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VORONOVSKAJA-TYPE THEOREM FOR CERTAIN GBS
OPERATORS

Ovipiu T. Pop

National College ”Mihai Eminescu” of Satu Mare, Romania

ABSTRACT. In this paper we will demonstrate a Voronovskaja-type
theorem and approximation theorem for GBS operator associated to a
linear positive operator.

1. INTRODUCTION

In this section, we recall some notions and results which we will use in
this article.

Let N be the set of positive integers and Ng = NU {0}. For m € N, let
B, : C([0,1]) — C([0,1]) the Bernstein operators, defined for any function
f€C([0,1]) by

(L1) Bu)@) = pmle)f ( ’“) ,
k=0

m

where p,, () are the fundamental polynomials of Bernstein, defined as fol-
lows

(12 post) = (1} a1 = ayn s,

for any x € [0,1] and any k € {0,1,...,m} (see [7,28]).
In 1932, E. Voronovskaja in the paper [31], proved the result contained
in the following theorem.
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THEOREM 1.1. Let f € C([0,1]) be a two times derivable function in the
point x € [0,1]. Then the equality

(13) tim_m (B f)() ~ 7)) = 2

m—00 2

()
holds.

Let p € Ng. For m € N, F. Schurer (see [26]) introduced and studied in
1962 the operators B, , : C([0,1 + p]) — C([0, 1]), named Bernstein-Schurer
operators, defined for any function f € C([0,1+ p]) by

(14) (Buof) @) mfpmk (%)

where pp, kx(x) denotes the fundamental Bernstein-Schurer polynomials, de-
fined as follows

~ m + _
(1.5) Pmi(z) = ( k p) (1 =)™ E = pp(2)
for any = € [0,1] and any k € {0,1,...,m + p}.

For m € N, let the operators M, : L1([0,1]) — C([0,1]) defined for any
function f € Ly([0, 1]) by

(1.6) (M f)(x) = (m 4 1) mek )/pm,k(t)f(t)dt

for any x € [0, 1].
These operators were introduced in 1967 by J. L. Durrmeyer in [11] and were
studied in 1981 by M. M. Derriennic in [9].

For m € N, let the operators K,, : Li([0,1]) — C([0, 1]) defined for any
function f € Ly([0, 1]) by

(1.7) (K f)(x) = (m +1) me K Ft)dt,

for any x € [0, 1].

The operators K,,, m € N, are named Kantorovich operators, introduced
and studied in 1930 by L. V. Kantorovich (see [14]).

For the following construction see [18].

Define the natural number mg by

mo:{ max{1,-[3]}, if BER\Z

(1.8) .
max{1,1 -3}, if Be€Z.
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For the real number 3, we have that
(1.9) m+ 32
for any natural number m, m > mg, where

max {1+ 0, , if e R\Z
(L10) s =mo+f= { max{{l +ﬂﬁ,1{}ﬁ,}} if ge Z.\
For the real numbers «, 3, o > 0, we note
1, if a<pg
(L11) pe = 14278 i asp.
VB
For the real numbers o and 3, a > 0, we have that 1 < p(®#) and

(1.12) 0<

for any natural number m, m > mq and for any k € {0,1,...,m}.
For the real numbers a and 8, a > 0, mg and pu(*?) defined by (1.8)-

(1.11), let the operators pie?) C([0, p*P]) — C([0,1]), defined for any
function f € C([O,u(a’ﬁ)]) by

(1.13) Pled) f) (z) = 3 a2,
(P01 @) = 2 b <m+ﬁ>

for any natural number m,m > mg and for any z € [0, 1].

These operators are named Stancu operators, introduced and studied in
1969 by D. D. Stancu in the paper [27]. In [27], the domain of definition of the
Stancu operators is C([0,1]) and the numbers o and § verify the condition
0<a<g.

In 1980, G. Bleimann, P. L. Butzer and L. Hahn introduced in [6] a se-
quence of linear positive operators (L, )m>1, Lm : Cg([0,00)) — Cg([0,0)),
defined for any function f € Cp(]0,00)) by

(1.14) (L f)(z) = (H%)m g:o <7Z)xkf <ﬁ> ’

for any x € [0,00) and any m € N, where Cp([0,00)) = {f|f:[0,00) = R, f
bounded and continuous on [0, c0)}.

For m € N consider the operators S, : C3 ([0,00)) — C ([0, 00)) defined
for any function f € Cs (][0, 00)) by

> mx k
(1.15) (Suf) (@) = e S0 el (£,

m
k=0
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exists

for any x € [0, 00), where Cs ([0, 00)) = {f € C([0,00)) : lim f(z)Q

and is finite }

The operators (Sp,),,~; are named Mirakjan-Favard-Szész operators and
were introduced in 1941 by G. M. Mirakjan in [16].

They were intensively studied by J. Favard in 1944 in [12] and O. Szdsz
in 1950 in [29].

Let for m € N the operators V, : Cs ([0,00)) — C (|0, 00)) be defined for
any function f € C5([0,00)) by

wo)  Gp@=ara S (M () (),

k=0

for any x € [0, 00).

The operators (V,),,~; are named Baskakov operators and they were
introduced in 1957 by V. A. Baskakov in [4].

W. Meyer-Konig and K. Zeller have introduced in [15] a sequence of linear
and positive operators. After a slight adjustment given by E. W. Cheney and
A. Sharma in [8], these operators take the form Z,, : B([0,1)) — C([0,1)),
defined for any function f € B ([0,1)) by

117 (Znf) () = i ("r ) a-amats ().

for any m € N and for any = € [0,1).

These operators are named the Meyer-Konig and Zeller operators.

Observe that Z,, : C ([0,1]) — C ([0, 1]), m € N.

In the paper [13], M. Ismail and C. P. May consider the operators
(Rm)mZL

For m € N, R,,, : C([0,00)) — C([0,00)) is defined for any function
[ € C([0,00)) by

(118)  (Rpf)(zx) =€ 4= go im J;;k)k_l <1 ix)k e <£>

for any z € [0, 00).

We consider I C R, I an interval and we shall use the following functions
sets: E(I), F(I) which are subsets of the set of real functions defined on I,
B(I)={f|f:I—R, fboundedon I}, C(I)={f|f:I— R, f continuous
on I} and Cp(I) = B(I)NC(I).

If f € B(I), then the first order modulus of smoothness of f is the function
w(f; ) :[0,00) — R defined for any § > 0 by

(119)  w(f;6) = sup{|f(2') — f(@")] :a',a" € I, |/ — "] < 5}
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Let I,J C R intervals, E(I x J), F(I x J) which are subsets of the set
of real functions defined on I x J and L : E(I x J) — F(I x J) be a linear
positive operator.

The operator UL : E(I x J) — F(I x J) defined for any function
feE(lxJ),any (z,y) €I xJ by

(1.20) (UL (@,y) = (L(f (@, %) + f(9) = F(,%) (2,9)

is called GBS operator (”Generalized Boolean Sum” operator) associated to
the operator L, where ”-” and ”«” stand for the first and second variable (see

3]).

If f e E(I xJ)and (z,y) € I x J, let the functions f, = f(z,*), f¥ =
f(7y) I xJ— R7 fx(sat) = f(I,t), fy(S,t) = f(S,y) fOI‘ any (Sat) € IxJ.
Then, we can consider that f,, fY are functions of real variable, f, : J — R,
fo(t) = f(x,t) for any t € J and f¥ : I — R, f¥(s) = f(s,y) for any s € I.

2. PRELIMINARIES

For the following construction and result see [19] and [21], where p,,, = m
for any m € N or p,, = oo for any m € N.

Let I, J be intervals with INJ # (. For any meN and k€ {0, 1, ..., p,,} "Ny
consider the functions ¢, ; : J — R with the property that o, (z) > 0 for
any x € J and the linear positive functionals A, 5 : E(I) — R.

DEFINITION 2.1. For m € N define the operator Ly, : E(I) — F(J) by

(2.1) L)) = S o (@) A ().
k=0

for any f € E(I) and x € J.

ProroOSITION 2.2. The L,,, m € N operators are linear and positive on
E(INJ).

DEFINITION 2.3. For m € N, let L,, : E(I) — F(J) be an operator
defined in (2.1). For i € Ny, define T, ; by

Pm

(2-2) (T;yiLm) (m) =m' (mezz) (m) =m' Z ‘Pm,k(I)Am,k(w;)a
k=0

for any x € INJ, where for x € I, ¢, : I - R, ¢, (t) =t —x for any ¢ € I.

In what follows s € Ny is even and we suppose that the operators (L), <1
verify the conditions: there exists, the smallest a, g2 € [0,00) so that

(2.3) lim (T55Lm) (2) L"?) (=)

m— o0 meJ

ZBj (I) € R,
zelInd,je{s,s+2}and
(2.4) Qeqo < 0 + 2.
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THEOREM 2.4. Let f: I — R be a function.
Ifz € INJ and f is a s times differentiable function in x with f()
continuous in x, then

: — ~ fO(@)
(25)  lim om* (L f)(@) = Y0 T2 (T L) (2)| = 0.

Assume that f is s times differentiable function on I, with f) continuous
on I and there exists an interval K C I N J such that there exist m(s) € N
and k; € R depending on K, so that for any m > m(s) and any x € K we
have

(Tp i Lm) ()
m®i
where j € {s,s + 2}. Then the convergence given in (2.5) is uniform on K

and

(2.6) <kj,

(2.7) msT s

S 1) (g
L))~ S T (1 1) @)
i=0 ’

m

1 1
< — (S)
- gl (ks + ks+2)w (f ! m2+asas+2> ’

for any x € K and m > m(s).

In the following we consider that
(2.8) (T50Lm) (1) =1
for any x € INJ and any m € N.

COROLLARY 2.5. Let f : I — R be a function. Assume that f is s times
differentiable in x € INJ and f) is continuous in x. Then

(2.9) Jim (L f)(2) = f(2)
if s=0 and

s—1 ;
L s—a ) (o f9()
(2.10) Tim m®= | (Lonf) () = D 2= (T iLm) (2) | = == Ba(a)
i=0
if s > 2.
If f is s times differentiable function on I N J, with f) continuous on
INJ and (2.6) takes place for an interval K C I N J then the convergence

from (2.9) and (2.10) is uniform on K.
From (2.3) and (2.8) it results that

(2.11) ap =0

and then

(2.12) ko = 1.
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COROLLARY 2.6. Let f: I — R be a function.
If r e INJ and f is continuous in x, then

(2.13) Tim (Lo f)(x) = £(x).

Assume that f is continuous on I and there exists an interval K C I NJ
such that there exists m(0) € N and ko € R depending on K, so that for any
m > m(0) and any x € K we have

(T2Lm) (@)

(2.14) e

< ks.

Then the convergence given in (2.13) is uniform on K and

(2.15) |(Lm f)(2) = f(@)] < (1 + k2)w (f; \/%)

for any x € K and m € N, m > m(0).

PROOF. It results from Theorem 2.4. O

For m € N, let the linear positive functionals Ay , : E(I x I) — R with the
property: if (z,y) € I x I, then

(2-17) Ar*n,k(fa) = Am,k(fw)
and
(2.18) mk () = Am ik (fY),

for any k € {0,1,...,pm} NNy, any f € E(I x I), where we note F : I — R,
F(t) = f(t,t) for any t € I.

Now, with the help of (Ly,)m>1 operators, we construct a sequence of
bivariate operators. In the following let 6 € [0, 1].

DEFINITION 2.7. The operators L2 : E(I x I) — F(J x J), m € N,
defined for any function f € E(I x I) and any (x,y) € J x J by

Pm

(2.19) (Lo f) (.9) =D (Opmi(@) + (1= 0)pm i (y) A 4 (f)

k=0

are named the bivariate operators of § L-type.

THEOREM 2.8. The L?

o, m € N operators are linear and positive on
E((IxDn(JxJ).

PROOF. The proof follows immediately. O
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3. MAIN RESULTS

THEOREM 3.1. Let f: I x I — R be a function.
If f is continuous in (z,x), (y,y) € (I x I)N(J x J), then

(3.1) dim (Ly,f) (2,9) = 0 (2, 2) + (1= ) f(y,y).

Assume that f is continuous on I X I and there exists an interval K C INJ
such that there exists m(0) € N and ko € R depending on K, so that for any
m > m(0) and any © € K we have

Tzl ()

me2

(3.2) < ks.

Then the convergence given in (3.1) is uniform on K x K and

(33)  [(Lof) (2,9) = (Of (z,2)+(1-0) f(y, 9)| < (1+k2)w (F; #)

m2—0(2
for any (z,y) € K x K and m € N, m > m(0).

PrOOF. If m € N, then

(E30) (0:9) = 8 @) A5 (1) + (1= 0) D Gon 1) A3 (1)
k=0 k=0
and taking (2.16) into account, we obtain
(3.4) (Lonf) (@,y) = 6(Lin F)(@) + (1 = 8)(Lin F) (y)-
We have
(Lo f) (@) = [ (@, 2) + (1= 6) f (5, )]
= [6[(Lm F)(z) = F(x)] + (1 = 0)[(LmF)(y) — F(y)]]
<O |(LmF)(x) — F(z)| + (1 = 6) (L F)(y) — F(y)]
and apply the Corollary 2.6. O

REMARK 3.2. In general, the sequence (Lfn f)
is doesn’t converge to the function f.

LEMMA 3.3. Let the GBS operators (UL‘Sm)m>1 associated to the (Lfn)
operators. If m € N, UL?, : E(I x I) — F(J x J) have the form

(3.5)  (ULp,f)(@,y) =0[(Lm fo) (@) + (Linf?)(@)]
+ (1= 08) [(Lim fo) (y) + (Lnf ") ()] — (Lonf) (2, )
=0 [(Lm fz)(x) + (Lm f¥)(2) — (Lm F)(2)]
+ (1= 0) [(Lm f2) () + (L f*)(y) = (Lm F)(y)]
where (z,y) € Jx J and f € E(I x I).

where f: I x I —- R

m>1’

m>1
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PROOF. It results from definition of GBS operator, (2.1), (2.16) - (2.18)
and (3.4). O

THEOREM 3.4. Let f: I x I — R be a function.
If (x,y) € (I xI)N(J xJ), the functions fr, fY and F are s times
fe O°FY

(s) ;
95’ O and F'\*) are continuous

differentiable in x and y, the functions

in x and y, then

m— 00

(3.6)  lim ms—as{ (ULS,f) (z,9)

mi!

-y [6 (52 o)+ 5 @) - FOW)) (L) @)
=0

+(1-96) <ng (z,y) + % (v,y) — F(“(y)> (T Lim) (y)] } =0.

Assume that the functions f., fY and F are s times differentiable on I for
OV 00 [
any z,y € 1, wztha— Y

s 7 s
there exists an interval K C I NJ such that there exist m(s) € N and k; € R
depending on K, so that for any m > m(s) and any x € K we have

(Tp ;Lm) ()

mi

and F®) continuous on I for any z,y € I and

(3.7) <k

where j € {s,s+s}. Then the convergence given in (3.6) is uniform on K x K
and

(3.8) m®=s

-y la (gf (2,2) + 5L (@,9) PO (x)) (T i Ln) ()
=0

+(1-90) <ng: (z,y) + gtf (y,y) — F® (y)> (T iLm) (y)] ‘

T “ ors ' /m2—az @ ots ' \/m2—az

+w (F(S); #) ]
m270¢2

for any xz,y € K and any m > m(s).
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PROOF. We use the (2.5) relation from Theorem 3.1 for the functions f,

f¥ and F and we obtain (3.8) relation. If we note by S the left member of
(3.8) relation and taking (2.7) relation into account, we can write

S =m®"

5{ [(mex)(x) - Z mllz' g (x,x) (T;z,iLm) (x)‘|

| En0) = 3 i T @) (T1iLn) )
=0
+1> mli“ FO(2) (T}, ;L) (x) — (LmF)(x)} }
i=0

S

+<1—6>{[<mex><y>—z L9 o) (L) <y>]

mii) Ot

1=

| o) - SO L 0T () (T L) <y>]
+ i; —= FO W) (T, Lm) (1) = (L F)(y) H

<o |me o (Lo o) ) —Z L0 () () @)
(L 7))~ Z L0 () (T ) (@)
(L F)a) Z e FO@) (T3, L) (0) ]

AT gt

i-ofs

(x,y) (T, iLm) (y)

mii) Ot

L)) =Y = T ) (T L) )
i=0 ’

b)) = 3 1 FOW) (k) )
i=0 ’

1 o f. 1
g&{;(k5+k5+2) W<W’ m) +
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rr 1 0, 1
+w(8t5’ TQ_OQ)—H«J(F ; m2_a2)1}

1 Ofe. 1
+(15){§(ks+ks+2) “<W;\/ﬁ>
o (B k) e (i) |

from where we obtain (3.8) relation. From (3.8) the uniform convergence for
(3.6) results. 0

THEOREM 3.5. Let f: I x I — R be a function.
If (x,y) € (I xI)N(J xJ), the functions fr, fY and F are s times
0 fo O°fY

Z e 7 (s) .
95 ot and F'*) are continuous

differentiable in x and y, the functions

in x and y, then

(3.9) i (UL, f) (2.9) = f(2.0)
if s =0, and
Mt | ' f
(3.10) lim msaS{ UL, f) (x,y) — — [5< 7 (7, 7)
+ G @) = FOW) (L) @

-0 (52 @+ Gl ) - FOW) (L) <y>] }

s!

1 l(s (5L o+ L - 7o) 2o

+1-0) (Sl + G v - FOw ) B.0)|.

Assume that the functions f., fY and F are s times differentiable on I for
" fu O°JY
ors 7 ots
there exists an interval K C I NJ such that there exist m(s) € N and k; € R
depending on K so that for any m > m(s) and any x € K we have

(Tm’;@LcZI) @ < kj

where j € {s,s+2}. Then the convergence given in (3.9) and (3.10) is uniform
on K x K.

any x,y € I, with F®) continuous on I for any z,y € I and

(3.11)
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PRrROOF. It results from Theorem 3.4 and Corollary 2.5. o

COROLLARY 3.6. Let f: I x I be a function.
If (z,y) € I xI)N(J x J), the functions f,, fY and F are continuous
in x and y, then

(3.12) Tim (UL, f) (@,3) = f(,).

Assume that the functions f,, f¥ and F are continuous on I for any x,y € I
and there exists an interval K C I N J such that there exist m(0) € N and
ky € R depending on K, so that for any m € N, m > m(0) and any x € K
we have

(T;z,2Lm) ()

me2

(3.13) < k.

Then the convergence given in (3.12) is uniform on K x K and

B WIS ) = )] < () o (5 o=

1 1
Y. .
oo i) ()|
for any x,y € K and any m > m(s).
PROOF. It results from Theorem 3.4 for s = 0. O

COROLLARY 3.7. Let f: I x I — R be a function.
If (z,y) € I xI)N(J x J), the functions fy, Y and F are two times
O f. O°fY

_ v _ 74 1/ o
5.2 92 and F" are continuous

differentiable in x and y, the functions

in x and y, then

m— 00

(3.15)  lim m2_0‘2{ (UL f) (z,y) — f(z,y)

— [6(5 (x,x) + % (z,y) — F'(ac)) (T;yle) (x)

-0 (G @)+ G ) - F0)) (TnaLa) <y>] }

:% la (ﬁ (1'71') + % (:c,y) - FU(S)> Bs(x)

2 2
+1-9) (5L @+ G o - rw) )|
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Assume that the functions f,, fY and F are two times differentiable on I for
O fr O*fY

or2 7 ot?
there exists an interval K C I NJ such that there exist m(2) € N and k; € R
depending on K so that for any m > m(2) and any © € K we have

(T35 Lm)

mi

any xz,y € I, with

and F" continuous on I for any x,y € I and

(3.16) < k;

where j € {2,4}. Then the convergence given in (3.15) is uniform on K x K.

PROOF. It results from Theorem 3.5 for s = 2. O

In the following, by particularization and applying Theorem 3.5, Corol-
lary 3.6 and Corollary 3.7, we can obtain Voronovskaja’s type theorem and
approximation theorem for some known operators. Because every applica-
tion is a simple substitute in the theorems of this section, we won'’t replace
anything.

In Applications 3.1-3.4, let p,, = m, Y.k = Dmk, Where m € N, k €
{0,1,...,m} and K = [0, 1].

APPLICATION 3.1. If I = J =[0,1], E() = F(J) = C([0,1]), A x(f) =
k

f(E) where m € N, k € {0,1,...,m} and f € C(]0,1]) then we obtain the
19

5
Bernstein operators. We have ko = —, ky = 16’ (

1 Ty 1Bp) (x) =0, z € [0,1],
m € N and m(0) = m(2) =1 (see [19]).

1 1
If 6 = 3 we obtain the GBS operators (UB%) associated to the
m>1

1
(B,%) operators, studied in the paper [2]. These operators do not satisfy
m>0
the assumptions of Theorem A from paper [3]. There exists no satisfactory
choice of §; and 2 in Corollary 5 to express the degree of approximation of
1
(UB%) operators (see [3]).
m>1

APPLICATION 3.2. If I = J = [0,1], E(I) = L+([0,1]), F(J) = C([0,1)),
1

Api(f) = (m+ 1)/ Pm k() f(t)dt, where m € N, k € {0,1,...,m} and
0

3
f € L1([0,1]), then we obtain the Durrmeyer operators. In this case kg = —,

2
ks = ; (T3 1 M) (z) = m(frii:rzx)’ z €10,1], m € N and m(0) = m(2) = 3
(see [19]).
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APPLICATION 3.3. I£+I1 =J =10,1], E(I) = L+([0,1]), F(J) = C([0,1)),
Apk(f) = (m + 1)/7:+1 f(t)dt, where m € N, k € {0,1,...,m} and
f € L1([0,1]), then Weﬁtain the Kantorovich operators. We have ko = 1,
3

ks = 5 (T 1 Km) (z) =

m(0) = m(2) = 3 (see [19]).

— (1 -2 1
2(m+1)( z), z € [0,1], m € N and

APPLICATION 3.4. Let a,3 € R, @ > 0. If I = [0, pu(*P], J = [0,1],
k+ «
MDCWM@WLNﬂC@M%&Mf<

m+ 3
k€ {0,1,...,m} and f € C([0, u*)]), then we obtain the Stancu operators.

), where m € N,

APPLICATION 3.5. Let p € Ng. If I=[0,1+p], J=[0,1], E(I)=C([0,1+
k

. F) = €O, K = [0.1] s = s = sy AmsD) = 1),

pm = m +p, where m € N, k € {0,1,...,m} and f € C([0,1 + p]), then we
obtain the Schurer operators.

In Applications 3.6-3.8 and Application 3.10 let K = [0,b], b > 0.
APPLICATION 3.6. If T = J = [0,00), E(I) = F(J) = C(]0,00)),

1 k
Om.i(T) = <72)ka for any x € [0,00), Amx(f) = f<m),

Pm = m, where m € N, k € {0,1,...,m} and f € C([0,0)), then we obtain
the Bleimann-Butzer-Hahn operators. In this case ky = 4b(1 + b)? (see [22]
or [25]).

In Applications 3.7-3.10 let p,, = oo for any m € N.

APPLICATION 3.7. If T = J = [0,00), E(I) = C3([0,0)), F(J) =

maz)k
C([0,00)), pmr(x) = e‘mx( k!) for any z € [0,00), Ani(f) = f( ),

k
m
where m € N, k € Ny and f € C3([0,00)), then we obtain the Mirakjan-
Favard-Szész operators. We have ks = b, ky = 3b% + b, (T;msm) () =0,
x € [0,00), m € N and m(0) = m(2) =1 (see [21]).

APPLICATION 3.8. If T = J = [0,00), E(I) = C3([0,0)), F(J) =

r \*
C(]0,00)), emp(x) = (L +2)"™ (m Jr:i 1> <1 g for any = € [0, 00),

k
Ami(f) = f<—) where m € N, k € Ny and f € C3([0,00)), then we obtain
m

the Baskakov operators. In this case ko = b(1+0b), kg = 9b* + 183 4 10b% + b,
(T 1Vin) (z) = 0, z € [0,00), m € N and m(0) = m(2) =1 (see [21]).
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APPLICATION 3.9. If I = J = K = [0,1], E(I) = E(J) = C([0,1)),

k
Omk(T) = <m;r k> (1 —z)m™ b for any z € [0,00), Api(f) = f(m——i—k)’

where m € N, k € Ny and f € C([0,1]), then we obtain the Meyer-Konig and
Zeller operators. We have ko = 2 (see [21]).

APPLICATION 3.10. If T = J = [0,00), E(I) = F(J) = C([0,00)),
k

. . +k k—1
_%m(m ) ( x ) for any = € [0,00), Ami(f) =

() = e k! 14z

k
f<—> where m € N, k € Ny and f € C([0,00)), then we obtain the
m

Ismail-May operators. In this case ko = b(1 + b)?, ks = b%(1 + b)* + 1,
(T 1 Rm) (2) = Apa(z) =0, 2 € [0,00), m € N, m(0) = 1 and m(2) = ma
(see [24]).
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