u(z) | @ o do
a0 (iL' - a)ﬂEa’ﬁ+l m(w(x - a)a)
1
<C / dt
holds for all measurable functions f : ) — R with values in I. Moreover,

if C is smallest constant for (3.3) to hold then C < A.

PROOF. Applying Theorem 1.1 with Q; = Qs = (a,b), dus(z) = du,
dpa(t) = dt, where

k(z,t) = {

(see Lemma 3.2 in [10]), and

(x —t)8~ Lok (w(x—1t)*), a<t<uzx;

a,B,m

0, r<t<b,

x

K@) = [0/ B o= %) dt = (o - @) ELSE (@@ - 0)"),

we get inequality (3.3). d

COROLLARY 3.4. Let —o0 < q < p < 0, and let the assumption of Theo-
rem 3.3 be satisfied with a positive convex function ®. If

b g 7
o - (@ =) LEYYE (W — 1))\ 7
B= Bl ) /“(w) ((m DPELSE, (wlo a)a)> o B

t
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then there exists a positive real constant C, such that the inequality

1

b (E’(I’%k;n w,at ) (37) % q
(3.4) /u(x) o ’ ;671; dx
p (.13 - G)BEa:57+1,p(w('r - a)a)

b
>C / w(y)® (f(y)) dy

holds for all measurable functions f : (a,b) — R with values in (a,b). More-
over, if C is smallest constant for (3.4) to hold, then C > B.

THEOREM 3.5. Let1 < p < g < o0, and «, 3,7, d, m, k be as in Definition
3.2. Let u be a weight function on (a,b), and v be a measurable positive func-

(2—a)PELYY,  (w(z—a)™)
be integrable on (a,b) for each fixed t € (a,b). Suppose that ® : I — [0,00) is a
bijective convex function on an interval I C R. If there exist a real parameter

s € (1,p) and a positive measurable function V : (a,b) = R such that

(258 e f)@  \*
. . a,B,m,w,at
tion on (a,b). Suppose that the function x — u(x) < >

b e
A(s, V) = / v (0ot (1) de

a

b 5.k a q
s—1 (Efoyz,ﬁ,rn,w,aJr ) (CIJ)
x sup V7 (t) u(x) Sk - dr | < oo,
te(a,b) / (x—a)PEygY p(w(z —a)?)

then there is a positive real constant C, such that the inequality

1

b (E'y,é,k f) (2) q
a,B,m,w,at
(3.5) ( [ u(z)er ((M)BE%M (W(H)a)> dz

a,B+1,m
<o

holds for all measurable functions f : (a,b) — R with values in I. Moreover,
if C is smallest constant for (3.5) to hold, then
C < inf A(s,V).

1<s<p
V>0

1

8 s

v(t)P (f(1)) dt)

PrOOF. Applying Theorem 1.3 with the same technique as used in The-
orem 3.3. O

REMARK 3.6. Here some special cases of above discussed results are given.
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If we take m = k = 1, in Theorem 3.3, Corollary 3.4 and in Theorem

3.5, the inequality reduces for El"s( ) = Z F(((;)_’;B (§;

If we take 6 = m = 1, in Theorem 3.3, Corollary 3.4 and in Theorem

3.5 the inequality reduces for E” ( )= T ;)L"fﬁ) f: .
o If we take § = =k =1,in Theorem 3 3, Corollary 3.4 and in
. (V)n z"
Theorem 3.5 the inequality reduces for E ;(z) = nz Tlan 7y al-

If we takey=90d=m=%k=1,in Theorem 3.3, Corollary 3.4 and in
Theorem 3.5 the inequality reduces to Wiman’s function, moreover if
B8 =1, Mittag-Leffler function E,(z) will be the result.

4. HARDY-TYPE INEQUALITIES FOR HILFER FRACTIONAL DERIVATIVE
OPERATOR

Let z > 0. By L'(0,2) we denote the space of all Lebesgue integrable
functions on the interval (0,z). For any f € L'(0,z) the Riemann-Liouville
fractional integral of f of order v is defined by

1

(4.1) (17, )(s) = o) /(x—t)”_lf(t)dt = (f*Ky)(s), s€[0,2] (v>0),

a

where K, (s) = % The integral on the right side of (4.1) exists for almost
s €[0,x] and I/ f € L*(0,). The Riemann-Liouville fractional derivative of
f € L*0,z) of order v is defined by

0106 = (42 ) (20> 0=+ 1)

By C™[0, z] we denote the space of all functions on [0, 2] which have contin-
uous derivatives up to order m, and ACY0, x| is the space of all absolutely
continuous functions on [0, z]. By AC™[0, x| we denote the space of all func-
tions f € C™[0,z] with f(™=1) € AC[0,z]. By Loo(0, ) we denote the space
of all measurable functions essentially bounded on [0, z]. Let p > 0, m = [p]+1
and f € AC™]a,b]. The Caputo derivative of order p > 0 is defined as

(CD5+ (@) = < ay dxmf) (z) = M/z(x—s)mﬂlijnf(s)ds,

Let us recall the definition of Hilfer fractional derivative presented in [20].

DEFINITION 4.1. Let f € L*[a,b], f * K(1_yya—n) € AC'[a,b]. The frac-
tional derivative operator Dgf of order 0 < u <1 and type 0 < v < 1 with
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respect to x € [a,b] is defined by

d

(4:2) (D 1) (@) o= 10— (E77 0 @)

whenever the right hand side exists. The derivative (4.2) is usually called
Hilfer fractional derivative.

The more general integral representation of equation (4.2) given in [7]
define as: Let f € L' [a,b], f * Ka—vyn—p) € AC™[a,b],n —1 < p<n,0<
v < 1,n € N then the following equation holds true:

v v(n—p ar 1—v)(n—
(43) 1) ) = (1070 (K0 50) )
Specially for v = 0, Df;f f = D! fis aRiemann- Liouvile fractional derivative
of order u, and for v = 1 it is a Caputo fractional derivative Df;_: = Dl f

of order u. Applying the properties of Riemann-Liouvile integral the relation
(4.3) can be rewritten in the form:

(Dt £) (@) = (297 (D05 ) @) )

T

1 v(n—p)—1 +v(n—p)
(4.4) - / (w — 1yt (Dt 7)) d.
(v (n—mp) "

THEOREM 4.2. Let 0 < p < ¢ < oo, s > 1. Let f € L'[a,b] and the
fractional derivative operator D!2Y of ordern—1 < < n and type 0 < v < 1.
Let u be a weight function defined on (a,b), w be a.e. positive function on

(a,b). If
b a q
1 -1 (z —t)v(=r =1\ P
A=(w(n—p))? sup wr (1) /u(w) —— | dz| <o,
te(asb) / (z —a)rtn=n)
then there exists a positive constant C, such that the inequality

1
59 2

b
@) | [uw (””(”‘“)“) (D) (w)) do

(z — a)V(”*#)

. :
<c / w(t) (D0 1) 1)) de

holds. Moreover, if C is the smallest constant for (4.5) to hold, then C < A.
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PROOF. Applying Theorem 1.1 with Q; = Qo = (a,b), duy(z) = du,
dps(t) = dt with

_ (z—t)v(n—m -1t ey
k(z,t) =< Twh-—pn)y > a<t<umz;
0, x <t<b,
we get
(46) R (x) _ (g; — a)”(n—u)

F'(v(n—mp)+1)
The integral operator Ay f(x) takes the form

i (D) @)

By using (4.7) in inequality (1.3) we have

b 1 q
(4.8) / u(z) l@ (P E:Y‘a_)y’jgt)l) (D f) (x)ﬂ dr

(4.7) Aif(z) =

b :
<c( [uwwe (D r) @) dy

For s > 1, the function ® : Rt — R defined by ®(z) = z* reduced (4.8) in
(4.5). o

COROLLARY 4.3. Let —oo < q < p < 0, and let the assumption of Theo-
rem 4.2 be satisfied with a positive convex function ®. If

B— inf w7 () /bu(a:) (”(” )] G t)y(n”)lf dz % < 0o,

te(a,b) (.’1? _ a)l/(n—u)

then there exists a positive constant C, such that the inequality

b 59
a9 | fuw (“”(”‘“)“) (D) (x)) do

(z — a)l’("—#)

1
q

: !
= [ ((De ) )

holds. Moreover, if C is the smallest constant for (4.9) to hold, then C > B.



WEIGHTED HARDY-TYPE INEQUALITIES 89

THEOREM 4.4. Let 1 < p < q < oo. Let f € L'[a,b] and the fractional
derivative operator D}y of order n —1 < p < n and type 0 < v < 1, u
be a weight function defined on (a,b), w be a.e. positive function on (a,b).
If there exist a real parameter s € (1,p) and a positive measurable function

V :(a,b) = R such that

1
b p’
—p'(s—1) ’

A(s,V) = w(n — ) / v (0017 (y)dt

a

s _pypmw=1\T
x sup V7 (y) /u(x) (M> dr | < oo,
t

te(a,b) (x —a)vn=r)

then there exists a positive constant C such that the inequality

1

q

b tq
(4.10) ( Jul) () (D f) (@) dx)

<c (fbv(w (pers) )" dt) ;

holds. Moreover, if C is the smallest constant for (4.10) to hold, then
C < inf A(s,V).
1<s<p
V>0

ProOOF. Applying Theorem 1.3 with the same technique used in Theorem
4.2, d

REMARK 4.5. In particular if v = 0 in Theorem 3.3, Corollary 3.4 and
in Theorem 3.5 the inequalities becomes for Riemann-Liouville fractional de-
rivative of order pu and for v = 1 then results becomes for Caputo fractional
derivative of order .
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Tezinske nejednakosti Hardijevog tipe pomoéu frakcijskog racuna
operatora

Sajid Igbal, Josip Pecarié, Muhammad Samraiz i Zivorad Tomovski

SAZETAK. Cilj ovog rada je izloziti novu generaliziranu
klasu tezinskih nejednakosti Hardijevog tipa, za klasu konvek-
snih funkcija, s primjenom generaliziranog frakcijskog racuna
konvolutivnih integralnih operatora, koje u svojoj jezgri sadrze
Gaussovu hipergeometrijsku funkciju, generaliziranu funkciju
Mittag-Lefflera, te Hilferov frakcijski diferencijalni operator.
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