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ABSTRACT. A topological game “Dense Gj,-sets” (also denoted by
DG) is introduced as follows: for any n € w at the n-th move the player
I takes a point z,, € X and II responds by taking a Ggs-set @y in the
space X such that x, € Q. The play stops after w moves and [ wins if
the set J{Qn : n € w} is dense in X. Otherwise the player I is declared
to be the winner. We study classes of spaces on which the player I has
a winning strategy. It is evident that the I-favorable spaces constitute a
generalization of the class of separable spaces. We show that there exists a
neutral space for the game DG and prove, among other things, that Lindel6f
scattered spaces and dyadic spaces are [-favorable. We characterize I-
favorability for the game DG in the spaces Cp(X); one of the applications
is that, for a Lindelof X-space X, the space Cp(X) is I-favorable for DG if
and only if X is w-monolithic.

1. INTRODUCTION

We present one more version of the well known point-open game PO which
was discovered and studied independently by F. Galvin [6] and R. Telgarsky
[8]. Recall that in the game PO at the n-th move the first player I takes
a point x, € X while the second player Il replies choosing an open set
U, C X with z,, € U,. The play is finished after w moves and I is announced
to be the winner if |J{U, : n € w} = X. Otherwise II wins in the play
{(xn,Un) :n € w}.

F. Galvin [6] proved that it is independent of ZFC whether PO is de-
termined on all subsets of the real line R. Telgdrsky proved in [8] that if
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X is a o-Cech-complete or pseudocompact space then PO is determined on
X. Later in [9] he gave a ZFC example of a neutral space (i.e., a space on
which neither of the players has a winning strategy) with respect to the game
PO. P. Daniels and G. Gruenhage [4] as well as S. Baldwin [3] studied the
point-open game which does not end after w moves.

Tkachuk introduced two new games 6 and € both in the paper [11] and
in the book [10] (where they were called T' and TT and their main properties
were formulated as exercises). The games 6 and ) differ only a little from the
point-open game GG. The moves in 0 are exactly the same as in PO but the
assessment of the play {(z,,U,) : n € w} is different: the player I wins if the
set ([ J{U, : n € w} is dense in X. Otherwise the second player is declared to
be the winner.

In the game 2 the first player still has to pick a point z, € X at his
(or her) n-th move, while the second player has more freedom — he/she also
chooses an open set U, C X but only x,, € U, is required. And again I wins
the play {(zn,Uy) : n € w} if the set | J{U, : n € w} is dense in X.

It is straightforward that for any separable space X the first player has
a winning strategy on X in both 0 and Q. It was proved in [11] that any
product of separable spaces is I-favorable in both games 6 and (2, and if an
Eberlein compact space K is I-favorable in the game ), then K is metrizable.
The games ¢ and €2 do not give interesting facts for Cp-theory because every
space Cp(X) is I-favorable with respect to both games 6 and : this was also
proved in [11].

In this paper we develop an idea of Telgarsky to obtain a new version of
the game . Telgarsky briefly considered in [9] a game PO’ in which at the
n-th move the first player picks a point x,, and II responds with a Gs-set
Gn 2 . A play {z,, G, : n € w} is won by the first player if ( J,, ., Gn = X.
Telgarsky proved that this game is the same as the point-open game for the
first player, i.e., I has a winning strategy on a space X in PO if and only if
he has a winning strategy on X in PO’. Our game DG which we call “Dense
Gso-sets” has the same moves as PO’ but the player I is the winner of a play
{@n,Gn : n € w} if the set |, ., Gy is dense in X. This game turns out to
be radically different from the game 6 and has non-trivial applications for the
spaces Cp(X).

To provide a more intuitive notation we denote the game 6 by DO also
calling it “Dense Open Sets”. We study the main categorical properties of
spaces on which the first player has a winning strategy in DG and prove that
hereditarily I-favorable spaces for DG coincide with hereditarily separable
spaces. We show that Lindelof scattered spaces are I-favorable for DG and
give a characterization of existence of a winning strategy for the first player
in DG on a space C,(X). One of the consequences of this characterization is
that, for a Lindeléf ¥-space X, the space Cp(X) is I-favorable for DG if and
only if X is w-monolithic.
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2. NOTATION AND TERMINOLOGY

All spaces under consideration are assumed to be Tychonoff; if X is a
space then 7(X) is its topology and 7*(X) = 7(X)\{0}. If A C X then
7(A,X) is the family of all open subsets of X which contain A; we write
7(x, X) instead of 7({z}, X). A family B C 7(4, X) is an outer base of A in
X if for every U € 7(A, X) there is B € B such that B C U. The Stone-Cech
compactification of a space X is denoted by SX. The character of X at its
subspace A C X, denoted by x(A4, X), is the minimal of the cardinalities of
all outer bases of A in X; let x(X) = sup{x({z},X): 2 € X}. A space X is
Cech-complete if it is a Gs-set in X . The space X is of pointwise countable
type if for any point x € X there exists a compact K C X such that z € K
and x(K, X) < w.

Given a space X the space Cp(X) is the set of all real-valued continuous
functions on X endowed with the pointwise convergence topology. If X is a
space and A C X, let ma(f) = f|A for every f € Cp(X), ie., ma : Cp(X) —
Cp(A) is the restriction map. We denote by C,(A|X) the set m4(Cp(X)) with
the topology induced from Cp(A). The symbol R stands for the set of reals
with its natural topology, N = w\{0} and Q C R is the set of rationals. We
denote by D the doubleton {0, 1} with the discrete topology. Let C) o(X) = X
and Cp n41(X) = Cp(Cp n(X)) for every n € w. The space Cp ,(X) is called
the n-th iterated function space of X.

If a game G is considered, a space X is called I-favorable with respect to
G if the player I has a winning strategy on the space X. In the game DG
(called “Dense Gj,-sets”) the n-th move on a space X consists in the player
I picking a point x,, € X and I replying by taking a Gs-set Q. > z,. In
the play {(zn,Qn) : n € w} the first player wins if (J{Q,, : n € w} is dense
in X; otherwise the victory is assigned to the second player. If at the n-th
move the second player picks an open set U, 3 z, and, again, the player I
wins if (J,,c,, Un is dense in X, then the respective game is denoted by DO
and called “Dense Open Sets”. Observe that the game DO was denoted by 6
in the paper [11].

A space X is w-monolithic if A has a countable network for any countable
A C X. The space X is Lindelof X if it is a continuous image of a space which
can be perfectly mapped onto a second countable space. For information on
cardinal functions see Hodel’s paper [7]. All facts of C)-theory we use can be
found in [2]. The rest of our notation is standard and follows [5].

2. Basic properties of the game DG of dense G, -sets.

The class of I-favorable spaces for the game DG of dense Gs,-sets is,
evidently, an extension of the class of separable spaces. We will see that in the
spaces of countable pseudocharacter this property coincides with separability;
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besides, checking I-favorability results in finding non-trivial and interesting
properties both in general spaces and in spaces Cp(X).

DEFINITION 2.1. Given a space X, say that a game DGy, is played on
X if at the n-th move the first player takes a finite set A, C X (which can
be empty) and the second player responds by taking a Gs-subset P, such that
A, C P,. A play {An, P, : n € w} is favorable for I if the set | P, is
dense in X . Otherwise the second player wins.

ncw

THEOREM 2.2. (i) If X is I-favorable for the point-open game of
Galvin—Telgdrsky then X is I-favorable for the game DG of dense G5, -
sets;

(ii) The game DG is equivalent to the game DGy in the sense that, on
any non-empty space X, a player J € {I,II} has a winning strategy

in DG if and only if J has a winning strategy in DGy on the space

X;

(iii) any continuous image of a space I-favorable with respect to DG is I-
favorable with respect to DG;

(iv) if Y is I-favorable with respect to DG and dense in X then X is also
I-favorable with respect to DG;

(v) if X is I favorable for DG on a space X then, for any set U € 7*(X),
the space U is also I-favorable for DG;

(vi) if X, is I-favorable with respect to DG for eachn € w and X = | J{X,, :
n € w} then X is also I-favorable with respect to DG.

PROOF. (i) Given a space X which is I-favorable in the game PO, apply
Theorem 5.1 of [9] to see that in the game where I chooses at the n-th step
a point z, and II responds with a Gs-set @, > x, the first player has a
winning strategy under which the sets chosen by the second player cover the
whole space X. In particular, the space X is I-favorable in the game DG.

(ii) Tt is clear that any winning strategy for the first player in DG is also
a winning strategy for I in DGy;,. Analogously, any winning strategy for the
player I in DGy, is also a winning strategy for the second player in DG.
Now if s is a winning strategy of the first player for DGy;, on a non-empty
space X then all moves according to s can be assumed to be non-empty so
we can define a strategy o for the player I in DG by taking one-by-one the
points of the current finite set provided by s. When the set supplied by s is
covered by our choices we take the union of the Gs-sets chosen by I for our
points and apply the strategy s to obtain one more finite set. This gives a
winning strategy o for the first player in DG because any play P according
to o can be split into a play P’ in DGy, such that I applies s in P’ and the
unions of Gs-sets chosen by IT in P and P’ coincide.

Now if o is a winning strategy for the second player on a non-empty space
X in DG and a finite set A,, C X is chosen at the n-th move in a play in
DGy then IT can consider that he/she plays in DG and the points of A,, are
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taken one-by-one by the first player (if A,, = () then IT responds by P, = 0).
Applying the strategy o for this accompanying play he/she obtains a G set
P, D A, as the union of the sets the strategy o gave for the points of A,,. It
is straightforward that this gives a winning strategy s for the second player

(iii) Suppose that X is I favorable with respect to DG and fix a winning
strategy s for the first player on the space X. If f : X — Y is a continuous
onto map then let zg = s() and o() = f(zp). Proceeding inductively
suppose that an initial segment yo, Go, . .., yn, Gy of a play in DG is given on
the space Y and, besides, we have xg, ..., z, € X such that f(x;) =y; for all
i <nand xo, fTHGo),. .., 2n, fHGy) is an initial segment of a play in X
in which I applies the strategy s.

Let 2,11 = s(fYGo),...,fHGy)) and ypi1 = o(Go,...,Gp) =
f(xn41). This defines a strategy o for the first player on the space Y and we
omit the simple verification that ¢ is winning.

(iv) If s is a winning strategy on Y for the first player then s can be
considered a strategy on X if we use s applied to the intersections of the
moves of the second player with the set Y. It is evident that this gives a
winning strategy on X, so X is also I-favorable for DgG.

(v) Apply (ii) to find a winning strategy s in the game DGy;, for the first
player on the space X and let W = X\U. Consider the set Ag = s()) N U
and let o(@) = Ap. If n € w and moves Ag, Py, ..., Ay, P, are made on
the space U in the game DGfin, then Q; = W U P; is a Gs-subset of X for
each i < n, so the set A1 = s(Qo,...,Qn) NU is consistently defined; let
o(Po,...,Pn) = Any1. This gives us a strategy o in DGy;y, for the first player
on the space U and it is easy to check that o is a winning strategy. Applying
(ii) once more we conclude that U is I-favorable for DG.

(vi) For each n € w let s, be a winning strategy for the first player on
the space X,,. Choose a disjoint family {A, : n € w} of infinite subsets of
w such that w = J,,c,, An. There is a unique n € w such that 0 € A,; let
zo = sp(0) and s(0) = xo. Proceeding inductively assume that k € w and we
are given an initial segment xg, Gy, ..., zr, G of a play in DG on the space
X. There is a unique m € w such that £k +1 € A,,. A part of our play
say, zj,,Gj,,...,2;5,G;, is done in Xy, and, by the induction hypothesis,
constitutes an initial segment of DG in X1 if we intersect the sets Gj; with
Xyy1. Letting zx 1 = s(Go, ..., Gr) = sp41(Gjy N Xig1,..., G N Xpy1) we
conclude the definition of a strategy s on the space X.

If {x,,,G,, : n € w} is a play on X in which I applies s, then for every
k € w the family {z,,G, N X} : n € A} is a play on X}, in which I applies s,
so U{Gn N X} : n € A} is dense in X;. An immediate consequence is that
Unew Gn is dense in X so s is a winning strategy of the first player on X. 0O
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It was proved in [11] that if a space X is I-favorable with respect to
the game of dense open sets on a space X then X is weakly Lindelof. The
I-favorable spaces for the game DG have an analogous stronger property.

ProproSITION 2.3. If a space X is I-favorable with respect to the game
DG of dense Gs,-sets and Q is a cover of X with Gs-sets then there exists a
countable Q" C Q such that | J Q' is dense in X.

PROOF. If no countable subfamily of Q has a dense union in X then
pick, for any point z € X, a set @, € Q with = € @Q,. This gives a strat-
egy for the second player on X defined as follows: if n € w and moves
z9,Goy ...y Tn—1,Gpn—1,x, are made then the second player responds with
G, = s(xg,...,on) = Q,. It is clear that s is a winning strategy for II on
X so the space X is not I-favorable which is a contradiction. 0

COROLLARY 2.4. If (X) = w and the space X is I-favorable with respect
to DG then X is separable.

PROOF. Observe that {{z} : z € X} is a cover of X with Gs-sets and
apply Proposition 2.3. o

COROLLARY 2.5. If a space X is of pointwise countable type (in particular,
if X is Cech-complete) and I-favorable for the game DG of dense Gy -sets then
it has a dense o-compact subspace.

For a normal weakly Lindel6f space X it was proved by Bell, Ginsburg and
Woods (see [7, Theorem 4.13]) that | X| < 2X(X)_ Since it is an open question
whether this inequality holds for all Tychonoff weakly Lindelof spaces X, it is
natural to prove it for new classes of weakly Lindelof spaces. In our context
this is the class of I-favorable spaces with respect to the game DO of dense
open sets; we will show that in this class the inequality of Bell, Ginsburg
and Woods still holds. To do so, we will need the following generalization of
Theorem 2.11(i) of [11].

THEOREM 2.6. If X is a I-favorable with respect to the game DO of dense
open sets then d(X) < x(X). Consequently, if X is I favorable for the game
DG of dense Gso-sets then d(X) < x(X).

PROOF. Let k = x(X) and fix, for any = € X, a local base B(z) of the
space X at the point z such that [B(z)| < k. Take a winning strategy s of the
first player on the space X in DO and let Ag = {s(0)}; proceeding inductively
assume that we have sets Ao C ... C A4,, and |4,| < k.

The cardinality of the set

A ={s(Go,...,Gp) : Gi €| J{B(x) 1w € A}

and there are xg,...,z, € A, such that zg,Go,...,x,, G, is an initial seg-
ment of a play in which I applies the strategy s} does not exceed k. Therefore
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the set A, 41 = A, UA;], | also has cardinality at most & and hence our induc-
tive procedure can be continued to give us an increasing sequence {A4,, : n € w}
of subsets of X of cardinality < k.

It suffices to show that A = J, ,, An is dense in X so assume that it is
not. Fix a non-empty open set O C X\A. It is easy to see that A has the
following property:

(1) if zg,...,zn € A while zg, Gy, ..., x,, Gy is an initial segment of play
in which T applies s and Go,...,Gy, € B = |J{B(z) : © € A} then
S(Go, N ,Gn) S A.

By regularity of X we can find a set O; € 7*(X) such that O; C O.
Since g = s()) € A € X\O, we can find Uy € B(zg) for which Uy N O; = 0.
Proceeding inductively suppose that xg,Go, ..., Z,, G, is an initial segment
of a play in which I applies s while Gy, ...,G, € B and G; N O; = 0 for all
i < n. The property (1) shows that the point z,1 = s(Go,...,Gy) belongs
to A and hence z,, 11 ¢ O1. Therefore there exists G, 11 € B(z,41) C B with
Gpni1 N O; = . This shows that our inductive procedure can be continued
to obtain a play {x,,G, : n € w} in which the first player applies s while
G, NO; =0 for all n € w. This implies that the set Unco G is not dense in
X, i.e., the strategy s is not winning which is a contradiction. O

COROLLARY 2.7. If a space X is I-favorable in the game DO of dense
open sets then | X | < 2x(X),

PROOF. By Theorem 2.6 we have ¢(X) < d(X) < x(X) so we can apply a

theorem of Hajnal-Juhasz (see [7, Theorem 4.9]) to see that | X| < 2¢6(X)X(X) =
ox(X) O

ExaMPLE 2.8. There exists a space X which is I-favorable with respect
to DG while ¢(X) > w and I(X) > w.

PrROOF. Let X be the one-point compactification of a discrete space
of cardinality wy. If g = s(() is the unique non-isolated point of Xy and
the second player takes a Gs-set Gy 3 xo then Xo\Gy is countable; take an
enumeration {x, : n € N} of the set Xo\Gp. If the first player chooses z;,
at the n-th move for all n € N then he/she wins no matter what the second
player does. Therefore the space X is I-favorable.

Now if X; = D“*\{p}, where p € D** is an arbitrary point, then X is
a separable non-Lindel6f space. Consequently, X7 is I-favorable for DG and
hence so is X = X @& X1 by Theorem 2.2. O

It was proved in [11] that it is consistent with ZFC that there exist
non-separable spaces which are hereditarily I-favorable with respect to the
game DO of dense open sets. It turns out that the hereditary version of
I-favorability for DG coincides with hereditary separability.
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THEOREM 2.9. A space X is hereditarily I-favorable in the game DG of
dense Gs,-sets if and only if X is hereditarily separable.

PROOF. Since sufficiency is clear, assume that X is hereditarily I-
favorable for DG. A discrete I-favorable space for DG is countable by Corol-
lary 2.4 so s(X) = w. If X is not hereditarily separable then there is an
uncountable left-separated space Y C X. Any left-separated space of count-
able spread is hereditarily Lindeldf (see [1, Theorem 1.2.9]) so hl(Y) = w and
hence ¥(Y) = w. Applying Corollary 2.4 to the space Y we conclude that
d(Y) = w and hence Y is countable which is a contradiction. O

ProproOSITION 2.10. Any Lindeldf scattered space is I-favorable with re-
spect to the game of dense Gs4-sets.

PRrROOF. Given a Lindeldf scattered space X apply Theorem 9.3 of the
paper [8] to see that X is I-favorable in the game of Galvin—Telgdrsky. Now
it follows from Theorem 2.2(i) that X is also I-favorable for DG. O

ExXAMPLE 2.11. The space w; of all countable ordinals with its interval
topology is countably compact and scattered; however, it follows from Theo-
rem 2.6 that w; is not I-favorable even with respect to the game DO of dense
open sets because d(w;) = w; > x(w1) = w.

EXAMPLE 2.12. There exists a Lindel6f P-space which is neutral with
respect to the game DG.

PROOF. It was proved in [11] that there exists a neutral Lindelof P-space
X for the game DQO; since in P-spaces the games DO and DG coincide, the
space X is also neutral for DgG. O

DEFINITION 2.13. Given a space X andY C Cp(X) say that Y is strongly
separating if for any f,g €Y we have f +g €Y and, for every J € 7*(R), if
F C X is a closed set and x € X\F then there exists a function f €Y such
that f(F') C {0} and f(z) € J.

LEMMA 2.14. IfY is a strongly separating subset of Cp(X) then for every
closed F C X, if K C X\F is a finite set and a set J, € 7(R) 1is chosen
for each x € K then there exists a function f € Y such that f(F) C {0} and
f(x) € Jy forallx € K.

PRrOOF. For every x € K we can find a function f, € Y such that f,(z) €
Jp and fo(F U (K\{z})) € {0}. It is clear that f = > {f, : x € K} is the
required function. O

THEOREM 2.15. Suppose that X is a space and Y is a strongly separating
subset of Cp(X). Then'Y is I-favorable with respect to the game DG of dense
Gso-sets if and only if, for any countable set A C X, the space m4(Y) is
separable.
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PROOF. For any A C X and f € Y let [f,A] ={g €Y : g|A = f|A}.
Assume first that Y is I-favorable with respect to DG and fix a countable
set A C X. The space m4(Y) is also I-favorable with respect to DG being a
continuous image of the space Y besides, ¢(1(Y)) < 1(Cp(A4)) = w so the
space m(Y") has to be separable by Corollary 2.4. This proves necessity.

Now assume that the space 7;(Y") is separable for any countable A C X
and fix any function u € Y. Let s(f) = fo = u and suppose that the second
player takes a Gs-set Gy 2 fy. It is easy to find a countable set Ag C X such
that [fo, Ag] C Go; by our assumption there exists a countable set Ey C YV
such that 7 (Ep) is dense in 7z (Y). Choose an infinite set My C w\{0}
such that w\ My is also infinite and let {g; : | € My} be an enumeration of the
set Ep in which every g € Ey occurs infinitely many times.

Proceeding inductively, assume that k£ € w and we have an initial segment
fo,Go, - ., fr, G of a play in DG on the space Y and countable sets A;, E;, M;
for all 4 < k with the following properties:

(2) Ag C...C A C X and [f;, A;] C G, for all i < k;

(3) Eo,...,Er CY and T, (E;) is dense in T, (V) for each i < k;

(4) the family M; = {M; : j < i} is disjoint, JM; C w\{0,...,i} and
the set w\(|JM;) is infinite for every i < k;

(5) for every i < k, an enumeration {g; : [ € M;} of the set E; is taken in
which every g € E; occurs infinitely many times;

(6) if i < k and i € M; for some j < i then f; = g;.

If the number k + 1 does not belong to |J My, the first player’s move
is to take the function fry; = u and let s(Go,...,Gk) = fr41. fk+1 €
UMy then there exists a unique i < k such that k + 1 € M;; the first
player’s move in this case is fy41 = gr+1 and s(Go,...,Gi) = fey1. If
the second player responds with a Gs-set Gr+1 > fr41 then it is easy to
see that there exists a countable set Apy1 C X for which Ay C Ag41 and
[fe+1, Akt1] C Giy1. Our assumption about the space Y makes it possible to
find a countable set Ejy1 C Y such that w3, (Ek41) is dense in mz,_ (V).
Choose an infinite set M1 C w\((UMg)U{0,...,k 4+ 1}) in such a way
that the set w\((lMpg) U Mgy1) is still infinite and take an enumeration
{g1 : | € My41} of the set Ejy1 in which every g € Ei41 occurs infinitely
many times.

It is straightforward that the properties (2)—(6) are still fulfilled for all
1 < k+1 so we completed our definition of a strategy s for the first player in the
game of dense Gg,-sets on Y. Suppose that {f;, G; : i € w} is a play in which
T applies the strategy s. We also have the family {A;, E;, M; : i € w} with the
properties (2)-(6). To prove that G = | J,;, G is dense in Y fix a function
geY, afiniteset K C X ande>0. Let O={f €Y :|f(z) —g(x)| < ¢ for
all z € K'}; we must prove that GN O # 0.
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For A = J,c,, A, there exists k € w such that K’ = KNA = KNAj. The
set O' ={f € w7, (V) :|f(z) — g(x)| < e for every x € K'} is non-empty and
open in 7z, (Y') so the properties (3) and (5) guarantee that there is [ € Mj,
such that I > k and |gi(x) — g(z)| < € for all z € K’. Since f; = g; by the
property (6), we also have |f;(z) — g(z)| < € for all z € K’. By our choice of
k, the set K” = K\K’ does not meet A;; since Y is strongly separating, we
can apply Lemma 2.14 to find a function h € Y such that h(4;) C {0} and
|h(z) + fi(z) —g(z)| < e for all z € K. Now, if w = h+ f; then w|A; = fi|A,
so w € [f;,A)] C Gy; since also w € O, it follows from w € O N G that
O NG # B and hence the set G is dense in Y, i.e., s is, indeed, a winning

strategy for the first player in the game DG on the space Y. O

COROLLARY 2.16. A space Cp(X) is I-favorable in the game DG of dense
Gso-sets if and only if, for every countable A C X, the set C,(A|X) is sepa-
rable.

COROLLARY 2.17. If X is normal, then Cp(X) is I-favorable for the game
DG of dense Gsq-sets if and only if iw(A) = w for any countable A C X.

PrOOF. Normality of X implies that C,(A|X) = C,(A) for each A C X;
besides, d(Cp,(A|X)) = d(Cp(A)) = iw(A) so Cp(A|X) is separable if and only
if iw(A) = w; Corollary 2.16 does the rest. O

COROLLARY 2.18. If I*(A) = iw(A) = w for any countable A C X (in
particular, if X is an w-monolithic space) then Cp(X) is I-favorable for the
game DG of dense Gs,-sets.

ProOOF. If A C X is countable then Cj,(A) has countable tightness; this,
together with separability of C,(A) implies that any dense subspace of Cj,(A)
is separable. The set C,(A|X) being dense in Cp(A) we conclude that it is

separable so C}(X) is I-favorable in DG by Corollary 2.16. O

COROLLARY 2.19. If X is a scattered Lindeldf space then Cp(X) is I-
favorable for the game DG of dense Gs,-sets if and only if A is countable for
any countable set A C X.

PrOOF. Sufficiency is a trivial consequence of Corollary 2.18. If C,(X)
is I-favorable for DG and A C X is countable then A has a weaker second
countable topology by Corollary 2.17. Since every continuous second count-
able image of a Lindelof scattered space is countable, we conclude that A is
countable. O

COROLLARY 2.20. If Cp(X) is w-stable then it is I-favorable for DG.

COROLLARY 2.21. If X is w-stable (in particular, if X is a Lindelof %-
space) then Cp 2n12(X) is I-favorable for DG for alln € w.



ONE MORE VARIATION OF THE POINT-OPEN GAME 215

COROLLARY 2.22. If X is w-monolithic (in particular, if X is metrizable)
then Cp ont1(X) is I-favorable for DG for alln € w.

THEOREM 2.23. If X is a Lindeldf X-space then Cp(X) is I-favorable with
respect to the game DG of dense Gs,-sets if and only if X is w-monolithic.

PrOOF. Sufficiency is a consequence of Corollary 2.18. Now, if C),(X) is
I-favorable for DG and A C X is countable then it follows from normality of
X and Corollary 2.17 that iw(A) = w. However, if a Lindeléf Y-space has
countable i-weight then it has a countable network (see [2, Corollary I11.6.27])

so nw(A) = w and hence X is w-monolithic. O

THEOREM 2.24. Any product of separable spaces is I-favorable with re-
spect to the game DG of dense G, -sets.

PROOF. If Y is a product of separable spaces then it is easy to see that
there exists a cardinal x such that Y contains a dense continuous image of w”.
By Theorem 2.2 it suffices to show that the space wX is I-favorable for DG
for every set X. It is immediate that w™ is a continuous image of the space
QX. If we consider X with the discrete topology then C,(X) = RX and Q¥
is a strongly separating subset of C,(X). Since A = A for every countable
A C X, the space 75(Q¥) = 14(Q¥) = Q* is even second countable so we
can apply Theorem 2.15 to see that Q¥ is I-favorable for DG. O

COROLLARY 2.25. Any dyadic compact space is I-favorable with respect
to DG.

PROPOSITION 2.26. Suppose that X; is a space and a set Yy C Cp(Xy)
is strongly separating for each t € T. IfY; is I-favorable with respect to the
game DG of dense Gsq-sets for everyt € T then Y = [[,cq Y is I-favorable
with respect to DG. In particular, if every Cp(Xy) is I-favorable for DG then
[[{Cp(Xy) : t € T} is I-favorable with respect to DG.

ProOOF. If X = p{X; : t € T} then Cp(X) is canonically homeomorphic
to [[{Cp(Xy) : t € T} and it is easy to see that, applying this canonical home-
omorphism, we can identify ¥ with a strongly separating subset of Cp,(X). If
A C X is a countable set then let A; = ANX; for each t € T'; there is a count-
able S C T such that A = |J{A; : t € S} and hence A = @P{A; :t € S}. Tt
is straightforward that 7z(Y’) is homeomorphic to [[{mz (Y;) : t € S}; since
every Ty, (Y) is separable by Theorem 2.15, the space m4(Y") is also separable
so we can apply Theorem 2.15 again to conclude that Y is I-favorable for DG.

O

3. OPEN PROBLEMS

This paper is the very first step on the way of the study of the game
DG of dense Gss-sets. We hope that the obtained results show that this
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game provides an interesting insight into generalizations of separable spaces.
The open problems presented below outline possible new ways to develop the
subject.

PROBLEM 3.1. Suppose that iw(A) = w for any countable A C X. Must
Cp(X) be I-favorable for DG?

PROBLEM 3.2. Suppose that X and Y are I-favorable spaces with respect
to the game DG of dense Gs,-sets. Must the space X x Y be also I-favorable
with respect to DG?

PROBLEM 3.3. Suppose that G is a pseudocompact topological group.
Must G be I-favorable with respect to DG?

PROBLEM 3.4. Is true that any product of spaces I-favorable with respect
to DG is I-favorable with respect to DG?

PROBLEM 3.5. Suppose that a space X is I-favorable with respect to DG.
Must Cp(Cp(X)) be I-favorable with respect to DG?

PROBLEM 3.6. Is it true that d(X) < ¢(X) for any space X which is
I-favorable with respect to DG?

PROBLEM 3.7. Is there a compact space which is neutral for the game
DG?

PROBLEM 3.8. Is it true that L,(K) is I-favorable with respect to DG for
any compact space K7

PROBLEM 3.9. Find a characterization for an Eberlein compact space K
to be I-favorable for DG. For example, is it true that K is I-favorable for DG
if and only if K is metrizably scattered, i.e., any non-empty subspace of K has
a non-empty open metrizable subspace?

PROBLEM 3.10. Suppose that K and L are Eberlein compact spaces which
are [-favorable for DG. Must X x Y be I-favorable for DG?
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