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ANALIZA I1ZVIJANJA ROSTILJNE KONSTRUKCIJE METODOM
KONACNIH ELEMENATA
FINITE ELEMENT BUCKLING ANALYSIS OF GRILLAGE STRUCTURES

Igor PESIC — Goran TURKALJ

SaZetak: U radu je prikazana numericka analiza stabilnosti rostiljne konstrukcije. Analiza je temeljena na metodi
konacnih elemenata. Primjenom principa virtualnih radova i nelinearnog polja pomaka poprecnog presjeka izvedene
su linearizirane ravnotezne jednadzbe grednog konacnog elementa. Materijal je pretpostavijen kao homogen, izotropan
i linearno elastican. Problem stabilnosti tretiran je kao matricni problem viastitih vrijednosti (linearna stabilnost).
Usporedeni su analiticki i numericki rezultati za zglobno ucvrséenu pravokutnu rostilinu konstrukciju.
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Summary: This paper presents a numerical stability analysis of grillage structures. The analysis is based on finite
element methods. The linearized equilibrium equations are derived by applying the linearized virtual work principle
and the non-linear cross-sectional displacement field. Material is assumed to be homogeneous, isotropic and linearly
elastic. Stability analysis is treated as a matrix eigenvalue problem (linear stability). Analytical and numerical results

are compared for pinned rectangular grillage structures subjected to concentrated forces.
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1. UVOD

Medu konstrukcijskim elementima, rostilji zauzimaju
vazno mjesto bilo da se primijenjuju zasebno ili kao
pojacanja u spojevima s plo¢ama. Rostiljne konstrukcije
se Cesto koriste u strukturama brodova i platformi.
Rostilji su sustavi nosaca koji teku u dva smjera, a obi¢no
se krizaju pod pravim kutom [1]. Rostiljne konstrukcije
su ¢esto monotonog tipa, tj. u jednom smjeru postoji veci
broj nosaca jednakih karakteristika s kojima se kriza
manji broj nosaca drugih karakteristika. Nosaci kojih ima
viSe nazivaju se glavnima, a manji broj nosaca u drugom
smjeru se nazivaju ukrizani. Mjesta na kojima se krizaju
glavni i ukrizani nosaci nazivaju se ¢vorovi.

Za analizu izvijanja rostiljnih konstrukcija razvijeno je
tijekom proslog stolje¢a niz analitickih metoda [2-5] koje
se nastojalo prilagoditi njihovim specificnostima. Metoda
izjednaCenja progiba moZe se primijeniti kod rostilja
proizvoljnog oblika. Nosaci unutar konstrukcije mogu biti
razli¢itih razmaka, razliCite krutosti i razliCite upetosti
krajeva. Metoda se zasniva na izjednaCenju progiba
uzduznih i poprecnih nosaca na mjestu njihovog krizanja
kod izvijenog indiferentnog polozaja ravnoteze rostilja.
Ova metoda vrijedi sasvim op¢enito, ali ima tu manu da
kod veceg broja ¢vorova vodi do velikih.

1. INTRODUCTION

Great importance is placed upon grillage structures in
construction element engineering nowadays, whether
they are used separately or as reinforcement in
connection with steel plates. Grillage structures can often
be found in ship structures and platforms. A grillage
structure in fact is a system of supports running in two
directions, usually intersected at a right angle [1].
Usually they are of the monotone type which means that
there is a bigger amount of supports with the same
characteristics intersected by a smaller number of
supports with other characteristics. These supports that
are more numerous are called "Main" and the smaller
number of these in the other direction we call
"Intersected supports". Places where main and
intersected supports intersect are nodes.

There is a number of analytic methods developed for
buckling analysis of grillage structures and each of these
has attempted to accommodate for the specific
characteristics of grillage structures [2-5]. The Method of
equalization of deflections can be used for any shape of
grill construction. Supports in construction can have
different spacing, different rigidity and different fixity.
The method is based on the equalization of deflections
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sustava linearnih  jednadzbi s velikim brojem
nepoznanica.

Kod metode grede na elasti¢noj podlozi, glavni nosaci se
smatraju kao elasti¢na podloga, a ukrizani nosaci kao
grede poduprte tom elasticnom podlogom. Ova metoda je
idealna za rjeSavanje rostilja monotonog tipa, a
komplicira se s ve¢im brojem uzduznih nosaca i onda
kada se treba primjeniti na nemonotone konstrukcije.
Metoda potencijalne energije moze se primjeniti kada
pojedini nosa¢i imaju razli¢ite krutosti i razlicito
ucvricenje krajeva. Metoda pociva na pretpostavci da sile
na konstrukciju djeluju staticki pa je kineticka energija
jednaka nuli. U tom slu¢aju ukupan rad vanjskih sila
jednak je potencijalnoj energiji deformacije konstrukcije.
Za proratun se takoder moze Koristiti dinamicka
analogija. Izmedu proracuna izvijanja rostilja i proracuna
vlastitih frekvencija vibracija grede s koncentriranim
masama postoji analogija koja u mnogim slucajevima
omogucava jednostavniji proracun rostilja.

Sve analiticke metode su ograni¢ene na jednostavnije
izvedbe konstrukcije te se u obzir moraju uzeti mnoga
pojednostavljenja. U ovom radu je prikazan numericki
pristup rjeSavanja stabilnosti rostiljnih konstrukcija. Pri
tome, materijal je pretpostavljen kao izotropan i linearno-
elastiCan. Dozvoljeni su veliki pomaci i rotacije, ali
deformacije su male. Optereéenja su pretpostavljena kao
statiCka i konzervativna, a unutarnji momenti su odredeni
primjenom St. Venantove teorije uvijanja i Euler-
Bernoullijeve teorije savijanja [6].

2. OSNOVNA RAZMATRANJA
2.1. Kinematika grede

Promatrana je inicijalno ravna greda s nedeformabilnim
popre¢nim presjekom. Odabran je desni Kartezijev
koordinatni sustav (z, x, y) tako da se z-os poklapa s
aksijalnom osi grede i prolazi teziStem O svakog
poprecnog presjeka, a x- i y-osi su glavne osi inercije
poprecnog presjeka. Komponente pomaka poprecnog
presjeka se definiraju kao u [7]:

for longitudinal and transverse supports at the point of
their intersection with buckled indifferent position of
balance of a grillage structure. This is a general method
having the defect that in a situation with a large number
of nodes it leads to large systems of linear equations with
a large number of unknowns.

Another method is the method of a beam on an elastic
base. The main supports are considered as an elastic base
in this method and intersected supports as beams that are
supported with that elastic base. This method is ideal for
calculations of monotone type grill structures, but can get
complicated in cases where there is a larger number of
longitudinal supports and when it is used for non-
monotone constructions.

The method of potential energy can be used in situations
where certain supports have different rigidity and fixity.
This method is based on the premise that forces act on
the construction statically so that the kinetic energy is
zero. In that case, the total work of outside forces is equal
to the potential energy of construction deformation.
Dynamic analogy can be also used for calculation. There
is an analogy between calculation of buckling of grillage
structures and calculation of frequencies of beam
vibrations that can simplify calculation.

All analytic methods are limited to the more simple ways
of construction and a lot of simplifications must be taken
into account. In this work, a numerical approach to the
calculation of grillage structures stability is described.
Material is assumed to be isotropic and linearly elastic.
Displacements and rotations are allowed to be large but
the distortions are small. The external load is assumed to
be static and conservative, while internal moments are
represented by the St. Venant theory of torsion and the
Euler-Bernoulli theory of bending [6].

2. BASIC CONSIDERATIONS
2.1. Kinematics of Beam

The deformation of an initially straight beam with an
undeformable cross-section is studied. A right-handed
Cartesian co-ordinate system (z, x, y) is chosen in such a
way that the z-axis coincides with the beam axis passing
through the centroid O of each cross-section, while the x-
and y-axes are the principal inertial axes of the cross-
section. Incremental displacement measures of a cross-
section are defined as [7]:

W, =W, (2), Uy =Uy(2), v, =0,(2), @, =¢,(2),

do,
dz
gdje su: w,, u, 1 v, pomaci tezista poprecnog presjeka u
z-, x- 1 y- smjeru, odnosno; @,, ¢ i ¢, su kutovi zakreta
poprecnog presjeka oko z-, x- 1 y-osi.

Neka r, oznacava vektor polozaja materijalne tocke u
referentnoj konfiguraciji, a U, vektor pomaka teZzista.

Ako se pretpostave male rotacije, onda se moze vektor
pomaka U4 koji predstavlja polje pomaka poprecnog

Px =~

@ (2), oy =

1
% =9y(2), W
where: w,, u, and v, are rigid-body translations of the
cross-section in the z-, x- and y- direction at the centroid,
respectively; and ¢,, ¢ and ¢, are rigid-body rotations
around the z-, x- and y-axis, respectively.
Let ry denote the position vector of a material point in the
reference configuration and U, the translation
displacement vector of the centroid. If the assumption of
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presjeka izraziti kao:

small rotations is valid, then the displacement vector Uyqy,
representing the linear displacement field of a cross-
section, can be written in the following form:

Ug =U,+0 1y, 2)
gdje su: where:
w W, 0 0 -9 o
Uige =y, Ug =9ty t , To=3yX¢, @={ o, 0 —p, 3)
v Yo Y —Px 2 0

U jednadzbama (2) i (3) w, u i v su linearni izrazi ili
izrazi prvog reda za pomake proizvoljne tocke na
poprecnom presjeku koja je definirana polozajem
koordinata x i y. Ako se ne mogu pretpostaviti male
rotacije, tada se u analizu mora uvesti nelinearno polje
pomaka U ¢

Uge :Uldf+ﬁ > fj:{a’

gdje izraz U sadrzi nelinearne izraze ili izraze drugog
reda za pomake koji su rezultat velikih rotacija u
prostoru. Green-Lagrangeov tenzor deformacija se moze
napisati kao:

& =et+mte,

e =uijtug; o 205 =g
gdje zadnji izraz za deformaciju predstavlja dodatni izraz
zbog ucinka velikih rotacija. Ovdje treba napomenuti da
zbog geometrijske pretpostavke o nevitoperenju
popre¢nog presjeka, komponente deformacija &, = &,
&y =&y 1 261 =26y = )y U jednadzbi (5) trebaju biti
jednake nuli.

2.2. Rezultanta unutrasnjih sila
Pod pretpostavkom krutosti u ravnini deformacije (o =

oy = 5y = 0), a prema teorijama mehanike za savijanje i
uvijanje, rezultante naprezanja se definiraju kao:

In Equations (2) and (3) w, u and v are the linear or first-
order displacement terms of an arbitrary point on the
cross-section defined by the position coordinates x and y.
If the assumption of small rotations is not valid, then the
non-linear displacement field U,y should be introduced
in the analysis:

i o) =05 ¢ 1,

4)

in which the term U contains the nonlinear or second-
order displacement terms resulting from the large space
rotation effects. The Green-Lagrange strain tensor can be
written as:

L (&)
Ui » 2€; =5+,
where the last strain term is the additional one due to
large rotation effects. It should be noted here that
according to the geometrical hypothesis of the cross-
sectional in-plane rigidity, the strain components &; =
Eovr €0 =&y and 2&y, =2& = )4y in Equation (5) should be
equal to zero.

2.2. Beam Stress Resultants

Assuming the rigid in-plane deformations (ox = oy = 7y
= 0), then according to the engineering theories for
bending and torsion, stress resultants can be defined as
follows:

F,=[o,d4, F =[r,dd , F,=[z,d4, M,=[(z,x-7,y)d4,
A A A A

M, = I o,ydd , M,
4

gdje F, predstavlja aksijalnu silu, Fy i Fy su poprecne sile,
M, je Saint-Venantov ili uniformni moment uvijanja, M i
M, su momenti savijanja oko x- i y- osi, a K je
Wagnerov koeficijent [8]. Pod pretpostavkom linearno
elasticnog ponaSanja, veze izmedu komponenata
naprezanja i deformacija se mogu izraziti kao:

o, =Ee33 =Eezz’ Tox =2Ge31

gdje su £ i G moduli elasti¢nosti i smicanja. Nakon
uvrStavanja izraza (5) i (7) u izraz (6), veze izmedu
komponenata rezultante unutra$njih sila i komponenata
pomaka se mogu izraziti kao:

—'[O'Zdi s
4

o (©)
K—£0'Z(x +y )dA,

where F), represents an axial force, Fy and F\ are shear
forces, M, is the Saint-Venant or uniform torsion
moment, M, and M, are bending moments with respect to

the x- and y- axes, respectively, while K is the Wagner
coefficient [8]. Assuming the linear elastic material
behavior, the incremental stress-strain relations can be
defined as:

=Ge,,, Ty = 2Ge;, = Gezy.

(7
where £ and G are the elastic and shear moduli,

respectively. After substituting Equations (5) and (7) into
(6), the incremental force-displacement can be written as:
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M
F=pa®e g o Dy g WMy g 40
dz T dz ®
d? d? |
M, =—EL, =0 M, =EI, ="  K=F,
dz* dz* 4

gdje je A povrSina poprecnog presjeka, Ip je polarni
moment inercije poprecnog presjeka, a [ torzijski
moment inercije ili Saint-Venantova torzijska konstanta.

2.3. RavnoteZne jednadzZbe

Ravnotezne jednadZbe deformiranog grednog elementa
mogu se izvesti primjenom principa virtualnih radova [9]:

[ 1Sy 8t ay = [ 68wt ' )d4,
v 4,

gdje SjoznaCava Piola-Kirchhoffov tenzor naprezanja
druge vrste, &; je Green-Lagrangeov tenzor deformacije
iz izraza (5), ¢; predstavlja povrSinske (kontaktne) sile, a

Ui

1 ii;su linearne i nelinearne komponente pomaka.
Eksponent ‘t” uz veli¢ine oznacava da se radi o njihovim
totalnim ili ukupnim vrijednostima, a ‘0’ oznacava
virtualnu veli¢inu. Tenzor naprezanja i povrsinske sile se

mogu rastaviti i linearizirati kao:

t 0 t 0
Sij: Sij+Sij, L=t +t

pri ¢emu eksponent ‘0’ znaci da se radi o pocetnim ili
inicijalnim vrijednostima, tj. vrijednostima prije pojave
izvijanja. UvrStavanjem izraza (5) i (10) u izraz (9)
dobiva se:

[ (S 8+ de + Oy 3y + 53y 82

v
Ako su pocetne vanjske i unutrasnje sile u ravnotezi,

v
jednadzba (11) se moze napisati kao:

[ Sy eV + [0S, 8m;dV + [ S
4 4 V

gdje je Cys, kn/h, cijena normiranog sata rada alatnog
stroja, D, mm, je pocetni promjer obratka, L, mm, je
duzina rezanja, a f4y, min, je vrijeme za jednokratnu
zamjenu alata [1].

Nabavna cijena alata svedena na jednu reznu oStricu Cyj,
kn, moze se odrediti prema izrazu:

Na slici 1 je prikazan prostorni gredni kona¢ni element s
12 stupnjeva slobode.

where A is the cross-sectional area, /p is the cross-
sectional polar moment of inertia, respectively, while /; is
the Saint-Venant torsion constant.

2.3. Equilibrium equations

Equilibrium equations of the deformed beam element can
be obtained using the virtual work principle [9]:

)

where §;; is the second Piola-Kirchhoff stress tensor, &;
is the Green-Lagrange strain tensor from Eq. (5), £
represents the surface tractions, while u; and i; are the
first- and second-order displacement terms. The
superscript ‘t” denotes the total values of corresponding
quantities, while ‘3’ denotes the virtual quantities. The

stress tensor and surface tractions can be decomposed
and linearized as:

(10)
where the superscript ‘0’ denotes the initial quantity

values, i.e. the values prior to the occurrence of buckling.
Substituting Eq. (5) and (10) into Eq. (9), one can obtain:

dv = [ (%% du; + % 8it; + 1, du; ) d 4, (11)
4,
If the initial external and internal forces are in
equilibrium,
= [ % 8u, d4, (12)
4,
eq. (11) can be rewritten as
d&;dV — [ % 8t dd, = [ £, 8u; d 4, , (13)

A

where Cys, kn/hour, is the cost of standard working hour
of an employed machine tool, D, mm, is the starting
workpiece diameter, L, mm, is the cutting length, and ¢4,
min, is the tool change time [1].

The purchase cost of tool Cy;, kn, per single cutting edge
can be determined from:

A

o

A spatial beam element with 12 DOFs is shown in Figure
L.
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Slika 1. Prostorni gredni konacni element: cvorni pomaci i cvorne sile
Figure 1. Spatial beam element: nodal displacements and nodal forces

Odgovarajuci vektori ¢vornih pomaka i ¢vornih sila su:

Corresponding nodal displacement and force vectors are:

(“e )T = {wA»”A:UAa%Aa(PxA:("yA’wB’”BaUB»‘/’zB’(PxB’(PyB} > (14)

(fe)T :{FA’FXA’ yA’MZA’MxA’MyA’FZB’FXB’FyB’MzB’MxB’MyB} (15)

Z

gdje desni eksponent ‘e’ na oba vektora oznacava e-ti
konaéni element. Linearizirani princip virtualnih radova
iz izraza (13) se moze napisati kao:

where the right superscript ‘e’ at both vectors denotes the
e-th finite element. The linearized virtual work principle
from Eq. (13) can be written as:

Sy + 8 =81l (16)

gdje 8Uy predstavlja virtualnu energiju elasti¢nih

deformacija, 38U predstavlja geometrijski potencijal, a

W oznaGava virtualni rad.

Usvojiv§i linearnu interpolaciju za w, i
interpolaciju za u,, v, i ¢, i povezujuéi rezultante
naprezanja grede u polju s rezultantama u ¢vorovima
elementa, mogu se izvesti slijedeéi izrazi:

kubiénu

where 83U represents the virtual elastic strain energy,
3Ug represents the geometric potential, while 89

denotes the virtual work.

By adopting a linear interpolation for w, and a cubic
interpolation for u,, v, and @, and by relating the beam
stress resultants at the z-section to those at the element
nodes, one can derive from the following:

Ul = (5u) kg ut, 8l =(3ut) kg e, 31 =(ou) (£ 415, ). (17)

gdje su K 1 k¢ elasti¢na i geometrijska matrica krutosti,

odnosno na elementu prikazanom na slici 1, f°je vektor
¢vornih sila koji sadrzi ¢vorne sile nastale zbog
djelovanja drugih elemenata strukture na gredni element,

a fg, je ckvivalentni vektor opterecenja [9].

Komponente matrica k§, i kg mogu se naci u literaturi
[10, 11]. Uvrstavanjem jednadzbi (17) u izraz (16),
jednadzba ravnoteZe grednog elementa se moze napisati
kao:

where K and K¢, are the elastic and geometric stiffness

matrices, respectively, of the beam element from Fig. 1,
f¢ is the nodal force vector containing nodal forces
applied on the beam element by other elements of the
structure, while f5, is the equivalent load vector [9].

The entries contained in k}, and kg can be found in [10,

11]. After substituting Eq. (17) into Eq. (15), the
equilibrium equations of the beam element can be written
as:

(K +KG Jus =1 +15, (18)
Izraz (18) potrebno je transformirati u globalni It is necessary to transform Eq. (18) in the global co-
koordinatni sustav primjenom standardnih ~ ordinate system by wusing standard transformation

transformacijskih procedura [9]. Potom se sumiranjem
jednadzbi svih konacnih elemenata dobiva jednadzba
konstrukcije

procedures [9]. After summation of the equilibrium
equations for the all beam elements, the equilibrium
equation for the structure can be obtained as:

(Kg +Kg)U=P. (19)

gdje su K i K elasticna i geometrijska matrica

krutosti konstrukcije, dok U i P predstavljaju vektore
inkrementalnih ¢vornih pomaka i inkrementalnih ¢vornih
opterecenja konstrukcije.

Linearna se analiza stabilnosti temelji na pretpostavci da

where Ky and K; represent the incremental elastic and

geometric stiffness matrices of a structure, while U and
P are the incremental displacement vector and the
incremental vector of external loads of the structure
respectively.
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se vanjsko opterecenje prilikom izvijanja ne mijenja, tj.
P=0, te da je geometrijsku matricu K; moguce
linearizirati izlu¢ivanjem parametra A, ti. Kg = AKp.
Stoga je izraz (19) moguce napisati u slijede¢em obliku:

Linear stability analysis is based on the assumption that
the external loads during the buckling motion of the
structure remain unchanged, i.e. P=0, and that the
geometric matrix K can be linearized by extracting the

parameter 4, i.e. K = ﬂ,f(G . So Eq. (19) can be written
as:

(Kg+4Kg)U=0. (20)

Izraz (20) predstavlja problem vlastitih vrijednosti gdje
jeA vlastita vrijednost, odnosno parametar kriticnog
opterecenja izvijanja, dok je U pripadni vlastiti vektor
koji predstavlja oblik izvijanja rostiljne konstrukcije.

4. PRIMJER

Prikazana numericka procedura implementirana je u
kompjuterski program [7,12]. Analizirane su pravokutne
rostiljne konstrukcije (slika 2) sastavljene od standardnih
I-8 greda u razmaku od 1m. Geometrijske karakteristike
popre¢nog presjeka svih greda su: 4 = 758 mm® I, = 77,8
cm’. Moduli elasti¢nosti i smicanja su £ =206 GPai G =
80 GPa. Konstrukcije su sastavljene od pet ukrizanih
greda, a broj glavnih greda se mijenja od 3 do 20. Sirina
konstrukcije b iznosi 6 m, a duljina @ se mijenja od 4 m
do 21 m. Sve grede su zglobno oslonjene na krajevima.
Opterecenje djeluje na uzduzne grede. Promatrana je
promjena vrijednosti kritiéne sile (F = F,) izvijanja i
broja poluvalova izvijanja u ovisnosti o duljini rostiljne
konstrukcije tj. broja glavnih greda.

Equation (20) represents an eigenvalue problem, where
the load parameter A is the eigenvalue representing the
critical buckling load parameter and the displacement
vector U is an eigenvalue representing a corresponding
buckling deformation.

4. EXAMPLE

The aforementioned procedure was implemented in a
computer program [7, 12]. The rectangular grillage
structures (Figure 2) composed of standard I-8 beams in
intervals of 1m are analyzed. The cross-section properties
of all beams are: 4 = 758 mm?, I, = 77,8 cm®. Material
moduli are £ =206 GPa and G = 80 GPa. Structures are
constructed out of five longitudinal beams, while the
number of transverse beams varies from 3 to 20. The
width of the construction b = 6 m is kept constant, while
length varies from 4 m to 21 m. All the beams are simply
supported at each end. Concentrated forces are applied
on the longitudinal beams. The variation of the lowest
critical load magnitude (F = F.,) and number of the half-
waves m depending on construction length i.e. number of
the main beams are calculated.

Slika 2. Rostiljna konstrukcija opterecena koncentriranim silama

Figure 2. Grillage structure subjected to concentrated forces

Na slici 3 prikazani su prvi oblici izvijanja Cetiri rostiljne
konstrukcije za razlicite duljine a.

Figure 3 shows first buckling modes for four different
values of length a.
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a=15m m=3 a=21m,m=4

Slika 3. Prvi oblici izvijanja razlicitih rostiljnih konstrukcija
Figure 3. First buckling modes for different grillage structure

Usporedba numerickih i analitickih rezultata dana je u  Table 1 and Figure 4 show a comparison of numerical

tablici 1 i na slici 4. Takoder su dani i rezultati dobiveni ~ and analytical results. Results obtained by use of 'Shell'
primjenom 'shell' modela. model are also given:

Tablica 1. Najmanje vrijednosti kriticne sile i broj poluvalova za razliciti omjer a/b
Table 1. Lowest critical load and number of half-waves for different ratio a/b

a/b 0,6710,83| 1 [1,17|1,33| 1,5 |1,67[1,83| 2 |(2,17|2,33]|2,5|2,67|2,83| 3 [3,17(3,33| 3,5
broj poluvalova
no. of half-waves 1 2 3 4
m
analiticki

analytic 118,894,1188,2192,41103,2(103,2/94,1(89,6|88,2|89,3|92,3(94,1190,7|88,8|88,2(88,7{90,1|91,4

Fcr i .
[N %)r::ﬁ;fg 120 |95,1/89,4(93,7] 105 | 104 |95,4]90,7(89,2/90,6|93,7|95,4]91,7|89,8|89,1|89,8(91,2 (92,4

element
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Slika 4. Najmanje vrijednosti kriticne sile u odnosu na omjer a/b
Figure 4. Lowest critical load depending on ratio a/b
5. ZAKLJUCAK 5. CONCLUSION

Iz analogije s tlatno optere¢enim stupovima, moglo bi se
pomisliti da najnize kriti¢no opterecenje nastupa za m=1.
Medutim, to nije to¢no jer m=1 ne daje nuzno najmanju
vrijednost  kriticnog naprezanja. Porastom duljine
konstrukcije, povecava se i broj poluvalova prvog oblika
izvijanja. Na slici 4 jasno se vidi koja veli¢ina m daje
najnizu vrijednost kriticnog optereCenja izvijanja u
odnosu na omjer a/b. Broj poluvalova u smjeru
kompresije ima takvu tendenciju da duljina poluvala bude
$to je moguce bliZze duljini stranice b. Dobiveni numericki
rezultati dobro se podudaraju s analitickim.

6. POPIS OZNAKA

povrsina poprecnog presjeka A -m?
duljina a -m
Sirina b -m
modul elasti¢nosti E - Pa
vektor ¢vornih sila e-tog kon. elementa fe

kriti¢na sila F. -N
poprecne sile FoF, -N
aksijalna sila F, -N
glavni momenti inercije LI, - m*
Saint-Venantova torzijska konstanta 1, -m*
modul smicanja G - Pa
Wagnerov koeficijent K - Nm®
elasticna matrica krutosti konstrukcije Ky

elasti¢na matrica krutosti e-tog kon. elem. Kk,
geometrijska matrica krutosti konstrukcije K

geom. matrica krutosti e-tog kon. elementa k¢

broj poluvalova m

momenti savijanja My, My - Nm
Saint-Venantov moment uvijanja M, -Nm

Through analogy with columns one might think that the
lowest critical load magnitude would occur for m=1. This
is not true, however because m=1 does not necessarily
give the smallest value of the critical load. As the length
of a structure increases, the number of half-waves in the
first buckling mode is relatively bigger. From Figure 4,
one can readily see which value of m yields the smallest
critical load for a given a/b ratio. The number of half-
waves in the direction of compression has the tendency
to be such that the half-wavelength will be as close to the
width of b as possible. Numerical results are in good
accordance with analytic ones.

6. LIST OF SYMBOLS

cross-sectional area

length

width

modulus of elasticity

force displacement vector for e-th finite element
critical force

shear forces

axial force

principal moments of inertia
Saint-Venant torsion constant
shear modulus

Wagner coefficient
elastic stiffness matrices of a structure

elastic stiffness matrix for e-th finite element
geometric stiffness matrices of a structure
geometric stiffness matrix for e-th finite element

number of the half-waves
bending moments
Saint-Venant torsion moment
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vektor ¢vornih opterecenja konstrukcije P

pozicijski vektor 1)
Piola-Kirchhoffov tenzor naprezanja Sii

vektor pomaka

vektor ¢vornih pomaka e-tog kon. elementa u®

virtualna energija elasti¢nih deformacija ~ U, -J
geometrijski potencijal U -]
translatorni pomaci w,u,v -m
virtualni rad W -J
Green-Lagrangeov tenzor deformacija &

vlastita vrijednost A

normalno naprezanje o - Pa
posmicno naprezanje T - Pa
kutovi uvijanja @5, Py, @, - 1ad
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