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DINAMICKA ANALIZA TLACNO OPTERECENOGA KONZOLNOG
STUPA
DYNAMIC ANALYSIS OF A CANTILEVER COLUMN SUBJECTED TO
COMPRESSIVE FORCE

Goranka STIMAC — Goran TURKALJ — Roberto ZIGULIC

SaZetak: U radu je obradena dinamicka stabilnost konzolnoga stupa opterecenog aksijalnom i tangentnom tlacnom
silom. Promatra se odziv konzolnoga stupa uz dvije vrste opterecenja, staticko i pulsirajuce. Za svaki tip opterecenja
dobivene su vrijednosti kriticne sile, odnosno podrucja stabilnosti unutar kojih su vrijednosti progiba dozvoljene.

- konzolni stup
- kriti¢na sila
- podrucja dinamicke stabilnosti

Kljuéne rijeci:

Abstract: This paper deals with the dynamic stability of a cantilever column subjected to axial and tangential
compressive force. Dynamic response for both static and pulsating load is observed. For each case values of critical
force and regions of stability defined by permissible values of deflections are obtained.
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1. UVOD

U ovom se radu analizira dinamicka stabilnost konzolnog
stupa opterecenog aksijalnom tlacnom silom (slika 1.a) i
tangentnom tla¢nom silom (slika 1.b), koja je u engleskoj
literaturi poznata pod nazivom follower force. U prvom
primjeru opterecenje je konzervativno, dok se opterecenje
iz drugog ubraja u nekonzervativna opterecenja.

S aspekta dinamicke stabilnosti promatrani konzolni stup
moguce je opisati diferencijalnom jednadzbom gibanja
Cetvrtog reda i pripadnim rubnim uvjetima koji odreduju
nacin na koji je on opterecen (aksijalna ili tangencijalna
sila) [1-4]. Kako za dobivanje egzaktnog rjeSenja

VF|F

1. INTRODUCTION

In this paper, the dynamic stability of a cantilever column
subjected to an axial compressive force (Figure 1.a) and
tangential compressive force (Figure 1.b), also known as
follower force, is analysed. In the first case, load is
conservative while in the second, it belongs to
nonconservative loads.

From the aspect of dynamic stability, the cantilever
column can be described with the fourth order differential
equation of motion and appropriate boundary conditions
(axial or tangential force) [1-4]. Since no appropriate
analytical solution can be obtained for this kind of

Slika 1. a) Konzolni stup opterecen aksijalnom silom, b) Konzolni stup opterecen tangencijalnom silom
Figure 1. a) Cantilever column subjected to axial force, b) Cantilever column subjected to tangential force



2 G. Stimac, G. Turkalj, R. Ziguli¢: Dinamicka analiza tlacno ...

ne postoji prikladna analiticka metoda, osim u slucaju
obostrano oslonjenog stupa [5], vrijednosti progiba mogu
se dobiti numericki. U ovom se radu analiza stabilnosti
provodi za dva slucaja, gdje je u prvom sila staticka,
F#F(t), a u drugom pulsirajuca, tj. F =F(t). Pri
statickom opterec¢enju kriticna sila odreduje se analiticki,

dok se u obama sluCajevima progibi odreduju
numerickom simulacijom, odakle slijede podrucja

dinamicke stabilnosti.
2. KRITICNA SILA

Za odredivanje kriticne sile primijenjen je dinamicki
kriterij stabilnosti prema kojem je stup izlozen pocetnim

poremecajima koji uzrokuju male vibracije stupa.
Diferencijalna  jednadzba  promatranoga  gibanja
glasi
4
Ela—:+F
ox

gdje je E modul elasti¢nosti, / moment inercije, F

uzbudna sila, a 4 masa $tapa po jedinici duljine. Uz
uvodenje supstitucija k* = F/El i a=pu/EI jednadzba
(1) prelazi u sljede¢i oblik

4 2 2
9y kza_‘z)+aa_;:
ox ot

ot "

Za primjer stupa optere¢enog statickom aksijalnom silom
(slika 1.a) rubni uvjeti u ukljestenju (x =0) glase

problem, except in the case of a column supported on
both ends [5], deflection values can be obtained
numerically. In this paper stability analysis is carried out
for two cases, for a static force, F'# F(¢#) and for a

pulsating force, i.e. F = F(t). For the case of a static

load, critical force is obtained analytically, while in the
both cases deflections are found wusing numerical
simulation, from where regions of dynamic stability are
obtained.

2. CRITICAL FORCE

For determination of critical force, the dynamic criterion
of stability is applied according to which the column is
subjected to initial disturbances that produce small
vibrations. The differential equation of analyzed motion
is

2 2
Sty =0, (1)

ot?

where E is Young's modulus, / is the moment of inertia, '
is the force and x4 the mass per unit length. By

introducing the substitutions k> = F/El and a = u/EI
equation (1) can be rewritten as

0. )

For a column subjected to a static axial force (Figure 1.a),
the boundary conditions at the clamped end (x=0) are:

v(0,1) =0, E(O, =0, 3)
ox

a na slobodnom kraju (x=/)

9%y 9%y
L,)=0, —
(Z,0) PN

o

Rjesenje jednadzbe (2) moze se traziti u obliku

and at the freeend (x=1)

(l,t)+k2?(l,t)=0. 4)
X

The solution of equation (2) can be sought in the form

v(x,0) = f(x)e, (&)

gdje je f(x) funkcija oblika povezana s popre¢nim
otklonom duz Stapa, a @ vlastita frekvencija sustava.
Uvrstavanjem izraza (5) u jednadzbu (2) i primjenom
supstitucije f(x) = e™ dobiva se jednadzba

where f(x) is the shape function connected to lateral
deflection along the column and @ the natural frequency.
Inserting the term (5) into equation (2) and applying the
substitution f(x)= ™ gives the following equation:

dx

4 2
d fgx)+k2dd£§x)—aa)2f(x)=0, (6)
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¢ije je opce rjesenje with the solution
f(x)=C;sinax+C, cosax + Cysinh fx + C4 cosh fr , @)
gdje vrijedi where
4 2
o’ = |ae? +kT +k7
®)

Uvrstenjem rubnih uvjeta (3) i (4) u jednadzbu (7) dobiva
se

C,+C,=0

Co+Cy3=0

—Cyo* sinad — Cy0” cosal + Cy 37 sinh Bl + C, 3% cosh 1 = 0

Inserting the boundary conditions (3) and (4) into the
equation (7) yields:

&)

Ca(k* —a?)cos ol — Cya(k* — o*)sin od + C3 B(k* + B*) cosh B+ C, B(k* + B*)sinh Bl =0

Za dobivanje netrivijalnog rjeSenja determinanta sustava
jednadzbi (9) mora biti jednaka nuli, te se iz tog uvjeta i
primjenom izraza (8) dobiva

2a0” + (k4 +2a0* )cosh Blcosal —k*\aw* sinh Blsined = 0.

U tu se jednadzbu mogu uvrstiti izrazi definirani na
sljedec¢i nacin
*

W =

gdje je o parametrizirana (bezdimenzijska) vlastita

frekvencija, a F : parametrizirana sila, pomocu kojih se
jednadzba (10) prikazuje u parametarskom obliku

%2 %2 * %, .
20 +(F"‘2 S2X0) )coshﬂ’2 cosa, —F @ sinh f,sine, =0.

Jednadzba (12) daje ovisnost parametrizirane vlastite
frekvencije o parametriziranoj sili F' ", §to je graficki
prikazano na slici 2. Povecanjem sile F dolazi do
smanjenja vlastite frekvencije sve do vrijednosti u tocki
A. Daljnjim porastom sile F rjeSenja za @ leze u
kompleksnoj ravnini, tj. sustav postaje nestabilan. Iz toga
slijedi da parametrizirana kriti¢na sila odgovara prvoj
koordinati tocke A, te iznosi F~ =2,5. Iz tog uvjeta

izravno proizlazi vrijednost prve kriticne sile, koja
iznosi

Fiyy =25 7

a®l* , F" =k*1*, a, =adl, B, =,

El _7’El

For the existence of a nontrivial solution, the determinant
of the system of equations (9) must be equal to zero,
which after applying the terms (8) can be written as

(10)

In this equation the following substitutions can be
introduced:

an

where @ is the parameterized (dimensionless) natural

frequency and F~ the parameterized force, by use of
which equation (10) is shown in the parameterized form

(12)

Equation (12) gives the dependence of parameterized

natural frequency o at the parameterized force F 5
which is shown graphically in Figure 2. By increasing the
force F it ensues that natural frequency is decreased until
the value assigned to point A is reached. If the force is
increased beyond the value at point A, solutions for @ lie
in the complex domain, i.e. the system becomes unstable.
Therefore, the critical parameterized force corresponds to

the first coordinate of point A, which is F * =25.

Consequently the true value of the first critical force is
obtained as

41* ()
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Slika 2. Ovisnost viastite frekvencije o sili opterecenja za slucaj aksijalne sile
Figure 2. Force-natural frequency dependence for the case of an axial force

Vlastita frekvencija koja odgovara slucaju neopterec¢enog
Stapa dobiva se iz slike 2 za F' =0, te iznosi

w=35 E—I4
y7/j

U slucaju tangentne sile (slika 1.b), kriticna se sila
odreduje pomodu jednadzbe (2) i rubnih uvjeta (3) u
ukljestenju. Rubni uvjeti na slobodnom kraju slijede iz
poznavanja da su moment savijanja i poprecna sila
jednaki nuli [2]

9%y

ax_z(l’t):()’

Nakon uvrstenja rubnih uvjeta (3) i (15) u jednadzbu (7)
dobiva se sljedeci sustav jednadzbi

C,+C,=0
Ca+C;8=0

—Cyo* sinal — Cya? cos ol + C3 37 sinh fl+ C, B2 cosh B =0

Natural frequency, which is assigned to the unloaded
column, is obtained from Figure 2, for F =0, as

(14

For the case of a tangential force (Figure 1.b), critical
force is obtained by using equation (2) and boundary
conditions (3) at the clamped end. Boundary conditions at
the free end result from the condition that the bending
moment and lateral force equal zero [2]

9%y
—(,1)=0. (15)
ox?

After inserting boundary conditions (3) and (15) into the
equation (7), the following system of equations is

obtained

(16)

—C,0 cosald + Cya’ sinad + C; 3° cosh Bl + C, 3 sinh fl =0

Netrivijalno rjeSenje dobiva se u slucaju kada je
determinanta sustava jednadzbi (16) jednaka nuli, odakle
se primjenom izraza (8) i (11) dolazi do sljedece ovisnosti
koja je prikazana i na slici 3

2 2 2 . .
20 +F" 420" cosh B, cosar, + F @, sinh B, sina, = 0.

A nontrivial solution is obtained for the case when the
determinant of the system of equations (16) equals zero,
wherein by applying the terms (8) and (11) the following
dependence, also shown in Figure 3, is obtained:

amn
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Slika 3. Ovisnost viastite frekvencije o sili u slucaju tangentne sile
Figure 3. Force-natural frequency dependence for the case of a tangential force

Poveéanjem sile F' dolazi do porasta vlastite frekvencije
prvog moda i smanjenja vlastite frekvencije drugog moda
vibriranja (slika 3). Toc¢ka A u kojoj se te dvije krivulje
spajaju odgovara kriti¢noj sili. Iz parametrizirane sile
koja pripada toj tocki i iznosi F " =20,05 moze se dobiti
prava vrijednost prve kriti¢ne sile

By increasing the force F, the first natural frequency is
increased while the second natural frequency is decreased
(Figure 3). Point A in which these two curves are joined
corresponds to the critical force. From parameterized
force, which is assigned to this point and equals
F* = 20,05 the real value of the first critical force is
obtained as

n’El

El
Fin =20057=8,1267 = (18)

Ako se sila F povecava i nakon postizanja stanja u tocki
A, rjeSenja za @ postaju kompleksna, tj. sustav postaje
nestabilan.

Za slucaj kada je sila optere¢enja jednaka nuli iz slike 3
dobivaju se vlastite frekvencije neopterecenoga stupa, pri
¢emu manja vrijednost odgovara izrazu (14).

3. NUMERICKI PRORACUN STABILNOSTI
KONZOLNOGA STUPA

Da bi se dobili dinamicki odziv i podrucja stabilnosti,
potrebno je analizirati veli¢ine progiba koje se dobivaju
za razliCite vrijednosti sile F. Kako se u slucaju
promatranog stupa jednadzba (2) ne moze rijesiti
analiticki, vrijednosti progiba dobivene su numericki, u
ovisnosti o vremenu ¢ i polozaju duz osi stupa x.
Promatrani konzolni stup ima sljedec¢e karakteristike:
pravokutni popreéni presjek 5%5 cm?,
duljinu /=15m, modul elasticnosti E=210GPa i

gustou p =7800 kg/m3. Svi rezultati koji slijede

dobiveni su za
jednak nuli, a

slucaj
pocetna

kada je
brzina

pocetni  progib
definirana  kao

0,l[cos%§—lj, ¢ime profil brzina simulira oblik

elasti¢ne linije [1].

If the force F'is increased further after reaching the state
in point A, solutions for @ become complex, i.e. the
system becomes unstable.

For the case when force F equals zero from Figure 3,
natural frequencies of the unloaded column are obtained,
where the smaller value corresponds to the term (14).

3. NUMERICAL CALCULATION OF
CANTILEVER COLUMN STABILITY

In order to obtain the dynamic response and regions of
stability, it is necessary to analyze deflection values,
which occur for different values of force F . Since for
the case of the analyzed column equation (2) cannot be
solved analytically, deflection values are obtained
numerically, each for a specific moment in time ¢ and
position along column x. The analyzed column has the
following characteristics: rectangular cross-section 5x5

cm’, length /=15m, Young's modulus E =210GPa

and density p=7800 kg/ m® . Each of the following

results is obtained for the case when the initial deflection
is equal to zero and the initial velocity is defined as

0,1(005%% - lj , which simulates the elastic curve shape

[1].
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3.1. Stati¢ko opterecenje

Za stup opterecen statiCkom silom mozZe se dobiti
vremenska ovisnost progiba na slobodnom kraju
konzolnog stupa (x=/) o sili optereéenja, Sto je
prikazano na slikama 4 1 5.

3.1. Static load

For a column subjected to a static force, time dependence
of the deflection on the free end (x=1) can be obtained
for various values of force F, as shown graphically in
Figures 4 and 5.

s
F<F,
0005 |
001 | F=Fq
—0015 |
002!
F>Fg,

Slika 4. Dinamicki odziv stupa (x = 1) opterecenoga statickom aksijalnom silom
Figure 4. Dynamic response of the column (x = 1) subjected to a static axial force

Na slici 4 dani su vremenski odzivi za tri razlicite
vrijednosti  aksijalne sile F (2000N, F,, i
Fi,; +5000N), gdje je Fy,, pripadna kriticna sila
dobivena analiticki u (13). Ako je stup opterecen
statickom aksijalnom silom manjom od kriticne sile,
progib oscilira oko nule, §to znaci da je dinamicki odziv
stabilan. Ako je F = F,, progib se linearno povecava s
vremenom, dok uz F > F, raste eksponencijalno bez
obzira na veli¢inu pocetnog otklona ili pocetne brzine.
Granicna veli¢ina sile pri kojoj dolazi do prelaska iz
stabilnog u nestabilno stanje jednaka je kriticnoj sili
dobivenoj pomocu izraza (13).

v,m j
0.006
0.004

0.002

In Figure 4, time responses for three different values of
axial force F (2000N, Fy,; and Fy, +5000N) are

given, where F,,, 1is the pertaining critical force

previously obtained analytically in (13). While the
column is subjected to a static axial force smaller than the
critical force, the deflection oscillates around zero, which
implies that the dynamic response is stable. For F = F,,

deflection grows linearly in time, while for F > Fy it

grows exponentially regardless of the initial deflection or
velocity. The transitive value of the force at which a
stable state becomes an unstable one is equal to the
critical force obtained in (13).

F>Fg

F<F

-0.002

-0.004

-0.006

N\ M fs
\\WK F= Fkr1

Slika 5. Dinamicki odziv stupa opterecenog statickom tangentnom silom
Figure 5. Dynamic response of the column (x = I) subjected to a static tangential force

Analogno prethodnom slucaju, na slici 5 prikazani su
vremenski odzivi za tri razliCite vrijednosti tangentne sile
F (2000N, Fy,, i Fi +15000N). Za silu manju od
pripadne kriti¢ne sile progib oscilira oko ravnoteznog
polozaja, $to daje stabilan dinamicki odziv, dok uz
F > F,, amplitude progiba rastu s vremenom.

Analogous to Figure 4, in Figure 5 time responses for
three different values of tangential force ' (2000 N, Fy,
and Fj,; +15000N) are shown. For a force smaller than
the pertaining critical force, deflection oscillates around
the balanced position resulting in a dynamic response that
is stable, while for F > F,, the deflection amplitudes

grow progressively with time.
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Slike 6 1 7 prikazuju ovisnost progiba o sili optere¢enja u
trenucima ¢ =0,05s i t=0,1s. Ukoliko je sila manja od
kriticne sile vrijednosti progiba osciliraju u dopustenim
granicama (5 mm ), dok uz vece sile dolazi do naglog
gubitka stabilnosti pri ¢emu za slucaj aksijalne sile
pomak raste osjetno brze nego amplituda pomaka za
slucaj tangentne sile.

v, m

Figures 6 and 7 show force-deflection dependence at
moments ¢=0,05s and ¢#=0,1s. If the force is smaller
than the critical force, deflection values oscillate in the
allowed range (+5mm ), while with larger forces rapid
loss of stability occurs, where in the case of an axial force
deflection grows significantly faster than the deflection
amplitude in the case of a tangential force.

—0.005

—001 1

0015

02 04— 06—

Slika 6. Ovisnost progiba o sili u slucaju staticke aksijalne sile
Figure 6. Force-defection dependence in the case of a static axial force

v, m
)
0.006 -

0,004 -

0,002 -

t=0,1s

t=0,05s

N T TN .

04

06 08 \l F

Slika 7. Ovisnost progiba o sili u slucaju staticke tangentne sile
Figure 7. Force-defection dependence in the case of a static tangential force

3.2. Pulsirajuée optereéenje

Za pulsirajuée opterecenje uzeta je sila oblika
F=Fy+F.sinQt¢, pri ¢emu je moguce pratiti utjecaj
svakog od triju sastavnih dijelova sile (£, F, i Q) [6]
na veli¢inu progiba. Radi pojednostavljenja numerickog
proracuna i lakSeg definiranja podrucja stabilnosti,
veli¢ina F, uzima se konstantnom, F, =0,2F,,, gdje je
Fy. kriticna sila dobivena za staticko opterecenje
(aksijalni i tangencijalni slucaj). Na slikama 8 i1 9 nalaze
se dijagrami koji prikazuju odziv promatranog sustava,
pri ¢emu su progibi dani u ovisnosti o parametrima Q/ @
i Fy/F,, gdje je vlastita frekvencija @ definirana u
(14). Rezultati numericke simulacije dani su za trenutak
t=0,05s ipolozaj x=1.

3.2. Pulsating load

For the case of a pulsating load, the force defined as
F=Fy+F;sinQ¢ 1is taken, where it is possible to

consider the influence of each of the three force
components (Fy,, F, 1 Q) [6] on the deflection. In order
to simplify numerical calculation and easily define the
stability regions, the value of F; is taken to be constant,
F, =0,2F,,, where Fy, is the critical force obtained for
the static load (axial and tangential case). Figures 8 and 9
show response diagrams in which deflections depend on
the parameters Q/w and F,/F,., with the natural
frequency @ defined in (14). Results of numerical
simulation are given for time 7=0,05s and position
x=1.
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Figure 9. Contour plot of the stability regions, a) for axial force, b) for tangential force

Slika 9. Konturni prikaz podrucja stabilnosti, a) za aksijalnu silu, b) za tangentnu silu
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Numerickom analizom pokazano je da uz odredene
kombinacije parametara Q/w 1 F,/F, dolazi do

povecanih progiba, tj. do nestabilna dinamickog odziva.
Na slici 8 nalazi se 3D-prikaz stvarnih vrijednosti
progiba, dok su na slici 9 radi lakSeg uocavanja stabilnih
podruc¢ja dane njihove apsolutne vrijednosti u obliku
konturnog dijagrama, pri ¢emu su tamnijom bojom
predstavljena podru¢ja manjih vrijednosti progiba.
Nadalje, uocava se da uz jednake pocetne uvjete i
geometriju stupa znatno veci progibi nastaju u slucaju
aksijalne sile (slika 9.a).

4. ZAKLJUCAK

U ovom je radu obradena dinamicka stabilnost konzolnog
stupa optereCenog s nekoliko tipova opterecenja.
Pokazano je da je gubitak stabilnosti u slucaju statickog
opterecenja znatno brzi ako je sila aksijalna. Osim toga,
uz jednake pocetne uvjete i geometriju stupa u tom se
slu¢aju postizu osjetno veéi progibi, §to znaci da je stup
optere¢en aksijalnom silom podlozniji utjecaju vanjskih
poremecaja. Jednaki zakljuéci mogu se izvesti i za
primjer pulsirajuceg opterecenja, gdje su iz spomenutog
razloga podruc¢ja manjih vrijednosti progiba znatno veca
u slucaju tangentne sile.

5. POPIS OZNAKA

duljina stupa [, m
progib v, m
vrijeme t, s
uzduZna os X, m
modul elasti¢nosti E, N/ m?
sila F, N
staticka komponenta sile Fy, N
kriti¢na sila F,, N
pulsiraju¢a komponenta sile F., N
parametrizirana sila F’
moment inercije I, m*
masa po jedinici duljine 4, kg/m
gustoca p . kg/m’
vlastita frekvencija w, s
parametrizirana vlastita frekvencija o

frekvencija uzbudne sile Q, s

Numerical analysis showed that for specific combinations
of parameters Q/w and F,/Fy, very large deflections
occur, i.e. unstable dynamic response takes place. In
Figure 8, 3D representation of the real deflection values
is shown, while in Figure 9, absolute deflection values are
shown on contour plots, so as to distinguish the instability
regions more easily, where the darker colours represent
the regions of smaller deflection values. Furthermore, it
can be seen that with equal initial conditions and column
geometry considerably larger deflections occur for the
case of an axial force (Figure 9.a).

4. CONCLUSION

In this paper dynamic stability of a cantilever column
subjected to a several types of load is presented. It is
shown that the loss of stability in the case of a static load
is considerably faster if the force is axial. Furthermore,
with equal initial conditions and the column geometry,
considerably greater deflections are achieved in that case,
what means that column subjected to an axial force is
more submissive to disturbances. The same conclusions
can be carried out for the case of a pulsating load, where
the regions of the smaller deflection values are
considerably larger for the case of a tangential force.

5. LIST OF SYMBOLS

column length

deflection

time

axial axes

Young's modulus

force

static component of force
critical force

pulsating component of force
parameterized force
moment of inertia

mass per unit length
density

natural frequency

parameterized natural frequency

forcing frequency
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