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Common fixed point theorems through generalized
altering distance functions

K.P.R.Ra0* G.RaviBaBuf AND D.Vasu Baput

Abstract. In this paper we obtain a unique common fized point
theorem, for four self maps using a generalized altering distance func-
tion in four variables, which generalizes and improves the main theorem
of Choudhury [2]. We also obtain a Gregus type common fized point
theorem for four maps as a corollary.
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1. Introduction

M. S. Khan et al. [12] introduced the altering distances and used it for solving fixed
points problems in metric spaces. Recently, for example authors of [1,4,5,8,9, 10]
used the altering distance function and obtained some fixed point theorems. In
2005 Choudhury [2] introduced a generalized distance function in three variables
and obtained a common fixed point theorem for a pair of self maps in a complete
metric space. The main aim of this paper is to prove the existence and uniqueness of
common fixed points of two pairs of semi compatible or compatible pair of type(S3)
mappings by using a generalized altering distance function of four variables. Our
results extend and generalize the main theorem of [2]. We also give an example to
show that our theorem is not valid when the generalized altering distance function
is in five variables or the second generalized altering distance function is dropped.

In [14], Cho et al. introduced the non symmetrical concept of semi compatibility
of maps in d-complete topological spaces. They defined a pair of self maps(S,T)
to be semi compatible if (i) Sy = Ty implies STy = TSy and (ii)nli_)rgO Sx, =

lim, .o Tx, = x for some x € X implies lim, . STz, = Tx hold. Bijendra
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Singh and Jain [3] observed that (ii) implies (i). Hence they defined the semi
compatibility by the condition (ii) only.

In [6], Pathak et. al defined a pair of self maps (S, T) to be compatible of type
(P) or (B) if limy, oo d(S%xy, T?x,) = 0 whenever {z,} is a sequence in X such
that lim,, oo Sz,= lim,_ .o T2, = = for some x € X. It is clear that in this case
STy =TSy whenever Sy =Ty for any y € X.

Remark 1.1. The concepts semi compatible pair and compatible pair of type
(B) maps are independent in view of the following examples.

Example 1.2. Let X = [0, 2] with usual metric. Let

[ 2—=z, f0<2<1 Jzif0<ze <],
f(a:){ 1 if > 1 and S(I){2 if x> 1.

Letx, =1—-1/n ,n > 1. Then fo, =14+1/n—1, Sz, =2, =1—-1/n — 1.
fSzp, =1+4+1/n—1+# S(1) and d(f*xn, S*z,) = d(1,1 —1/n) — 0. Thus (f,S5)
is not semi compatible and (f,S) is compatible pair of type (3).

Example 1.3. Let X = [0, 2] with usual metric. Let

_J2—=z, f0<2 <1 _Jzif0<z <1,
f(””)_{ 2, if ©>1 and S(w)_{1 ifo>1.

Let 2y, = 1—-1/nm > 1. Then fz, =1+1/n — 1, Sz, =1—-1/n — 1.
fSz, =1+1/n— 1= 8(), d(f?zn,S?x,) =d(2,1—1/n) =1+1/n — 1 #0.
Thus (f,S) is semi compatible and (f,S) is not compatible pair of type (3).

Let ¥,, denote the set of all functions # : [0,00)™ — [0, 00) such that

(i) v is continuous,
(ii) ¢ is monotone increasing in all the variables,
(iii) w(tl,tg, ..... ,tn) =0 if and only if t1=to=...=t, = 0.

The functions in ¥,, are called generalized altering distance functions.
Theorem 1.4. (Theorem 1, [2]) Let (X, d) be a complete metric space and S
and T be self maps on X such that

d’l(d(SI?Ty)) < ¢1(d(x,y),d(x,5:ﬂ),d(y,Ty)) - ¢2(d(x,y),d(x,Sx),d(y,Ty))

for all z,y € X, where 11,¢9 € U3 and ¢1(x) = 1 (x, z,2)Vz € [0,00). Then S
and T have a unique common fized point.

2. Main results

Theorem 2.1. Let (X, d) be a complete metric space and f,g,5,T : X — X be
such that

(i) ¢1(d(fx,gy)) <1 (d(S?[;Eg’):c’,déj)x—?f—f;)fzg?zs]gy)’)

— <d<5$7 Ty)v d(SCL’, f.’L'), d(Ty,gy),)
>\ 3[d(Sz, gy) + d(Ty, fx)]

for all z,y € X, where 11,199 € Uy and ¢1(x) = 1 (z, x, 2, 2)Va € [0,00),
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(i) one of four mappings f,qg,S and T is continuous,
(i1i) (f,S) and (g,T) are semi compatible pairs ,
(i) f(X) CT(X),9(X) S S(X).

Then f,g,S and T have a unique common fized point in X.
Proof. Let 2o € X be an arbitrary point. From (iv), construct the sequences

{z,} and {y,} in X such that fxo, = TZont1 = Y2n, 9Tont+1 = SToant2 = Yon+1,
n=0,1,2,.... Let ap, = d(Yn, Yn+1). Putting z = zap,,y = zan41 in (i) we get

1
o1 (azn) < 1 (Ub2n—1, (2n—1,A2n, §[Ub2n—1 + azn])

1d(yzn—layzwﬂ))- (1)

—12 (a2n—17 G2n-1,G2n; 5

If as,,—1 < as, then

1
@1 (a2n) < 1/)1(a2mazm a2n7a2n) - wQ(a2n717a2n717a2n7 §d(y2nf1,y2n+1))

< ¢1(az2n)

which is a contradiction. Hence as, < asp—1 , n = 1,2,.... Similarly by putting
T = Topt2,Y = Tapt1 in (i) we can show that agn41 < agn, n =0,1,2,.... Thus
nt1 < ap,n=0,1,2,..... so that {a,} is a decreasing sequence of non negative real
numbers and hence convergent to some a € R.

Let b = nh_)rI;o 2d(Yn, Ynt2). Letting n — oo in (1) we get

¢1 (a) S 1/]1 (av a, a, a) - 1/12 (av a,a, b) = ¢1 (a) - ¢2 ((L, a,a, b)
Thus v (a, a,a,b) = 0 so that a = b = 0. Hence

lim d(yn, Yns+1) =0 (2)

n—oo

To show that{y, } is a Cauchy sequence, it is sufficient to show that the sub sequence
{yan} of {yn} is a Cauchy sequence in view of (2). If {ya2y} is not Cauchy, there
exists an € > 0 and monotone increasing sequences of natural numbers {2m(k)}

and {2n(k)} such that n(k) > m(k), d(Yam k), Yon(k)) > € and
d(Y2m(k)> Yon(k)—2) < € (3)
From (3),

€ < d(Yam(k)> Yon(k))
< d(Yam k), Yon(k)—2) T AY2n(k)—25 Yonk)—1) + d(Y2nk)—1, Y2n(k))
< €+ d(Yan(k)—2: Yank)—1) + AY2n(k) =1, Y2n(k))

Letting k — oo, using (2), we have

i d(yam (k)s Yan(r)) = € (4)
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Letting &k — oo, using (4), and (2) in

ld(Y2n(k)+15> Y2m(k)) = AY2mk)s Yon)| < AY2n(k) Yonk)+1)

we get
nhigo d(y2n(kr)+1 ’ y2m(k¢)) =€ (5)

Letting k£ — oo and using (4), (2) in

|d(Yan(k)> Yom)—1) = AYanik)> Yom))| < AYam(k)> Y2m(k)—1)

we get
Jim d(Yan(k)> Yom(k)—1) = €. (6)

Letting k — oo and using (6) and (2) in

ld(Y2m k)~ 15 Y2n(k)+1) — AY2mk)—1> Y2nk)| < d(Y2nr), Yonk)+1)

we get
nh_{lgo d(Yom(k)—1> Y2n(k)+1) = € (7)

Putting & = Zom(x), ¥ = Tan(r)—1 in (i) we have

d(Yam(k)—1> Y2n(k))» AY2m(k)—15 Y2m(k) )
&1(d(Y2m(k)s Yon(k)+1)) < Y1 d(Y2n(k)s Y2n(k)+1)
1AW k)—1> Y2n(k)+1) + AY2n (k) Y2m(k))]
d(Y2m(k)—1> Yon (k) )> AY2mk)—1> Y2m(k))
d(Yan (k) Y2n(k)+1)5
% (Y2m(k)—1> Y2nk)+1) T AY2n(k) Y2m (k)]

Letting k& — oo and using ( ), (5), (6) and (7) we get

(bl (6) S 1/)1(67 0707 6) - 1/)2(6707 076) < 1/)1(67 €, € 6) = (bl (6)

It is a contradiction. Therefore {ya,} is a Cauchy sequence and hence {y,} is a
Cauchy sequence from(2). Since X is complete, there exists z € X such that y, — 2
asn — oo .

Case: Suppose S is continuous. Then Sfwxa, — Sz, S%w2, — Sz. Since (f,9) is
semi compatible , we have fSzs, — Sz.

Step I: Putting = Sxza,,y = xa,41 in (i) we have

d(SQ.’,EQn, T$2n+1), d(SQ.’,EQn, fSIQn),
G1(d(fSw2n, grons1)) < Y1 d(Tr2n+1, 9%2n+1),

[d(S*x2n, grons1) + d(Txani1, fSTon)]
d(S?x2n, Txon+t1), d(S*@2n, fSTan),
d(Tz2n+1,9%2n41),
$d(S%xan, gxons1) + d(Txony1, fSTon)]

2

N e
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Letting n — oo, we get

$1(d(Sz,2)) < 1(d(Sz,2),0,0,d(Sz,2)) — ¥2(d(Sz,2),0,0,d(Sz, 2))
< 1(d(Sz,2),d(Sz,2),d(Sz,2),d(Sz, z))
= ¢1(d(Sz, 2).

It is a contradiction if Sz # z. Hence Sz = z.

Step II : Putting © = 2,y = X241 in (i) and letting n — co we get fz = z.

Step III: Since z = fz € f(X) C T(X), there exists u € X such that z =Tu .
Putting = x9,,y = w in (i) and letting n — oo, we get z = gu and hence gu = T'u.
Since (g,T') is semi compatible, we have gTu = Tgu so that gz = T'z.

Step IV: Putting = z,y = z in (i), we get gz = z so that gz = z = Tz. Thus z
is a common fixed point of f,g,S and T'.

Case: Suppose f is continuous. Then f2z9, — fz, fSxa, — fz. Since (f,S) is
semi compatible, fSx2, — Sz. Hence fz = Sz. The rest of the proof follows from
Steps ILIII, IV. Similarly we can show that z is a common fixed point of f, g, .S and
T when g or T is continuous as in previous two cases. Uniqueness of common fixed
point follows easily from (i). O

Remark 2.2. Thoerem 2.1 is not true if the condition (i) is replaced by

(A) d1(d(fx,gy)) < P1(d(Sx, Ty), d(Sz, fx),d(Ty, gy), d(Sz, gy), d(Ty, f))
*1/)2(61(5% Ty)v d(va fﬂ?), d(Tyv gy)v d(va gy)? d(Ty, fx))

for all x,y € X, where 1,12 € U5 and ¢1(x) = Y1(x, z, x,x, z)Vx € [0,00) in view

of the following Example even when S =T = I (Identity map).

Example 2.3.(Ex.6, [7]) Let X = {1,2,3,4},d(n,n) = 0Vn € X,d(1,2) =
d(3,4) =2,d(1,3) =d(2,4) =1,d(1,4) =d(2,3) =3 . f,g: X — X as fl = fd =
2,f2=f3=1and gl =¢g3=4,92=g94=3.

Clearly,

d(fr.99) < Smaz(d(z,y). d(z. f2). (3, 9v), d(z, g9). d(y, f2)}

V:z:,y € X. Let 1/)1(t1,t2,t3,t4,t5) = max{tl,tg,tg,t4,t5},¢2 = i’l/)l Then ¢1(t) =
tvt € [0,00). All conditions of Theorem 2.1 are satisfied except (i). Here the
condition (A) is satisfied with S = T = I(identity map). But f and g have no
common fixzed point in X.

Remark 2.4. Example 2.3 also shows the importance of second generalized
altering distance function 9. Theorem 2.1 is not true if the condition (i) is replaced

by
(B) é1(d(fx,9y)) < ¢1(d(Sz, Ty),d(Sz, fx), d(Ty, gy), 51d(Sz, gy) + d(Ty, fx)])
for all x,y € X, where ¥1 € Uy and ¢1(x) = Y1 (z, x,z, z)Vx € [0, 00).

In Example 2.3, we have d(fz, gy) < maz{d(z,y),d(z, fz),d(y, gy), %[d(x, 9y)+
d(y, fx)]} for all x,y € X. Let Y1 (t1,ta,t3,t4) = max{t1,ta,ts,t4} and S =T =
I(Identity map). Then ¢1(t) = tVt € [0,00). All conditions of Theorem 2.1 are
satisfied except (i). Here the condition (B) is satisfied with S = T = I (identity
map). But f and g have no common fized point in X.

A number of fixed point results may be obtained by assuming different forms
for the functions ¥, and . Here, we give some corollaries to our theorem.
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Corollary 2.5. Theorem 2.1 with the inequality (i) is replaced by

d(fz,gy) < kmaz{d(Sz,Ty),d(Sz, fz),d(Ty, gy), %[d(Sx, gy) +d(Ty, fx)]}

Ve,y € X, where 0 < k < 1.

Proof. Let ’L/Jl (tl, tz, t3, t4) = ma;v{tl, t2, t3, t4} and wg(tl, tz, t3, t4) = (1 - k‘)
1(t1, ta, t3,t4). Then ¢1(t) = tVt € [0,00). The corollary then follows from Theo-
rem 2.1. O

Now we give a Gregus type [11] common fixed point theorem for four maps.

Corollary 2.6. Theorem 2.1 with the inequality (i) is replaced by

d*(fz,gy) < ¢(ad®(Sz, Ty) + (1 — a)maz{d’(Sz, fz),d*(Ty, gy)})

Ve,y € X, where s is any positive integer and ¢ : [0,00) — [0,00) is continuous,
decreasing and ¢(t) > 0Vt > 0.

Proof. Let 1/11(t1,t2,t3,t4) = at] + (1 - a)maw{t%, g},wg(tl,tg,t3,t4) =
Y1(ta,ta,ts,ta) — d(Pr(ta, ta,t3,ta)). Then ¢1(t) = ¥i(t,t,t,t) = t°. Now the
corollary follows from Theorem 2.1. O

Note: Corollary 2.6 with S =T = I is a different version of theorem of Sessa
and Fisher [13].

Finally we give the following theorem for compatible of type(3) pairs of map-
pings.

Theorem 2.7. Theorem 2.1 with condition (i) is replaced by
(i)t (f,S) and (g, T) are compatible of type (3) pairs.

Proof. As in Theorem 2.1, the sequence {y,} converges to z € X.

Case: Suppose S is continuous. Then Sfwxa, — Sz, S%w2, — Sz. Since (f,9) is
compatible of type (3), we have f2x3, — Sz. Putting x = fro,,y = T2,41 in (i)
and letting n — oo , we get Sz = z. Putting x = 2,y = 2,41 in (i) and letting
n — oo, we get fz = z. Asin Steps III, IV in Theorem 2.1, we have gz =z =Tz.
Case: Suppose f is continuous. Then fSwza, — fz, f?xe, — fz . Since (f,9) is
compatible pair of type(3), we have S%xa, — fz.

Putting * = Sx2,,y = Za,41 in (i) and letting n — oo, we getfz = 2. Since
z=fz € f(X)CT(X), there exists w € Xsuch that z = Tw.

Putting x = x9,,y = w in (i) and letting n — oo , we get z = gw so that
gw = Tw. Since (g,T) is compatible pair of type (3), we have gz = Tz. Putting
x = ZTop,y = z in (i) and letting n — oo , we get gz = z so that Tz = z.

Since z = gz € g(X) C S(X), there exists v € X such that z = Sv. Putting
T =0,y = Tapy1 in (i) and letting n — oo , we get fv = z so that z = fv = Swv.
Since (f,S) is compatible pair of type (3), we have fz = Sz so that Sz = fz = 2.
Similarly we can show that z is a common fixed point of f, g, S and T when T or g
is continuous. Uniqueness of z follows easily from (i). O
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