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CECH-COMPLETE MAPS

YUN-FENG BAI AND TAKUO MIiwA

Shimane University, Japan

ABSTRACT. We introduce a new notion of “Cech-complete map”, and
investigate some its basic properties, invariance under perfect maps, char-
acterizations by compactifications of Cech-complete maps and relationships
between (locally) compact map, Cech-complete map and k-map.

1. INTRODUCTION

In this paper we investigate Cech-completeness on continuous maps,
which we call Cech-complete map. This new notion of “Cech-complete map” is
a continuation of generalizing the main notions and theory concerning spaces
to that of maps, and is also a generalization of compact maps [10] (i.e. perfect
maps) which are very important in General Topology. For the studies of para-
compact maps, covering properties on maps and metrizable type maps, see
[2, 3, 4], respectively. This branch of General Topology is known as General
Topology of Continuous Maps or Fibrewise General Topology.

For an arbitrary topological space B let us consider the category TOPg,
the objects of which are continuous maps into the space B, and for the objects
p: X — Bandq:Y — B, a morphism from p into ¢ is a continuous map
f X — Y with the property p = go f. This is denoted by f : p — ¢q. A
morphism f : p — ¢ is onto, closed, perfect, if respectively, such is the map
f:X — Y. An object p: X — B of TOPg is called a projection, and X
or (X,p) is called a fibrewise space. We also call a morphism f : p — ¢ a
fibrewise map when we write f : (X,p) — (Y,q)or f: X =Y.

In defining properties of a projection p : X — B one does not directly
involve any properties on the spaces X and B (except the existence of a
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topology). Such were the definitions given in [8, 9] for the separation axioms,
compactness, weight and others. We note that this situation is a general-
ization of the category TOP (of topological spaces and continuous maps as
morphisms), since the category TOP is isomorphic to the particular case of
TOPg in which the space B is a singleton set.

In section 2 of this paper, we refer to the notions and notations in TOPpg.
In section 3, we define a Cech-complete map, and investigate some its basic
properties. In section 4, we study the invariance of Cech-complete maps under
perfect maps. In section 5, we investigate some characterizations of Cech-
complete map by its compactifications. In section 6, we study the relationships
between locally compact map, Cech-complete map and k-map.

Throughout this paper, we assume that all spaces are topological spaces,
and all maps and projections are continuous. For other terminology and
notations undefined in this paper, one can consult [5] about TOP, and [6, 4]
about TOPg.

2. PRELIMINARIES

In this section, we refer to the notions and notations in Fibrewise Topol-
ogy, which are used in the latter sections.

Let (B, 7) be a topological space B with a fixed topology 7. Throughout
this paper, we will use the abbreviation nbd(s) for neighborhood(s). For each
b € B, N(b) is the set of all open nbds of b, and N, Q and R are the sets of
all natural numbers, all rational numbers and all real numbers, respectively.
Note that the regularity of (B, ) is assumed in Theorems 3.4, 5.1, 6.1 and
6.3, further the first axiom of countability of (B, ) is assumed in Theorem
6.3.

For a projection p : X — B and each point b € B, the fibre over b
is the subset X, = p~1(b) of X. Also for each subset B’ of B we regard
Xp = p }(B’) as a fibrewise space over B’ with the projection determined
by p. For a filter (base) F on X, p.(F) is the filter generated by the family
{p(F)|F € F}. For a fibrewise map f : (X,p) — (Y,q), for a filter (base) F
on X, we define f,.(F) as same. For a filter (base) G on Y, f*(G) is the filter
generated by the family {f~1(U)|U € G}.

First, we begin to define some separation axioms on maps.

DEFINITION 2.1. A projection p : X — B is called a T;-map, ¢ = 0,1,2
(T is also called Hausdorfl), if for all x, 2’ € X such that x # ', p(z) = p(z')
the following condition is respectively satisfied:

1. ¢ = 0: at least one of the points x,z’ has a nbd in X not containing
the other point;

2. i =1: each of the points x,x’ has a nbd in X not containing the other
point;
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3. i =2: the points x and x’ have disjoint nbds in X.

DEFINITION 2.2. (1) A To-map p : X — B is called regular if for every
point x € X and every closed set F in X with x ¢ F, there exists a nbd
W € N(p(z)) such that {z} and F N Xw have disjoint nbds in Xw
(2) A Ti-map p: X — B is called normal if for every O € 7, every pair of
closed disjoint sets F1, F» of X and every b € O, there exists W € N(b) with
W C O such that F1 N Xw and Fy N Xw have disjoint nbds in Xy .

We now give the definitions of submap, compact map [10] and locally
compact map [8].

DEFINITION 2.3. (1) The restriction of the projection p : X — B to
a closed (resp. open, type Gs, etc.) subset of the space X is called a
closed (resp. open, type Gs, etc.) submap of the map p.

(2) A projection p: X — B is called a compact map if it is perfect (i.e. it
is closed and all its fibres p~1(b) are compact).

(3) A projection p : X — B is said to be alocally compact map if for each
x € Xy, where b € B, there exists a nbd W € N(b) and a nbd U C Xy
of x such that g : Xyw NU — W is a compact map, where Xy NU is
the closure of U in Xw and q is the restriction of p to it.

Note that a closed submap of a (resp. locally) compact map is (resp.
locally) compact, and for a (resp. locally) compact map p : X — B and every
B’ C B the restriction p|Xp: : Xp» — B’ is (resp. locally) compact.

DEFINITION 2.4. (1) For a map p: X — B, a map c(p) : ¢,X — B
is called a compactification of p if c¢(p) is compact, X is dense in ¢, X
and ¢(p)| X = p.

(2) A map p: X — B is called a Ty-compactifiable map if p has a com-
pactification c(p) : ¢, X — B which is a T>-map.

The following holds.

PROPOSITION 2.5. (1) For i = 0,1,2, every submap of a T;-map is
also a T;-map. Every submap of a reqular map is also regular.
(2) Compact To-map = normal map = regular map = Ta-map.
(3) ([6, Section 8]) Every normal map is Ta-compactifiable.
(4) (I6, Section 8]) Every locally compact To-map is Ta-compactifiable.

REMARK 2.6. The approach to the compactification of a map was pro-
posed by Whyburn [11], and Pasynkov studied it in [8]. In James [6, Section
8], there is some basic study of compactifiable maps, but note that he uses a
terminology “fibrewise compactification”. For other study of compactifiable
maps, see [1, 7].

DEFINITION 2.7. For the collection of fibrewise spaces {(Xu,pa)|c € A},
the subspace X = {t = {to} € [[{Xalox € A}| Data = ppts Yo, € A} of the
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Tychonoff product || = [[{Xa|a € A} is called the fan product of the spaces
X, with respect to the maps po, a € A.

For the projection pro, : [[ — Xa of the product [] onto the factor X,,
the restriction m,, to X will be called the projection of the fan product onto the
factor Xy, o0 € A. From the definition of fan product we have that, p o o =
pgomg for every a and 3 in A. Thus one can define a map p: X — B, called
the product of the maps p,, @ € A, by p = po 0 T, @ € A, and (X,p) is
called the fibrewise product space of {(Xa,pa)|a € A}.

Obuviously, the projections p and mo, € A, are continuous.

The following proposition holds.

PROPOSITION 2.8. Let {(Xq,pa)la € A} be a collection of fibrewise
spaces.

(1) If each py is T; (i =0,1,2), then the product p is also T; (i =0,1,2).

(2) If each p, is a surjective regular map, then the product p is also a
regular map

(3) (I6, Prop. 3.5]) If each p, is a compact map, then the product p is also
a compact map.

(4) If each py is a To-compactifiable map, then the product p is also a
Ts-compactifiable map.

We shall conclude this section by defining the concept of b-filters (or tied
filters) which plays an important role in this paper.

DEFINITION 2.9 ([6, Section 4]). For a fibrewise space (X, p), by a b-filter
(or tied filter) on X we mean a pair (b, F), where b € B and F is a filter
on X such that b is a limit point of the filter p.(F) on B. By an adherence
point of a b-filter F (b € B) on X, we mean a point of the fibre Xy, which is
an adherence point of F as a filter on X.

3. DEFINITION AND BASIC PROPERTIES OF CECH—COMPLETE MAPS

In this section, we define a Cech-complete map and investigate some its
basic properties. First, we shall begin with the following definition.

DEFINITION 3.1. Let X be a topological space, and A a subset of X. We
say that the diameter of A is less than a family A = {As}ses of subsets of
the space X, and we shall write 6(A) < A, provided that there exists an s € S
such that A C As.

DEFINITION 3.2. A Ty-compactifiable map p : X — B is Cech-complete
if for each b € B, there exists a countable family {An}nen of open (in X)
covers of Xy with the property that every b-filter F which contains sets of
diameter less than A, for every n € N has an adherence point.
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Since the real line R with the usual topology is Cech-complete, p : R — B
is Cech-complete where B is a one-point space. All rational numbers Q, as
a subset of R, is not Cech-complete, thus p|Q is not Cech-complete though
p|Q is open and closed. But we have the following results.

THEOREM 3.3. For a Cech-complete map p : X — B, if F is a closed
subset of X, then p|F : F — B is Cech-complete.

PROOF. Since p: X — B is Cech-complete, for each b € B there exists a
countable family {A, },en of open (in X) covers of X} with the property in
Definition 3.2. Let U,, = A, |F for every n € N, where A,|F = {UNF|U €
Ap}, then {U,}nen is a countable family of open (in F) covers of Fp, in F'.
For every b-filter F on the space F' which contains sets of diameter less than
U, for every n € N, it generates a b-filter F; which contains sets of diameter
less than A,, for every n € N, thus the b-filter F; has an adherence point
x € Xp in the space X. Since F' € F; is closed in the space X and F C Fq,
z is also an adherence point of the b-filter F in the space F', so p|F: F — B
is Cech-complete. O

THEOREM 3.4. Assume that B is reqular. For a C'egh—complete map
p: X — B, if G is a Gs-subset of X, then p|G: G — B is Cech-complete.

PROOF. First note that X is regular from the regularity of B and the
fact that p is Th-compactifiable. Let G = [, oy G With G, open in X for
every n € N. Since p : X — B is Cech-complete, for each b € B there exists a
countable family {A, }nen of open (in X) covers of X} with the property in
Definition 3.2. For every n € N and x € Gy, there exist A, (z) € A, and an
open nbd V,,(z) of  such that V,,(z) C V,,(x) C Gn N Ap(2) in the space X.
Let V, = {V,(z) N G|z € Gp}, then {V,}nen is a countable family of open
(in G) covers of Gy. For every b-filter F on the space G which contains sets
of diameter less than V), for every n € N, there exist F,, € F, x € Gy and
Vo(x) NG €V, for every n € N such that

(%) F, CVu(x)NG CV,(x) CVu(z) C GpNAn(a).

The b-filter F; on X generated by b-filter F contains sets of diameter less
than A, for every n € N, therefore it has an adherence point y in X. From
(*) and F C Fi, it holds that y € ), .5y Gn = G and y is an adherence point
of the b-filter F in the space G, so p|G: G — B is Cech-complete. o

About the product of Cech-complete maps, we have the following.

THEOREM 3.5. Let {(X,,pn)|n € N} be a countable family of fibrewise
spaces and (X,p) be the fibrewise product space of {(Xn,pn)|n € N}, where
X =[1g Xn. If each py is a surjective Cech-complete map, then the product
p is Cech-complete.
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ProOOF. For everyn € N and b € B, since p,,: X,, — Bis Cech-complete,
there exists a countable family {A,;};en of open (in X,,) covers of (X,,), with
the property in Definition 3.2. For every n € N, let A, = A1, X As(n—1) XB
-+ Xp An1 XB ([15 Xk)k>n, then {A,}nen is a countable family of open (in
X) covers of X;,. Let F be a b-filter containing sets of diameter less than A,
for every n € N. Then each n € N there exist A, = A1, xXB As(n—1) XB

-xp Ap1 XB (I15 Xk)k>n € An and F,, € F such that F,, C A, (and in
this case, m;(Fn) C Ajn—(j—1)) for every j < n, where 7; : [[5 Xn — Xj
is the projection). Thus for each n € N, (m,)«(F) is a b-filter on the space
X,, which contains sets of diameter less than A,,; for every i € N, therefore
it has an adherence point x,, in the space X,, and F has an adherence point
(1 )nen in the space X, Thus p : X — B is Cech-complete. O

4. INVARIANCE UNDER PERFECT MAPS

In this section, we study the invariance of Cech-complete maps under
perfect maps. We have the following.

THEOREM 4.1. Let a fibrewise map f : (X,p) — (Y, q) be a perfect map,
and p and q be Ty -compactifiable maps. Then p is Cech-complete if and only
if q is Cech-complete.

PROOF. “Only if” part: Suppose that p : X — B is Cech-complete. For
each b € B there exists a countable family {A,, },en of open (in X) covers of
X3 with the property in Definition 3.2. From the perfectness of f : X — Y,
for each n € N and y € Y, there exist finite elements Up1,Uns, . .., Upjy) of
A, and an open nbd V,, , of y such that f~(y) C f~1(V,,) C Us<i(y) Unk-
For every n € N, let V,, = {V,, 4|y € Y3}. Then {V,}nen is a countable
family of open (in Y) covers of Y;. For every b-filter F on the space YV
containing sets of diameter less than V), for every n € N, let F; is the b-
ultrafilter generated by the b-filter f*F on the space X. Since for every
n € N there exists I, ¢ F and V,,, € V, such that F, C V,,, thus
[N F,) € f*FCFrand fYF,) C Us<i(y) Unk- Since F1 is a b-ultrafilter
on the space X, from [6, Proposition 4.1] there exists ky < i(y) such that
Unk, € F1 which shows that the b-filter F; contains sets of diameter less than
A, for every n € N. Therefore F; has an adherence point z in X and the
b-filter F has an adherence point f(z) in Y, thus¢:Y — B is Cech-complete.

“If” part: Suppose that ¢ : Y — B is Cech-complete. For each b € B
there exists a countable family {V,, }nen of open (in Y) covers of Y}, with the
property in Definition 3.2. Let A, = {f~1(V)|V € V,.} for every n € N, then
{A;}nen is a countable family of open (in X) covers of X;. For every b-filter
F on the space X containing sets of diameter less than A,, for every n € N, it
is easy to see that F; = f.F is a b-filter on Y which contains sets of diameter
less than V,, for every n € N, thus it has an adherence point y in Y. From
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the perfectness of f : X — Y and [6, Proposition 4.3] the b-filter F has an
adherence point x € f~!(y), thus p : X — B is Cech-complete. O

5. CHARACTERIZATIONS OF CECH-COMPLETE MAPS BY
COMPACTIFICATIONS OF MAPS

In this section, we investigate some characterizations of Cech-complete
maps by compactifications of the maps. Further, we give an example showing
there exists a projection p : X — B satisfying each fibre is Cech-complete,
but p is not Cech-complete. We can prove the following theorem.

THEOREM 5.1. Suppose that B is reqular. For a Ts-compactifiable map
p: X — B, the following are equivalent:
(1) p is Cech-complete.
(2) For every Ty-compactification p’ : X' — B of p and each b € B, X, is
a Gs-subset of Xj.
(3) There exists a Ta-compactification p’ : X' — B of p such that X; is a
Gs-subset of X for each b € B.

PROOF. (1)==(2): Let p' : X’ — B is a Th-compactification of the map
p, then X is a subset of X’ and X = X’. Since p is Cech-complete, there exists
a countable family {A,}.en of open (in X) covers of X}, with the property
in Definition 3.2. For every n € N and A, € A, = {A,]a € T',}, take an
open subset U, of X’ such that A, = X' NU,. Let G, = | J{Uu|a €T, } and
G =(),,en Gn, then it holds that X, = GNXj. In fact, if X; # GN X, there
exists a point z € (X{ NG) — X;. The family F = {F| F is a nbd of z in X'}
is a b-filter with z its an adherence point in the space X’. From X = X’ and
z € X; NG, it is easily verified that 7, = F|X is a b-filter on X with the
property that for every n € N there exists an element F,, € F; and A,, € A,
such that F,, C A,. Therefore the b-filter F; has an adherence point x( in
X. Tt is obvious that xg is an adherence point of the b-filter F in X’ with
x # xg, which contradicts with the fact that p’ : X’ — B is Ts. Thus X, is a
Gs-subset of Xj.

(2)=(3): Obviously.

(3)=>(1): In this proof, we use the notation M as the closure of M C
X’ in X'. Let p’ : X’ — B be a Tr-compactification of the map p: X — B
such that for every b € B, X} is a Gs-subset of X;. We can suppose X; =
NpenGon Where Goyp, is open in the space X; for every n € N. For each
n € N, take an open subset G, of X’ such that Go, = G, N X;. Since
p' : X' — B is a compact Tp-map and B is regular, for every n e N and

r € Xp there exists an open nbd V,, of x such that V., C mx C G,. Let
Vi = {Ven N Xz € X}, then {V, }nen is a countable family of open (in X)
covers of X;. For every b-filter F which contains sets of diameter less than
V, for every n € N, there exists an element F,, € F and x, € X, such that
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Fo C Vi, n N X €V, thus F, C By C Vorr C G. Let Fp be the b-filter
generated by F on the space X', then F; has an adherence point x in the

space X’ from the compactness of p’ : X’ — B. Since x € F_nX for every
n € N, it holds that = € ((,,cn Gn) N Xy = Xp. Thus the b-filter F has an
adherence point in X, and therefore p : X — B is Cech-complete. o

_From Definition 3.2,if p: X — B is Cech-complete, then each fibre of p
is Cech-complete. But the following example shows the converse is false even
if B is a compact Ts-space.

EXAMPLE 5.2. There exists a map p : X — B satisfying the following:
(1) pis a Tr-compactifiable map.
(2) Each fibre of p is Cech-complete, but p is not a Cech-complete map.
(3) pis an open map. (Note that p is not a closed map.)

Construction: First, note that the space X is the same space constructed in

[5, Example 1.6.19]. Let X = {0} U (U,,eny Xm) where

1 1 1

Xm={—}U{—+—— |k €N},

(ShU{+ ke N)
Ag={0}U{L | me N} and Y,, = X;,, — {1} for every m € N. We denote
the n-th element of Y, by P,,,. The topology on X is generated by a nbd
system defined as follows: For = € Y,, for each m € N, B(z) = {{x}}; for

z =+ B(x) = {Un|n € N}, where U, = X, — {Ppili < n}; for z =0,
B(0) = {U | there exists a finite set H C N and F' C X — Ay satisfying
F N B,, is finite for each m € N such that

U=X-(FuU ) X))}
meH
This space X is perfectly normal and sequential [5, Example 1.6.19].

For each n € N, let A,, = {P,,|m € N}, then {A,},>0 is a decomposi-
tion of X generating a quotient space B = {b,|b, = A,, and n > 0}, which is
a compact Ts-space. We denote the quotient map by p: X — B.

Let Wy, = {bo} U{bi|i > n} for each n € N. Then it is easily verified that
{Wp,|n € N} is a nbd base of by in B.

(1): Since X is a perfectly normal space, p is a normal map, therefore p
is Tp-compactifiable by Proposition 2.5 (3).

(2): First, it is obvious that p~1(b) is Cech-complete for each b € B.

Next, we shall show that p is not Cech-complete. For by € B and every
countable family {U,, }en of open covers of p~1(bg) = Ay, there exists U,, €
U,, such that 0 € U, and we can suppose that U, € B(0) for every n € N.
Let Fy = U; and x1 = max Fy. For every n > 2, let

<n
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and x, = max F,. Let Fy = {x,|n € N}. Then it is easy to see that the
family F={F,|n > 0} contains sets of diameter less than U, for every n € N
and has the finite intersection property. Since p(F,,) C W,, and {W,|n € N}
is a nbd base of by, F generates a by-filter 7/ on X. For every x € Ay, if
T = %, then A,, is an open nbd of % with A, N F,, = 0 for every n > m; if
2 =0, then U = X — Fy is an open nbd of 0 with U N Fy = 0. So the by-filter
F' has no adherence point in X, and thus p is not Cech-complete.

Proof of (3): First, it is easily verified that the map p is open, because
the image of any (three types) basic nbd in X under the map p is open in B.

Next, we shall show that p is not closed. Let F' = {P,,|n € N}. Then it
is easy to see that F is closed in X but p(F) = B — {bo} is not closed in B.
Thus p is not closed.

6. RELATIONSHIPS BETWEEN CECH—COMPLETE MAPS AND OTHER MAPS

In this section, we shall prove the following implications under some con-
ditions:
Locally compact map = Cech-complete map = k-map
where a k-map p : X — B is same as that X is a fibrewise compactly generated
space over B ([6, Section 10] and Definition 6.2 in this section).

THEOREM 6.1. Suppose that B is regular. Fvery locally compact To-map
is Cech-complete.

PrOOF. Let p : X — B be a locally compact To-map. Then from [6,
Section 8|, the map p has the compactification p’ : X’ — B such that for each
be B, X; — X, is a one-point set and X is open in X’ (note that James call
the space X’ the fibrewise Alexandroff compactification of X). By this result,
it is clear that p is a Ty-compactifiable map, and for each b € B X} is an open
subset of X;. Thus, p is Cech-complete from Theorem 5.1. O

We shall define a k-map as follows:

DEFINITION 6.2. (James [6, Definitions 10.1 and 10.3])

(1) Let (X,p) be a fibrewise space. The subset H of X is quasi-open (resp.
quasi-closed ) if the following condition is satisfied: for each b € B and
V € N(b) there exists a nbd W € N(b) with W CV such that whenever
p|K : K — W is compact then H N K is open (resp. closed) in K.

(2) Let a projection p : X — B be a Te-map. The map p is a k-map if
every quasi-closed subset of X is closed in X or, equivalently, if every
quasi-open subset of X is open in X.

From [6, Proposition 10.2] we know that every locally compact T5-map is
a k-map. Further, we can prove the following.

THEOREM 6.3. Suppose that B is regular and satisfies the first aziom of
countability. Then a Cech-complete map p: X — B is a k-map.
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PROOF. First, note that we use the following notation in a space Y: For

M CY, we denote the closure of M in Y by MY.

Suppose that H is quasi-closed but not closed in the space X. Then there
exists a point x € H —H. Letb= p(z) and {W), }nen be a decreasing nbd
base of b in B. Since p is Cech-complete, from Theorem 5.1 there exists a
Ty-compactification p’ : X' — B of p such that X = ((,cny Gn ) N X] with
G, open in the space X' for every n € N. Let Uy = X'. Since p’ is compact

and B is regular, there exists a nbd U, of x in X’ such that z € U C

Up—1N G, Np~L(W,) for every n € N. Then Z = ﬂneNU_X C Xisa
closed subset of X| by ﬂneNp’*l(W ) = p'~1(b). Therefore p|Z : Z — B is
a compact map. Slnce H is quasi-closed, H N Z is a compact subset of Xj.

So there exists a nbd V of 2 in X’ such that V" N (HNZ)=0.
For every n € N, take a point =, € (V NU,, N H) — {zx|k < n} and let

F, = {xl|z > n} which is included in X. For every n € N, since F C

U,_ 1 , it holds that F!, = {y|y is an accumulation point of F,, in X'} C Z.

Thus K, = F,, UZ C X 1s fibrewise compact over B (ie. p|K, : K, — B
is compact), because K =F,UZ Z =T, U?X =F,UZ =K,, and

p' : X' — B is compact. Since F,, C p'~t(W,,) for every n € N, {F,}nen
generates a b-filter F on Kj. From the compactness of p|K1 K, — B, F

has an adherence point xg in the space K7, thus x¢ € F N K, for every
n € N, therefore xg € Z. Without loss of generality, we can suppose xg € F,
for every n € N.

Since F) C Z, 1tlseasytoseethatF o ﬁX (Fy UF’)QX*
F, UF,’I*F_nX foreverynGN From F, CVCV and F," c V" C

X' —(HNZ), x € F —(HNZ). For everynbd U of 2o in X, ) £ UNF, C
UNn(F,UHNZ))=Un((F,UH)N(F,UZ)) =UNHN(F,UZ) =UNHNK,,
thus o € HN KnK”. But since HNK,, = HN(F,UZ) = (HNF,)U(HNZ) =
F,U(HNZ), it holds that zy ¢ H N K,,. Thus H N K, is not closed in K.

For every nbd W € N (b), there exists n € N such that W,, C W and
p| Ky, : K, — W is compact. But from the above consideration H N K, is not
closed in the space K,,, which contradicts with the fact that H is quasi-closed
in X. O
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