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ABSTRACT. In this work we investigate the approximation problems in
the Smirnov-Orlicz spaces in terms of the fractional modulus of smoothness.
We prove the direct and inverse theorems in these spaces and obtain a
constructive descriptions of the Lipschitz classes of functions defined by
the fractional order modulus of smoothness, in particular.

1. PRELIMINARIES AND INTRODUCTION

A function M (u) : R — R7 is called an N-function if it admits of the
representation

where the function p (¢) is right continuous and nondecreasing for ¢ > 0 and
positive for ¢ > 0, which satisfies the conditions
p(0) =0, p(o0):= limp(t) = oo.

The function
[v]

N [a(s)ds

where

qg(s):=sup t, (s>0)
p(t)<s
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is defined as complementary function of M.

Let ' be a rectifiable Jordan curve and let G := intl', G~ := extl,
D:={weC:|w <1}, T := 9D, D™ := extT. Without loss of generality
we may assume 0 € G. We denote by L? (I'), 1 < p < oo, the set of all
measurable complex valued functions f on I' such that |f|” is Lebesgue inte-
grable with respect to arclength. By EP (G) and EP (G7), 0 < p < oo, we
denote the Smirnov classes of analytic functions in G and G, respectively.
It is well-known that every function f € E' (G) or f € E'(G™) has a non-
tangential boundary values a.e. on I' and if we use the same notation for the
nontangential boundary value of f, then f € L' (T).

Let M be an N-function and N be its complementary function. By
Ly (T') we denote the linear space of Lebesgue measurable functions f : ' — C
satisfying the condition

[ Mlalf @] < oc

for some o > 0.
The space Ly (T') becomes a Banach space with the norm

11l = sup /|f<z>g<z>| ldzlcg € L (T), p(g:N) <1,
N

where

ploiN) = [ Nlg())jdz).
r
The norm ||-[|,, ) is called Orlicz norm and the Banach space Ly () is
called Orlicz space. Every function in Ly (T') is integrable on I' [18, p. 50],
ie.
Ly (T)c LY (T).
An N-function M satisfies the As-condition if

) M (2x)
lim sup M (2)

The Orlicz space Ly (T) is reflexive if and only if the N-function M and its
complementary function N both satisfy the Ag-condition [18, p. 113].

Let I, be the image of the circle v, := {w € C: |w| =r, 0 < r < 1} under
some conformal mapping of D onto G and let M be an N-function.

The class of functions f analytic in G and satisfying

supl/M (1 ()] |d2] < ¢ < oo
I,

0<r<
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with ¢ independent of 7, will be called Smirnov-Orlicz class and denoted by
Ey (G). In the similar way Ep (G7) can be defined. Let

EM (Gi) = {f € Ey (Gi) : f(o0) = 0}
If M(z) = M (x,p) :=aP, 1 < p < oo, then the Smirnov-Orlicz class
Ej (G) coincides with the usual Smirnov class E? (G) .
Every function in the class Ejs (G) has [13] the non-tangential boundary

values a.e. on I' and the boundary function belongs to Las (T').
Let

Sf] = Z crpe't®

k=—oc0
be Fourier series of a function f € L' (T) where T :=[—m, 7], [; f (z)dz =0,
so that ¢y = 0.
For a > 0, the a-th integral of f is defined by

Ta(@ )= 3 e (i) e,
keZx*
where
(ik)™% = |k|”* e(T1/Dmiasienk and 7% .= {+1, 42, +3,...}.
It is known [24, V. 2, p. 134] that

fa (l‘) =g (1’7]6)

exist a.e. on T, fo € L' (T) and S [fa] = fa (2).

For ac € (0,1) let

d
f(a) (I) = %Il—a (xa f)

if the right hand side exist.

We set

aTT (a7 (T) dr+1
Fo @)= (£ @) = g hea @),

where r € ZT := {1,2,3,...}.

Throughout this work by ¢, c¢1, ca,..., we denote the constants which are
different in different places.

1.1. Moduli of smoothness of fractional order. Suppose that z,h € R :=
(—00,00) and a > 0. Then, by [16, Theorem 11, p. 135] the series

oo

Pf@) =3 (-0 CE flet(a—k)h), feLy(T),

k=0

converges absolutely a.e. on T [16, p. 135]. Hence A{ f (z) measurable and
by [16, Theorem 10, p. 134]

HA%fHLM(T) <C(a) HfHLM(T) ;



124 R. AKGUN AND D. M. ISRAFILOV

with

C(a):=Y_|Cp| < oc.
k=0
The quantity A? f (x) will be called the a-th difference of f at x, with in-
crement h. If a € ZT the above cited a-th difference is coincides with usual
forward difference. Namely,
« «
ARf (@) =D (=) Cf f(a+ =D (=) [z +kh),

k=0 k=0
for o € Z*t. For a > 0 we define the a-th modulus of smoothness of a function
f €Ly (T)as

wa (f,0) 5 = lillgl\ﬁﬁfl\w(m wo (f,0)ns = Il s my -

REMARK 1.1. The modulus of smoothness wq (f,0),, has the following
properties.

(i) wa (f,9),, is non-negative and non-decreasing function of § > 0,

i) lim wq (f,6), =0,

(u) Jim wa (f,8)a

(iil) wa (f1 4 f2: )y S wa (f1,)y +wa (f2, ) 0

Let

Fu (P = ok 1f = Tlyrys € Lar(T),

where 7, is the class of trigonometric polynomials of degree not greater than
n > 1.

The proofs of following direct and inverse theorems are similar to the

appropriate theorems from [21], where the approximation problems are inves-
tigated in Lebesgue spaces L? (T), 1 < p < occ.

THEOREM 1.2. Let L (T) be a reflexive Orlicz space and let M be an
N-function. Then

En(fy <Cr(@)wa (f,1/n)y, n=1,2,...

THEOREM 1.3. Let Ly (T) be a reflexive Orlicz space and let M be an
N-function. Then

wa (f,1/n)

1.2. Modulus of smoothness offmctz'onal order in Smirnov-Orlicz classes. Let
w = ¢ (z) and w = ; (2) be the conformal mappings of G~ and G onto D~
normalized by the conditions

¥ (00) = o0, lim ¢(z)/z >0,
Z—00
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and
1 (0) = o0, 1in%) z¢1 (2) >0,

respectively. We denote by 1 and 1), the inverse of ¢ and 1, respectively.
Since T is rectifiable, we have ¢’ € E' (G™) and ¢/ € E' (D7), and hence
the functions ¢’ and ¢’ admit nontangential limits almost everywhere (a.e.)
on I' and on T respectively, and these functions respectively belong to L (T")
and L! (T) (see, for example [7, p. 419]).
Let f € L' (T'). Then, the functions f* and f~ defined by

1
@ =5 ffidg, Z€G,
I
_,y 1 (<) _
/ (Z)*2—m §—zd§’ z€ G,
I

are analytic in G and G, respectively and f~ (oc0) = 0.

Let h be a function continuous on T. Its modulus of continuity is defined
by

w (t,h) :=sup{|h (t1) — h (t2)| : t1,t2 € T, |t1 — ta] < t}, t>0.

The function & is called Dini-continuous if

/@dt<oo7 c>0.

0
A curve T is called Dini-smooth [17, p. 48] if it has a parametrization

T:ipo(r), TE€T

such that ¢, (7) is Dini-continuous and ¢, (1) # 0.
If T is Dini-smooth, then [23]

(1.1) 0<c3 <Y (w)]<ecy<oo, 0<es<]|¢ (2) <ce < oo,

where the constants c3, ¢4 and c¢5, ¢g are independent of |w| > 1 and z € F,
respectively.

Let T" be a Dini-smooth curve and let fy := fo, fi := f o for
f € Ly (). Then from (1.1), we have fo € Ly (T) and f1 € L (T) for
f € Ly (T). Using the nontangential boundary values of fi and f;" on T we
define

wa,F(f’(S)M ::wo‘( 0+75)M’ 0>0

&a,r(f,é)Mzzwa(f',é)M, 0>0
for o > 0.
We set

Ey (f,G)y = Pié% If - PHLM(F)’ E, (g’G_)M = Rign% lg — RHLM(F)’
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where f € Eyp (G), g € Ep (G7), Py, is the set of algebraic polynomials of
degree not greater than n and R, is the set of rational functions of the form

n
>
2k
k=0
Let T be a rectifiable Jordan curve, f € L' (T') and let

(Srf) () = lim —— / £(s)

e—0 271 s—1t
I\I'(¢,¢€)

ds, tel

be Cauchy’s singular integral of f at the point ¢. The linear operator Sr,
f— Srf is called the Cauchy singular operator.

If one of the functions f* or f~ has the non-tangential limits a. e. on
T, then Srf (2) exists a.e. on I" and also the other one has the nontangential
limits a. e. on I'. Conversely, if Spf (z) exists a.e. on I', then both functions
fT and f~ have the nontangential limits a.e. on I'. In both cases, the formulae

12 [T =N+ ()2, ()= (2) - f(2)/2

and hence

(1.3) f=f=f
holds a.e. on T' (see, e.g., [7, p. 431]).

In this work we investigate the approximation problems in the Smirnov-
Orlicz spaces in terms of the fractional modulus of smoothness. We prove
the direct and inverse theorems in these spaces and obtain a constructive
descriptions of the Lipschitz classes of functions defined by the fractional
order modulus of smoothness, in particular.

In the spaces LP(T), 1 < p < oo, these problems were studied in the
works [21] and [3].

In terms of the usual modulus of smoothness, these problems in the
Lebesgue and Smirnov spaces defined on the complex domains with the var-
ious boundary conditions were investigated by Walsh-Russel [22], Al'per [1],
Kokilashvili [14, 15], Andersson [2], Israfilov [9, 10, 11], Cavus-Israfilov [4] and
other mathematicians.

2. MAIN RESULTS
The following direct theorem holds.

THEOREM 2.1. Let T' be a Dini-smooth curve and Ly (T) be a reflexive
Orlicz space onT'. If « > 0 and f € Ly (T') then for anyn =1,2,3,... there
is a constant c; > 0 such that

||f - Rn ('a f)”LM(F) <er {WQ,F (f7 1/n)M + JJO‘,F (fa 1/n)M};
where Ry, (-, f) is the nth partial sum of the Faber-Laurent series of f.
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From this theorem we have the following corollaries.

COROLLARY 2.2. Let G be a finite, simply connected domain with a Dini-
smooth boundary T' and let Ly (T') be a reflexive Orlicz space on T. If a > 0
and Sy (f,+) == > fp_o ax®y is the nth partial sum of the Faber expansion of
f € En (G), then for everyn =1,2,3,...

I f = Sn CF ol @) < 8 wa,r (f,1/n)y
with some constant cg > 0 independent of n.

~ COROLLARY 2.3. Let I' be a Dini-smooth curve. If a > 0 and f €
En (G7), then for every n =1,2,3,... there is a constant cg > 0 such that

I f — R (, f)“LM(F) < co Da,r (f,1/1)p
where Ry, (-, f) as in Theorem 2.1.
The following inverse theorem holds.

THEOREM 2.4. Let G be a finite, simply connected domain with a Dini-
smooth boundary T' and let Ly (T) be a reflexive Orlicz space on T. If a > 0,
then

n
c -
war (fi1/n)y € 223 (k+ ) B (£.G)y . n=12,..
k=0
with a constant c1g > 0 depending only on M and «.
COROLLARY 2.5. Under the conditions of Theorem 2.4, if
Ey(f,G)yy=0(n""), o>0, n=123,...,

then for f € Ep (G) and o> 0

0 (69) L a>o;
war (£:0)y =4 05" Jlogk]) . a=o;
o (5a) , < 0.

DEFINITION 2.6. For 0 < 0 < a we set
Lipo (0, M) = {f € Ear (G) : war (f,0),, = O (67), &> 0},
Lipo (a, M) := {f € By (G7) 1 Gar (f,0), =0(67), 6> o}.
COROLLARY 2.7. Under the conditions of Theorem 2.4, if 0 < 0 < « and
E.(f,G)yy=0m"%, n=1,2,3,...,
then f € Lip* o (o, M).

COROLLARY 2.8. Let 0 < o < «a and let the conditions of Theorem 2.4 be
fulfilled. Then the following conditions are equivalent.

(a) f € Lip* o (o, M)

(b) En (f,G)y; =0 ("), n=123,...
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Similar results hold also in the class Ep (G7).

THEOREM 2.9. Let I' be a Dini-smooth curve and Ly (T) be a reflezive
Orlicz space. If « > 0 and f € Ey (G7), then

n

aa,F(fal/n)MS% (k’-i-l)a_lEk(f,G_)M, n=12,3,....,
k=0

with a constant c11 > 0.
COROLLARY 2.10. Under the conditions of Theorem 2.9, if
E, (f,Gf)M zO(nfa) , 0>0, n=1,23,...,

then for f € Ep (G7) and oo > 0

0 (67) ,a>o;
(‘D‘%F (fa(s)M: O(5U|1Og%|) , =0
(’)(504) ,a<o.

COROLLARY 2.11. Under the conditions of Theorem 2.9, if 0 < 0 < «
and

E.(f,G7),=0(n™7), n=1,23,...,
then f € Lipo (a, M).

COROLLARY 2.12. Let 0 < 0 < « and the conditions of Theorem 2.9 be
fulfilled. Then the following conditions are equivalent.

(a) f € Lipo (a, M),
() Bn (£,G7)yy =0 (n™%), n=1,23, .
2.1. Some auzxiliary results.

LEMMA 2.13. Let Ly (T) be a reflexive Orlicz space. Then f+ € Ep (D)
and f~ € Ey (D7) for every f € Ly (T).

PROOF. We claim that for every f € Ljs (T) there exists a p € (1,00)
such that f € L? (T). Indeed, by Corollaries 4 and 5 of [18, p. 26] there exist
some xg, c12 > 0 and p > 1 such that

(2.1) A I < =M (ers] )
12

holds for |f| > z¢ and some ¢13 > 0.
Hence, using

Jir@ria= [1rere s [ irer s

T\To
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with Tg:={z € T : |f| > o}, from (2.1) we get that

Jir@ria < — [MeslrEhla+ [ 17
T r

o T\I'o

014/M (c13]f (2)]) |[dz] + xhmes (T\I'g) < oo
T

A

IN

and therefore f € L? (T). Since 1 < p < 0o, this implies [8] that f+ € E? (D),
/= € EP (D7) and hence fT € E'(D), f~ € E* (D).

Since f* € E!' (D) it can be represented by the Poisson integral of its
boundary function. Hence, taking z := re‘®, (0 < r < 1) we have

27
1 .
M Hf+ (z)H =M [% /f+ (e™) P, (my)dy] .
0
Now, using Jensen integral inequality [24, V:1, p.24] we get

afr\f+ (e)] Py (x —y) dy

Mt < M p
0
2
< o (ML e Ry
0
and therefore
/ MHer (z)H |dz] < / %/ WMHer (ezy)HP (x —y)dy |dz|
= [ [ ) P ) dyras
= /M[|f+ (ezy)H %/P,.(ac—y)dx rdy
0 0
= [ty < [ Ml ()] do.
0 0

Taking into account the relations

Fo(e™) = (1/2) £ () + (Snf) () = (1/2) {f (") +2(Snf) (¢) }
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we have

M) = 8|1 () + 20500 ()]

IN

M B (£ ()] +2|(Sf) (e"”)\}}
< S{ [ ()] + M [2](55) ()]}
< LU ()] + M (220 + exsM [[(525) () ]}

for some xy > 0 and hence

Jalst @l
< 5 A1 )]+ M 2ol + M [[(S21) ()]} do

= 5 [ M) bt ear [ 2152 ()] de+ M2

On the other hand [19]

HSTfHLM('Jl‘) < ci8 HfHLM('Jl‘)
which implies that

27

/M [|(S-ﬂ~f) (e””)H dzr < c19 < 00

0

and then
1 27
Y 0
— en(1/2) [ M(f (W)l ldu] + ez < .
T
Finally, we have f™ € Ej; (D). Similar result also holds for f~. O

Using Theorem 1.2 and the method, applied for the proof of the similar
result in [4], we have
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LEMMA 2.14. Let an N-function M and its complementary function both
satisfy the Ao condition. Then there exists a constant cos > 0 such that for

everyn =1,2.3,...

n
g(w)—Zakwk <o wa(g,1/n)y,, a>0
k=0 L (T)

where ag, (k=0,1,2,3,...) are the kth Taylor coefficients of g € Ep (D) at
the origin.

We know [20, pp. 52, 255] that

Vw) o~ Or(2)
¥ (w) -z 2

= s zeG, webD™

k=0
and

1 (w) o~ (1/2) _
= G
U1 (w) — 2 ; w0 P EE
where @, (z) and F (1/z) are the Faber polynomials of degree k with respect

to z and 1/z for the continuums G and C\ G, with the integral representations
[20, pp. 35, 255]

webD™,

_ 1 whe’ (w)

lw|=R

wky (w
F.(1/z) = 1 /#I)(de, zeG,

T 2mi
Jw|=1
and
(2.2) @k(z)w(zni/‘/’k(g)dg reG, k=0,1,2,..
27TZ' g—Z Y K Y K Y Y
r
1L [eh (o)
kN 1
(2.3) F, (1/2) = 7 (2) 271'2'/ g_zdg, z € G\{0}.
r
We put
- o 1 fo(w)
akfak(f)f2—m wk+1dw, k=0,1,2,..,
T
1
ar = ay (f) := — h (w)d’w, k=1,2,
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and correspond the series

i ap Py (Z) + i&ka (1/2)

with the function f € L' (T), i.e.,

Zak@k —I—Zaka 1/2

k=1

This series is called the Faber-Laurent series of the function f and the coeffi-
cients ar and ay are said to be the Faber-Laurent coefficients of f.

Let P be the set of all polynomials (with no restrictions on the degree),
and let P (D) be the set of traces of members of P on D.

We define two operators T : P (D) — Ey (G) and T : P (D) — Ep (G7)

T(P)(2): 277@/ o (w ze€qG

T(P)(z) := Q—M/ﬁ)ll_?dw, 2eG.
T

as

It is readily seen that

n

T <Z bkwk> = Z bkq)k (Z) and f <Z dkwk> = Z dka (1/2)
k=0 k=0 k=0 k=0
If 2’ € G, then
T(P) () 2m/w do = o [ 4 pog) (),

211 S —

which, by (1.2) implies that

T (P)(z) = Sc (Pog)(z)+(1/2) (Poy)(z)
a. e onl\.
Similarly taking the limit z” — 2z € T" over all nontangential paths outside
I" in the relation

T(P) () = o [RS8 s (P ), o
we get B
T(P)(2) = - (1/2) (Po 1) (2) + S (Po) (2)
a.e. on I'.

By virtue of the Hahn-Banach theorem, we can extend the operators T'
and T from P (D) to the spaces Ej (D) as a linear and bounded operator.
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Then for these extensions T : Epy (D) — Ej (G) and T:Euy (D) — Eu (G7)
we have the representations

T6) () = 5 [ S0, se6, ge By ).
T

- 1 [g(w)v(w) -
T = — [~~~ 7( G Ey (D).
0)() = 57 [ L, 67 ge By @)

T
The following lemma is a special case of Theorem 2.4 of [12].

LeMMA 2.15. If T' is a Dini-smooth curve and En (G) is a reflexive
Smirnov-Orlicz class, then the operators

T: Ey(D)— Ey (G) and T: Ey (D) — En (G7)

are one-to-one and onto.

3. PROOFS OF THE RESULTS

PROOF OF THEOREM 2.1. Since f (z) = f*(2) — f~ (2) a.e. on T, con-
sidering the rational function

R, (z,f):= Z arp®y (2) + deFk (1/z),
k=0

k=1

it is enough to prove inequalities

< c23 &Joz,F (fa 1/”)1\/[

(3.1) | )+ anFr (1/2)

k=1 L ()

and

(32) =St ()| < war (1 1/n)
k=0 L (T)

Let f € Ly (T). Then f1, fo € Ly (T). We take 2z’ € G\ {0}. Using (2.3)
and
(3.3) F©) =1 (@)= fi(v1(c) ae onT
we obtain that

Z aiFy (1/2’) =
k=1 k

n

ds

~ k
arey (2) — omi c—
1

1 /(Zﬁzléw’f (<) = 11 (1 ()
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Taking the limit as 2/ — 2z along all non-tangential paths inside of T', we
obtain

Sk (1/2) = Zw’f(z)%(Za o) - I (o <>>)
k=1

a.e. on I'.
Using (1.3), (3.3), Minkowski’s inequality and the boundedness of St we
get

() + Y (1/2) : (Z ik () — i (o1 <z>>>
k=1 Ly (1) k=1
=St [ agp f1 O‘PI)l (2)
L (T)
< 25 Zak% £ (p1(2)) < o || f1F ( Zakw
L (D) L (D)

On the other hand, the Faber-Laurent coefficients aj of the function f and
the Taylor coefficients of the function f;" at the origin are coincide. Then
taking Lemma 2.14 into account, we conclude that

and (3.1) is proved.
The proof of relation (3.2) goes similarly; we use the relations (2.2) and

FO=1 ()~ fa (¢()) ae onT
instead of (2.3) and (3.3), respectively. O

7Y aF (1/2)

k=1

§ Cat ‘:ja,f‘ (fa 1/n)M
Lm(T)

PROOF OF THEOREM 2.4. Let f € Ejy (G). Then we have T (f)) = f.
Since the operator T : Ej; (D) — Ep (G) is linear, bounded, one-to-one and
onto, the operator T-! : Ep (G) — Ejr (D) is linear and bounded. We take
a p € P, as the best approximating algebraic polynomial to f in Eys (G).
Then 77! (p;,) € Py, (D) and therefore

En () < 105 =T 0y = |77 ) = T G0 e

(3.4)

=77 <NT7HS =Phllzssry = 177 B (£, G
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because the operator T~ is bounded. From (3.4) we have

o Cos
Wa,r (f,1/n),, = (f0+,1/n n%z (k+1)*" 1 k(fJ)M
k=0
Co8 T_l n a—
g%Z(kJrl) YEL(f,G)y, a>0,n=12,...
k=0
and the proof is completed. O

PROOF OF THEOREM 2.9. Let f € Ej (G7). Then T (f;") = f. By
Lemma 2.15 the operator 77! : Ej (G7) — M (
Let r; € R, be a function such that E, (f,G™)

T-1(r%) € P, (D) and therefore
B (fi)y < || =17 (2)

(3.5)
=)

D) is linear and bounded.
v = If =z, @- Then

‘LM(’]I‘) - H L (T)

<[ =iy = [ B2 (.60

’LM(T)

From (3.5) we conclude

Dar (£ 1/)5r = wa (£, 1/n)y < 225 (k+ 1) B (£

k=0

3

29 HT~71H En: 1 g
a—
s noe (k+1) (f7 ) , a>0, n=1,2,...
k=0
the required result. O
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