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Factors for generalized absolute Cesaro
summability

HUSEYIN BORr*

Abstract. In this paper, a result of Bor [2] dealing with | C, o; (3 |,
summability factors has been generalized for | C, o, ;3 |, summability
factors.
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1. Introduction

A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence ¢, and two positive constants A and B such that Ac, < b, <
Bey, (see [1]). Obviously every increasing sequence is almost increasing but the
converse need not be true as can be seen from the example b,, = ne=1" . Let > ap
be a given infinite series with partial sums (s, ). We denote by ¢t n-th Cesaro means
of order «, with @ > —1, of the sequence (na,), i.e.,

(e 1 S a—1
to = A—% ; A8 vy, (1)
where
AY=0(n"), a>-1, Afj=1 and A%, =0 for n>0. (2)

The series ) a,, is said to be summable | C,a |, K > 1 and a > —1, if (see [4])

oo

1 «a
ZE |tn |k< o0, (3)

n=1

and it is said to be summable | C,a; 3 |, k> 1, a > —1 and 8 > 0, if (see [5])

> o F< oo, (4)

n=1
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A series ) ay, is said to be summable | C, o, v; 3 |, k> 1, 8> 0, a > —1 and 7 is
a real number, if (see [8])

va(ﬁkﬁ-k—l)—k | te |k< 0. (5)

n=1

If we take v = 1, then | C, o, ; 8 |, summability reduces to | C, a; 3 |, summability.
Bor [2] has proved the following theorem for | C, a; 3 |, summability factors of
infinite series.
Theorem A. Let (X,) be an almost increasing sequence and let there be se-
quences (Brn) and (\,) such that

| A, [< Bn (6)

Bn—0 as n— o0 (7)

Zn|Aﬁn|Xn<oo (8)
n=1

| An | Xn=0(1) as n— oo. (9)

If the sequence (uS), defined by (see [7])

a _ | t% |7 a=1
tn = {maxl<v<n [t [, 0<a<1 (10)
satisfies the condition
Z nPP Lk = O(X,,) as m — oo, (11)
n=1

then the series ) anAp is summable | C,a; 3 |, k> 1 and 0 < B <a < 1.

The aim of this paper is to generalize Theorem A for | C, a,~; § |, summability.
Now, we shall prove the following theorem.

Theorem. Let (X,) be an almost increasing sequence and the sequences (By)
and (An) such that conditions (6)-(9) of Theorem A are satisfied. If the sequence
(u%), defined by (10) satisfies the condition

S ERED k() = O(X,) as m oo, (12)
n=1
then the series Y apAy, is summable | C,o,v; B |, k>1,0< B <a <1 andr is

a real number such that k + ak —vy(Bk+k —1) > 1.

We need the following lemmas for the proof of our theorem.
Lemma 1 ([3]). If0<a <1 and 1 <v <mn, then

v m
13 Az < max |3 Ay | (13)
p=0 - = p=0
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Lemma 2 ([2]). Under the conditions on (X,), (Bn) and (\,) as taken in the
statement of the Theorem, the following conditions hold, when (8) is satisfied:

nBnXn =0(1) as n— oo, (14)
> Xy < 0. (15)
n=1

Proof of the Theorem. Let (T%) be the n-th (C,a), with 0 < o < 1, means
of the sequence (na,\,). Then by (1), we have

n

1
= = > AN lvayh,. (16)

noy=1

Applying Abel’s transformation, we get that
1 n—1 v A
Ty = o= D OAND A Ipay, + A_’; Z A Lyq,
n =1 p=1 e
so that making use of Lemma 1, we have

| T3 |

I /\

AQZMAUHZ/@ ppap|+”n'|z,4

n op=1

IN

1 a, o a
FZAUUU|A/\U|+|)‘H|U%
n oy=1

— Tr‘f‘,1 + Tr‘j‘,z, say.
Since
| Toly + T |F< 2%(| Ty "+ | Tyo ),

to complete the proof of the Theorem, it is enough to show that
oo
Zrﬂ(ﬁ’”k_l)_k | Ty *<oo for r=1,2, by (5).

Now, when k > 1, applying Holder’s inequality with indices k and &', where %—i— % =
1, we get that
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m—+1 m+1

n—1
Zn'y(ﬁk—i-k 1)— lea |k < va(ﬁk+k -k (A%) k{z A@ )kﬁv} X {Zﬁv}k_l
v=1

n=2
m—+1
va(ﬁk-&-k 1)—k— ak{zvak

m N N m+1 1
- 0<1>;v E(ug)* B, ; R A GRTET)
o « « > d
= O(l)z—;v k(Uu)kﬁv/v xk+ak77(xﬁk+k71)
— :O(l)ivﬁvv"’(ﬁk“‘k 1) k( U)k
v=1
m—1
= 0(1) 37 A@WS,) IR )
v=1
mp ivv(ﬁk—kk 1) k( )
m—1 =
=0(1) ) |A@WS) | Xo+0(1)mBy,
-
=0(1) ) | (w+1)AB, =By | Xy +O(1)mpB, X
:12—11 m—1
=0(1)Y v|AB, | X, +0(1 Z|ﬁU|X +O0()ymBn X
v=1 =

=0(1) as m— oo,

by virtue of the hypotheses of the Theorem and Lemma 2.
Finally, since | A, |= O(1) by (9), we have that

Z Y(Bk+k—1)—k | Ta _ Z | A |k71| A | n’y(ﬁk+k71)fk(uz¢)k
n=1 n=1

_ Z nv(ﬁk—&-k—l)—k(uz)k

_ O( Z | Zv'y(ﬁk-i-k 1)— k )

O() [ Am | Zn”(ﬁ’”’“_”‘k(ug)k

n=1
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3
L

=0M) S | A | X +01) | A | X

3 3
[l
_

=0(1) BnXn +O0Q) | A | X = O(1) as m — o0,

3
I
A

by virtue of the hypotheses of the Theorem and Lemma 2.

Therefore, we get that

m
Zrﬂ(ﬁk*k’l)*k | T, *=0(1) as m—oo, for r=1,2.
n=1

This completes the proof of the Theorem.

If we take v = 1, then we get Theorem A. Also if we take v = 1, 6 = 0 and

a =1, then we obtain a result of Mishra and Srivastava [6Jlunder weaker conditions
for | C,1 |, summability factors.
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