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ENERGY DECAY ESTIMATES FOR A WAVE EQUATION
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ABSTRACT. We study a wave equation in one dimensional space with
nonlinear dissipative boundary feedback at both ends. We prove existence
and uniqueness of solution, strong and uniform exponential decay of energy
under some conditions in the nonlinear feedback. Decay rate estimates
of the energy are given under weak growth assumptions on the feedback
functions.

1. INTRODUCTION AND MAIN RESULTS

We consider the wave equation with a variable coefficient, controlled at
the boundary by the two feedbacks laws L; and Lo to be determined in the
sequel:

yu(x,t) — (ayg)z(z,t) = 0, O<z<l, t>0,
(1.1) (ay.)(0,t) = L4(t), t>0,
—(ayz)(1,8) = La(t), t>0.
We assume that the function a(.) belongs to H(0,1) and that
(1.2) 0 <a<a(x), for all z € [0,1].

The aim of this paper is to show that the system (1.1) is well posed in
the terms of the semigroups of contractions and is asymptotically stabilized
by the nonlinear feedback laws L; and Lo given as follows:

(1.3) Li(t) = kpoy(0,t) + kyof(y:(0,1)),
' LQ(t) = kp,ly(lat) + kv,lg(yt(lat))v
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where k;, 0, kp.1,kv,0 and k, 1 are non negative constants such that

(14) kv,O + kv,1 > 0,
(1.5) ko + kp1 > 0,

[ and g are suitable nonlinear functions in C°(R).
The boundary stabilization of (1.1) has been studied by many authors.
Conrad and Rao [4] have proved that the feedback law

Ll(t) = k;lhoy(oa t) + f(yt(ovt))a
Lg(t) kp70y(1, t) + f(yt(l, t)), kp70 >0

stabilizes asymptotically the system under a suitable growth condition of f.
Indeed, in the more general cases for which f is a maximal monotone graph,
the strong asymptotic stabilization has been proved by Chen and Wang [2]
and Lasieska [8, 9].

Let us mention the work of B. Chentouf et al. [1], where a damping model
is considered and the equation tolerates a term By, 8 = cte > 0, the system
is asymptotically stabilized by the nonlinear feedback law depending only on
the boundary velocities:

Ll(t) - kv,Of(yt(Ovt))a
LQ(t) - kv,lf(yt(lvt))a
kU,O + k'u,l > 07
under a suitable choice of f.
In the linear version of this paper Cherkaoui [3] have proved the strong
and uniform exponential decay of the energy and also existence of a Riesz
basis associated with a spectral formulation of the problem.

With the feedback laws L; and Lo in (1.3), we introduce the energy
associated with the system (1.1) as follows:

(16) B() = 3 [ (w.0)+ alwh.0)dn + 5hy000.0) + 5h19°(L0)

We derive E(t) with respect to t and integrate by parts, and we show formally
that:

(1.7) E'(t) = —kuo,09:(0,8) f (y£(0, 1)) — ko 19(1,)g(ye(1,1)).

Throughout this paper, both f and g are nondecreasing functions in
C°(R) such that

(1.8) f(0)=g(0)=0, f(s).sand g(s).s >0 Vs=#0.

Assumption (1.8) implies that the energy E(t) is non-increasing and a Lya-
pounov function.
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Let us define the Hilbert space H = H'(0,1) x L?(0, 1) equipped with the
inner product:

(1.9) < (u,v),(w, z) >H:/0 (augwy +vz)dr +kp 1u(1)w(1) + kp ou(0)w(0).

We consider the following nonlinear operator:
(1.10)

- i <o {2875 El)

and for all (u,v) € D(A)
(1.11) A(u,v) = (v, (aug))

with the initial data Wy = (yo, 1), the closed-loop system (1.1) can be written
as an evolution equation on H called problem (P)

{W(t) = AW(t)

(1.12) W) = W

where W (t) = (y(., 1), v (., 1)).
Throughout this paper, kp 0 and k,, 1 are assumed to satisfy the hypothesis
(1.5).

Our main results are stated below.

THEOREM 1.1. The operator A : D(A) C H — H defined by (1.10) and
(1.11) generates a Co-semigroup of contractions S(t) on the energy space H.

If ky o+ kv > 0, then for all initial data (yo,y1) € H, the energy E(t) of
the problem (P) converges to zero as t — +oo.

THEOREM 1.2. Assume thata € H'(0,1) satisfies (1.2) and the hypothesis
(1.8) holds.
If ky 0+ ky,1 > 0 then we have:

(i) If there exist positive constants Ci,C2,C3 and Cy such that for all
zeR

Cile| < [f(x)] < Calaf,

1.13
(1.13) Cslz| < lg@)| < Cilal,

then given any M > 1, there exists a constant w > 0 such that
E(t) < ME(0)e ", Vt>0.

(ii) If there exist positive constants Cy,Cy,C3 and Cy and (p,q) € [1, +oo[?
with max(p,q) =pV q > 1 such that for all x € R,
Cimin (|z, [z[") < |f(z)] < Czla],

Cymin (|z], [z|) < [g(x)] < Culal,

(1.14)
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then given any M > 1, there exists a constant w > 0 depending on
E(0) such that

E(t) < ME(0)(1 +wt) Gva=1, Vit > 0.

The next section is devoted to the proof of our main results.

2. PROOFS OF THE MAIN RESULTS

2.1. Proof of Theorem 1.1.

2.1.1. Proof of the well-posedness. By the Lumer-Phillips theorem, it is
sufficient to prove that A is an m-dissipative operator.

First, for w = (y, z) € D(A), we have Aw = (z, (ayz)z),

<Awaw>'H = <(Zv(ayz)$)a (yaz)>'H
= [ @+ ()2 + 2 ()0(1) + 0 0)(0)
Using (1.10), we deduce that

(Aw, w)yr = =k ,02(0)f(2(0)) = kv,12(1)g(2(1)),

which implies that A is dissipative.

Next, we show the maximality of A, i. e. for any given (f1, f2) € H, there
exists (u,v) € D(A) such that (I — A) (u,v) = (f1, f2). Equivalently, we seek
u and v satisfying

u—v = f17

v—(aug)y = f27
(2.1) (auz)(0) = kpou(0) + kv,0f(v(0)),
—(aug)(1) = kpau(l) + kua1g(v(1)),

u € H?0,1),ve HY(0,1).

Eliminating the unknown v in equation (2.1), we obtain the following reduced
problem

u—(aug)y = fi+ fo=F¢€L*0,1),
0 (@)0) = Fyou0) + hof (w(0) ~ £1(0)),
' —(aug)(1) = kpau(l) +kv1g(u(l) — fi(1)),

u € H?0,1).

Now, let us define two functions Fy and F; by

x

(2.3)  Fo(z) = kpyo /0z f(s)ds and Fi(z)=ky1 ; g(s)ds, VzeR.

From the hypothesis (1.8), we deduce that Fy and Fj are two convex functions
such that

(2.4) F, € C*(R); Fi(s)>0, VseR, i=0,1.
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In turn, let us define the function J(.) on H'(0,1) by:
e 2 2 ! kpo
J(w) = 3 (aw? +w?) dz — Fwda:+7’w 0) + —=
0 0

(2.5) +Fo (w(0) — f1(0)) + F1 (w(1) — f1(1))-

From (2.4), we deduce that the functional J(.) is convex, coercive and strongly
continuous in the space H'(0,1). Hence there exists a unique function u €
H'(0,1) such that

= inf .
T =, T

This implies that the function A — J(u + Aw) admits a minimum at A = 0

and thus

d
o\ [J(u+ dw)] [x=0 =0 Yw € H(0,1),

this means that for any w € H'(0, 1), we have

1 1 1
/ uwdzx + / auzwydxr — / Fwdz + kp ow(0)u(0) + kp1w(1)u(l)
0 0 0

(2.6)  +kuv,0w(0)f(w(0) = f1(0)) + kvaw(1)g(u(l) — f1(1)) = 0.
In particular for any w € C§°(0,1),

1 1
—/ Wy dr = / [u — Flwdz,
0 0

this implies the Euler-Lagrange equations
(2.7) u— (aug), = F € L*(0,1).

Then the H?(0, 1) regularity follows. Integrating equation (2.6) by parts and
using equation (2.7), one obtains

08) (au)(0) = Fpou(0) + koo (u(0) ~ Fi(0)).
—(auz)(1) = kpau(l) +koag (u(l) = f1(1)).
Therefore, u is the unique solution of system (2.2). Now, we define an element

(u,v) by u, solution of (2.2), v = u — f1, which satisfies clearly system (2.1)
and thus A is an m-dissipative operator on H.

REMARK 2.1. (i) Given (yo,y1) € D(A), we define
w(t) = S(t)(yo,lh) = (y('vt)a yt('at))'

Using the regularity result of Haraux [6], we obtain the following smoothness
results:

y € C(RT; H*(0,1)) nC*(RT; H'(0,1)) N C*(R™; L?(0,1)).
(ii) If (yo,y1) € H, then the Problem (P) admits a unique weak solution
(Y, y0) = SOy, y1) € CR™Y; H),
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and by using again a result of Haraux [6], one obtains
y € C(RY; H(0,1))n C*(R™; L*(0,1)).

2.1.2. Proof of the asymptotic stability. We can assume without loss of
generality, that k, o > 0 and k, 1 > 0. According to the density of D(A) in H
and the contraction of the semigroup S(¢), it is enough to prove Theorem 1.1
for any initial data (yo,y1) € D(A). Let (yo,y1) € D(A), it is clear that
E(t) >0 for all t > 0, and if we set w = (y, y:) we get

dE(t) dw
5 = <w, E>H = (w, Aw),,
(2.9) = —ku,0yt(0,8) f(y:(0,1)) — ko 1ye(1,8)g(y(1,)) <0,

so, E(t) is a Lyapounov function.

The resolvent of A is compact, and according to Dafermos [5], it follows
that the trajectory O" (yo,y1) = {(y(t), y¢(t)),t > 0.} is relatively compact in
E for initial data in D(A). We apply the Lasalle’s invariance principle (see
[7] and [10]) to the w-limit set

w(yo,y1) = {(20,21) € H:(20,21)= lim S(tn)(yo,y1)
n—-4-o0o
where t,, — +00 as n — +oo}
of the trajectory O™ (yo,y1). Note that

S(t)(yo,y1) — w(yo, y1) as t — 4o0.

In order to show the asymptotic stability, it is sufficient to prove that the
w-limit set reduces to {(0,0)}. For this, first (2.9) implies
(2.10)

B(0) ~ £6) + [ 1hoom(0.0)f(5:0.0) + b1, 0)g(e(1,))] do = 0.

Second, let (z9,21) € w(yo,y1) C D(A) and let (z(¢), 2:(t)) be the trajectory
associated with (2o, 1), so according to (2.9) we obtain:

/ [kv,OZt(Oa U)f(zt(oa 0)) + kv,lzt(la J)g(zt(la U))] do =0,

therefore, we deduce from (1.8) that

kv02:(0,t) f(2:(0,¢)) = 0, z2(0,t) = c=const
{ £)g(ze(1,t 0 7\ koaz(l,t) = 0 vt =0

e
=
o
X
o~
—
=
=
S
—
I
&
—
=
=
I
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Thus w(yo, y1) is included in the set of all initial data whose associated solution
has constant energy, so z verifies the following system:

zi (x,t) — (azg)s () = 0, 0<z<l1, t>0,
a(0)zz (0,t) = kpoc, t>0,
(2.11) —a(l)zy (1,t) = kp12(1,1), t>0,
Zt (O,t) = 0, t > 0,
(2(0),2:(0)) = (20,21) € w(yo,y1)-

First, we prove that ¢ = 0. For this, we consider the function h(z) = 1 +
kp,1 xl % and we multiply the first equation of (2.11) by h and integrate in
x and t. A straightforward computation shows that
1 T

(2.12) [/ h(x)zt(x,t)d:c] = —[h(0)kp,0 + kp 1] cT

0 0
The left term of (2.12) is bounded uniformly with respect to T'. So, we divide
(2.12) by T and let it goes to infinity, we get ¢ = 0, then (2.11) yields

zir (T,t) — (azg)g (x,t) = 0, 0<z<l, ¢>0,

2z (0,t) = 0, t>0,

(2.13) C(az) (1) = kprz(L,8), >0,
2(0,t) = 0, t>0.

To achieve the proof, we distinguish two cases.
CASE k1 = 0. (2.13) can be written as follows

zi (x,1) — (azg)z (z,8) = 0, 0<zx<l, t>0,
22 (0,t) = 2,(1,8) = 0, t>0,
z(0,t) = 0, t>0.

This system has a unique solution z = 0 (see [11]), so, the asymptotic stability
follows for this case.

CASE kp1 > 0. We multiply the first equation of (2.13) by ¢z, and
integrate in  and ¢. Then one obtains

T

1 1 T 1 /T 1
[/ ztgozxda:] ——@(1)/ zf(l,t)dt—i——/ / Qrzidadt
0 o 2 0
1 (M1
:—/ ()k2 1tdt——// z azida:dt
2 Jo a(1)*

T

[/olzthdx}o = %/ (())k2 1tdt——/ / asox zidwdt
7—/ / = az2d:cdt+ 250(1)/0 22(1,t)dt.
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The function ¢ is chosen so that

0 e HY(0,1), —a(x)p, > kp1, ¢(1)>1and —a (%) > kp1.
xr

With this choice and (1.2), we obtain

k T 1
QL; l/ [/ (27 + a(z)22)dx + k,,,le(l,t)} dt
1 T
c[[ o]
0 0
which implies that
foT E)dt < C(E(T)+ E(0)) =2CE(0),

where C' is a positive constant. The energy is constant, so

1 T
+§/O 22(1,t)dt

2
E(T) < ZCE(0) VT >0,

and then

E(t)=0 V>0,
ie. z=0and so z = 0. Thus w(yo,y1) = {(0,0)}. Therefore, the proof of
Theorem 1.1. is complete.

2.2. Proof of Theorem 1.2. We adopt the method used by Conrad and Rao
[4] but in our case we have two nonlinear feedback functions f and g satisfying
more general growth conditions. We introduce the same functional defined in

[4]

1 1
p(t) = 2/ ytcpyzda:JrC’o/ yrbdax
0 0
where C is a positive constant and 1 is the solution of the problem

(a)y)z(z,t) = 0, 0<z<l,
w(ovt) = y(O,t),
w(lvt) = y(lvt)'

We verify that the following inequalities hold
-1

/01 aYpYzdr = {/01 al(s)ds} y(1,) — y(0,)]2 > 0,

1
/de:c < 5[y%(0,1) +y3(1, )],
0

similarly,

1
/O Yide <5 [y7(0,t) + 7 (1,8)] .
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The function ¢ is chosen so that
e H'(0,1), ¢.>1, a (%) >1, »(0) <0, ¢(1)>0

and

kp,09(0)a(1) + kp,1p(1)a(0) = 0.
We can show that there exist positive constants Ky, K1 and K5 such that for
any t > 0,
(2.14) lp(t)] < KoE(t),
(2.15)

p(t) < —E(t) + K1 [y7(0,) + y7 (1,6)] + K2 [f*(4:(0,1)) + g*(ye(1,1))] -
Given € > 0, we introduce (see [4]) the perturbed energy by
(pvg)—1

(2.16) B.(t) = B(t) +ep(t) [B()]

In the formula (2.16), the exponent pV ¢ seems to be new. This together with
the non-increasing of the energy F(t) implies that for any M > 1

< [E@®)]

1-(pVvq) 1
e<K;'[E0)] 2 (1—M wvar),
Now, we calculate the derivative of the perturbed energy E.(t).
(2.18)

E.t)=FE'(t)+e

(pvVg)+1 (pvVg)+1 (pvVa)+1
2 2 2

(2.17) M~V (B (1)
with

< M2 [E.(1)]

©YD =00y () <4 + 20 (B E

2
on the other hand, from (1.13), (1.14) and (2.15), one obtains
(2.19) p(t) < —E(t) + K3y (0,¢) + Kay; (1,1)
where

K3:K1+K2022 and K4:K1+K202.
Plugging (1.7), (2.14) and (2.19) into equation (2.18), one obtains

B0 < e amo)
(2.20) (Fu,0y:(0,t) f(y:(0,8)) + ko1ye(1,8)g(ye (1, 1))]

(pvg)—1

+e[B(M] 2 [Ksy? (0,1) + Kayf (1,1)] — e [B(1)]

Now we distinguish the case pVg=1and pVq> 1.
(i) Case pV ¢ = 1. In this case (2.20) yields

B < (E%kv,1>yt<1,t>g<yt<1,t>>

(pvg)+1
2

+ <§_ - k) ye(0,1) £ (4:(0,8)) — < E(2).
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If we choose £ < gy = min (%, %), then from (1.8) and (2.17), the

previous inequality becomes
El(t) < —eBE(t) < —eM~Y2E_(t).

Now, integrating %Eg on [0,¢], and using (2.17), we get

E(t) < ME(0)e *', vVt >0,

where w = eM /2 with ¢ < min (so,Ko_l(l - M’%)) .

(i) Case pV ¢ > 1.
If y2(1,t) > 1, it follows from hypothesis (1.8) and (1.14) that

K4 1p(0))

3
However, while y2(1,t) < 1, by Young’s inequality, we have for any parameter
0 >0,

(pvg)—1

(221) R4 [E@)] = yi(1t) <

(pvg)—1
2

ye(1,1)g(ye(1,1)).

{nrg)=1 2e (pva)+1 L
eK4[E(t)] 2 2(1,t) < — = (K4) 2 1,4)|Pvar+
1 [E()] vl = oy K0 lye(1, 1))
(p\/q) —1__Gvao+t (PVa)+1
+e———0 Vo1 [E(t)] 2 .
(p\/q)+1 [ ( ]

Since min(|y(1,1)], [y:(1,)|?) = |y:(1,¢)|?, and p V q¢ > q, we have

1
e (1, 0)[ TPV <y (1,1)) < v (L D9 (1.1).

This implies that

(pve)+1
(pva)—1 2e  (K40) 2
KJE®)] = v2(1,t) < 1.t 1,t
ey [E(1)] yr(1,t) < Verl G ye(1,1)g(ye(1,1))
(pVq) —1__wva+ (pve)+1
2.22 fe———0 Vo1 [E(t 2.
(2.22) P 20)
Combining (2.21) and (2.22), one has
(pva)—1 (p V q) —1 _ (wve+1 (pva)+1
eKy4 [E(t 2 2 1,t) < e—F——¢6 Vo1 [E(t 2
4 [E()] yi (L,t) < Ve F1 [E()]
(2.23) +eKsy(1,1)g(ye(1,))
here K5 = £ [B(0)] "% 4 2 (60 7 Gnitan) n sho
where 5 = & (pvg)+1 Cs . oimilarly, we ca W
that
(pva)—1 \Vi —1 _ vo+1 (pVa)+1
K [BO]“F7 20,0 < e LY D LB )

- (pvg+1
(224) +5K6yt(07t)f(yt(07t))a



ENERGY DECAY ESTIMATES FOR A WAVE EQUATION 385

(pva)+1

(pvag)—1
with K¢ = C 2 [E0)] 2 + <pv§>+1 (K36)01 * . Inserting (2.23) and (2.24)
into (2.20), we obtain
(pV

e (2o | Loy
pVvaq)+

+ [ky,o + ekyo

EL(t) <

%KO [E(O)]% + €K6:| yt(O,t)f(yt(O,t))

(pVvg) —1 (va)—1

+ |:_k7v,1 + Ek’U’l 5 Ky [E(O)] 2 + EK5:| yt(l,t)g(yt(l,t)).

This implies that

(pvg)+1
2

(2.25) EL(t) < —ue[E(t

)+1
provided that ¢ is chosen such that for some p > 0, 222&2)_&(5 vt — 1 <

—u < 0, and ¢ is chosen as follows

Vg —1 (vo -1
%Ko [E(0)] <0,

where ¢ = 0, 1. Combining (2.17) and (2.25), we get

—kyi+e|Kei+ kyy

(pvVg)+1
2

(2.26) EL(t) < —,uEM_l/2 12X0)
Finally, solving the differential inequality (2.26) and using (2.17), we obtain
E(t) < ME(0)(1 +wt)_ﬁ

(pvg)—1
2

with w = @YD=1 )0 A~ GV [E(0)]
This completes the proof of Theorem 1.2.

REMARK 2.2. The result of Theorem 1.2 (ii) remains true if we replace
(1.14) with

Cilz] < |f(x SCmaxx,%,
0o 2l < 1f(@) » max (Jal ")
Cole| < lg(a) < Cymax (o], [2]7),
or with
(228) Gkl < @) s Cymax (Jal, Jo]7),
Cymin (2], [21) < lg@)| < Cilel,

where (p, q) € [1, +oo[? with max(p,q) =pV q > 1.
For the cases (2.27) and (2.28) the energy decay estimates is: given any
M > 1, there exists a constant w > 0 depending on E(0) such that

E(t) < ME(0)(1+ wt)” Tva—T, Vt > 0.
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