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Proximal methods for equilibrium problem in
Hilbert spaces”
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Abstract. An approzimate procedure for solving equilibrium prob-
lems is proposed and its convergence is established under suitable condi-
tions.
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1. Introduction and preliminaries

Throughout this paper, we always assume that H is a real Hilbert space, C' is a
nonempty closed convex subset of H and ¢ : C' x C' — R is a real functional with
¢(z,z) = 0 for all z € C. The “so called” equilibrium problem for functional ¢ is
to find a point z, € C such that

d(ze,y) >0, VyeC. (1.1)

Denote the set of solutions of the equilibrium problem (1.1) by EP(¢).

Equilibrium problem theory has emerged as an interesting branch of applicable
mathematics. This theory has become a rich source of inspiration and motivation
for the study of a large number of problems arising in economics, optimization and
operations research in a general and unified way.

Special Examples of Equilibrium Problem (1.1)

(1) If ¢(z,y) = f(x) — fly), Vz,y € C, where f : C — R is a real function,
then equilibrium problem (1.1) reduces to the following minimization problem
subject to implicit constraints:

find z. € C such that f(z.) < f(z), Ve eC. (1.2)
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(2) If ¢(z,y) = sup¢ep(2)(C, ¥ — z), where B: C — 2H is a set-valued maximal
monotone operator, then the equilibrium problem (1.1) is equivalent to the
following momnotone inclusion problem, i.e.,

find z, € C such that 0 € B(z.). (1.3)

(3) If B=T + N¢, where T : C — H is a single-valued mapping and N¢ is the
normal cone to C, then the inclusion problem (1.3) is reduced to the classical
variational inequality problem, i.e.,

find z, € C such that (T(z.),x — 2z, ) >0, V€. (1.4)

(4) In particular, if C' is a closed convex cone, then the variational inequality
problem (1.4) is equivalent to the well-known complementarity problem of
mathematical programming:

find =z, € C such that T(z.) € C* and (T(x.), x.) =0, (1.5)
where C* = {x € H, (z, y) >0, Yy € C}.

(5) Let P : C — C be a given mapping. If ¢(z,y) = (x — Pz, y — x), then the
equilibrium problem (1.1) is equivalent to finding a fixed point z, € C of P.

(6) Let I be a finite index set. For each i € I, let C; be a given set, f; : C — R
be a given function with C' := [[,.;Cs. For x = (x;)icr € C, we define
x* := () er,ji- The point z, = (x4 )ier € C is called a Nash equilibrium,
if for each ¢ € I the following inequalities hold:

Let us define ¢ : C' x C — R by

d(w,y) =D (fila' ) — fi(@)). (1.7)

icl
Then z, € C'is a Nash equilibrium if and only if z, is a solution of equilibrium

problem (1.1).

(7) Let P, Q be two closed convex subsets of H,C =Q x Pand L:C — C bea
convex-concave function. A point (z.,p.) € C is called a saddle point for the
function L, if the following condition is satisfied:

Letting ¢(w,v) = L(z,p) — L(z,y), where w = (z,y) and v = (z,p), it follows

that the saddle point problem (1.8) is equivalent to equilibrium problem (1.1)
and their sets of solutions coincide.
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There are a substantial number of papers on results for solving equilibrium
problems based on different relaxed notions and various compactness assumptions.
But up to now only few iterative methods to solve such problems have been done
(see, Antipin and Flam [1], Blum and Oettli [2], Moudafi [7], Moudafi et al. [§],
Combettes and Hirstoaga [4], Suzuki [9], Takahashi and Takahashi [10]).

Motivated and inspired by numerical methods developed by Antipin and Moudafi
[1, 7, 8] for optimization and monotone inclusion and the researches of Combettes-
Histoaga [4], Takahashi and Takahashi [10], the purpose of this paper is, by using
viscosity approximation methods, to consider a class of equilibrium problem which
includes variational inequalities as well as complementarity problems, convex opti-
mization, saddle point problem, problems of finding a zero of a maximal monotone
operator and Nash equilibria problems as special cases. Then we propose and in-
vestigate iterative methods for such problems.

For the purpose, first, we recall some definitions, lemmas and notations.

In the sequel, we use x,, — = and z,, — x to denote the weak convergence and
strong convergence of the sequence {x,} in H, respectively.

In a Hilbert space H, for any = € H, there exists a unique nearest point in C,
denoted by Pc(x), such that

le — Peal| < [l —yll, Vy € C.

Such a mapping P from H onto C is called the metric projection. We know that
Pc is nonexpansive. Further, for any x € H and z € C,

z=Polx) e (x—2, 2—y) >0, VyeC.

For solving the equilibrium problem (1.1), let us assume that ¢ satisfies the
following conditions:

(A1) o(x,x2) =0, Vo eC;
(A2) ¢ is monotone, i.e.,
o(z,y) + dy,z) <0, Yo,y € C;
(A3) for any z,y,z € C the functional x — ¢(z,y) is upper-semicontinuous, i.e.,

Jim p(tz+ (1 —t)z, y) < d(x,y), Ve, y, z € C;

(A4) yr— o(x,y) is convex and lower semi-continuous.

The following lemmas will be needed in proving our main results:

Lemma 1.1 [2]. Let H be a real Hilbert space, C' be a nonempty closed convex
subset of H, ¢ : C x C'— R be a functional satisfying the conditions (A1)-(A4),
then, for any given x € H and r > 0, there exists z € C' such that

1
d)(z,y)—i—;(y—z, Z—$> ZO) VyEC
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Lemma 1.2 [4]. Let all the conditions in Lemma 1.1 are satisfied. For any
r >0 and x € C, define a mapping T, : H — C as follows:

1
Tr(x):{zeC:qﬁ(z,y)Jr;(yfz, z—x)>0, YyeC}, =€ H.

Then the following holds:
(1) T, is single-values;
(2) T, is firmly nonexpansive, i.e.,
|Ta = Toyl? < (Thaw = Toy, « —y), Y,y € H,
and so ||Trx — Try|| < ||z —vy||, Va,y € H.
(3) F(T,) = EP(¢), ¥Yr>0;
(4) EP(9) is a closed and convez set.

Lemma 1.3 [6]. Let {a,}, {b.} and {c,} be three nonnegative real sequences
satisfying the following condition:

an+1 < (1= Ap)an + by + ¢ny, V0 > ng,

where ng is some nonnegative integer, {\,} is a sequence in (0, 1) with Y 0> A =
00, by, =o(\,) and 307 ¢p < 00, then lim, .o an = 0.

Lemma 1.4 [5]. Let X be a uniformly convex Banach space, C' be a nonempty
closed convex subset of X and T : C'— X be a nonexpansive mapping with a fized
point, then I — T is demiclosed in the sense that if {x,} is a sequence in C and if
Ty = and (I = T)x, — 0, then (I —T)x = 0.

Lemma 1.5 [3]. Let E ba a real Banach space, J : E — 2F" be the normalized
duality mapping and x,y be any given points in E, then the following conclusion
holds:

llz 4+ yl* < [l2]* +2(y, j(& +y)), Vilx+y) e J(@+y).

Especially, if E = H is a real Hilbert space, then

lz +yl|> < ||z])* +2(y, 2 +y), Yo,y H

2. Main results

In this section, we shall prove our main theorems in this paper:

Theorem 2.1. Let H be a real Hilbert space, C' be a nonempty closed convex
subset of H, ¢ : C x C — R be a functional satisfying the conditions (A1)- (A4),
T : C — H be a nonexpansive mapping with F(T)(EP(¢) # 0 and f : H — H
be a contraction mapping with a contractive constant o € (0,1). Let {ay} be a
sequence in (0, 1] and {r,} C (0,00) be a real sequence satisfying the following
conditions:
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(i) o — 0; Y07 jan =00; [1—-22-| =0 as n— o0

Qn41

(it) 0 <r <ry foralln >0 and Y ;" |rn — rpy1] < 00,

where r is a positive constant. For any given xo € H, let {x,} and {u,} be the
sequences defined by

1
, —(y — - >0, VyeC,
P (un,y) + Tn (Y — Uup Up — ) > Y (2.1)
Tn+l = anf(un) + (1 - a’ﬂ)TU‘TU
for alln > 0. Then z,, — . € F(T)(\EP(¢), where . = Priryngpg)f(2+)-
Proof. First we point out that the sequences {z,} and {u,} generated by (2.1)
are well-defined. Indeed, it follows from Lemma 1.1 that for given xzg € H, there
exists ug € C such that
1
¢(u0,y) + %(y — Up Up — IO) Z 07 vy S Ca

Define z; € H by
x1 = aof(uo) + (1 — ao)Tuo.
By Lemma 1.1 again, there exists u; € C such that

1
P(u1,y) + r—(y—m up —x1) >0, VyeC,
1

Continuing this way, the sequences {z,} and {u,} are obtained.

We divide the proof of Theorem 2.1 into six steps:

(I) First we prove that the mapping Prrynep)f + H — C has a unique
fixed point. In fact, since f : H — H is a contraction and Pr(ryngpg) : H —
F(T)N EP(¢) is also a contraction, we have

I|Peryner@) f(®) — Prerynep@) f W) < allr —yl|, Yo,y € H.

Therefore, there exists a unique z, € C such that . = Ppir)npp(e)f(T«).

(IT) Now we prove that the sequences {z,} and {u,} are bounded in H and
C, respectively. In fact, from the definition of 7} in Lemma 1.2, we know that
Up = Ty, xn. Therefore, for any p € F(T)( EP(¢), we have

lun = pll = T, 20 = T, pl < [l = pll. (2.2)
Therefore, it follows from (2.1) and (2.2) that

|#n+1 = pll = [len(f(un) = p) + (1 = an)(Tun = p)l|

< an|[f(un) = )|+ anllf(p) = pll + (1 — o) |[Tuy — pl|
< apallun = pll + anllf(p) = pll + (1 — an)||un — pl|

< (1= an(l = a))llzn — pll + anllf(p) — pl]

< max{|jzn — pll. ||f() pll}

<.

< maliro—pl, W =5l
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This implies that {z,} is a bounded sequence in H. By (2.2), we know that {u,}
is a bounded sequence in C' and so {T'u,}, {f(un)} both are bounded sequences in
H. Let

M= fg%ﬂlun = || + [Jon = ylI* + 11f wa)l| + T (un)[}, (2.3)

where y € H is some given point.
(IIT) Now, we make an estimation for the sequence {||un4+1 — un||}. By the
definition of 15, u, = T3, ¥n and u, 1 =T, Tny1. Hence we have

(b(unJrla y) + <y — Up41, Un+1 — mn+1> Z 07 Vy € Ca (24)

Tn41

1
¢(unay) + 7“_<y — Un, Un — :L'n> > 07 Vy € C; (25)

n
Take y = tup41 in (2.5) and y = w, in (2.4). Then, adding the resulting inequalities
and noting the condition (A2), we have

Up — Tn Un+1 — Tn41

<Un+1 — Unp, > >0

Tn 7/'nJrl

and hence
Tn

(Ung1 = Un, Up — Upt1 + Unp1 — Ty — (Unt1 — Tnt1)) > 0.

Tn41
This implies that

Tn

)(“n+1 - $n+1)>

Tn

||Un+1 - Un||2 < <un+1 — Up, Tptl1 — Tp + (1 -
7/'nJrl

< llwngr = unl[{llenss = 2all + 1= =] flungr = 2}

Thus, by the condition (iii), we have

T'n

[tn+1 = tnl] < |[Eng1 — @al| +[1 - lunt1 = Zpia|

T+t (2.6)

1
< lTntr — @l + ;|rn+1 —rn| - M.

(IV) Now we prove that ||[Tu, — un|| — 0. In fact, it follows from (2.1) and
(2.6) that

[Zn+1 — 2nll
= |Janf(un) + (1 = an)Tup — an—1f(un—1) = (1 — an—1)Tup1]|
= |lanf(un) — anf(un—1) + anf(un-1) — an—1f(un-1)

+ (1 —an)Tun— (1 —ap)Tup—1+ (1 —an)Tup—1— (1 — ap—1)Ttn_1]|
< o[ f(un) = fun—1)l] + 2]om — a1 [M + (1 — o) || Tun — Tun—1|
< anallun — up—1|| + 2lan — an—1|M + (1 — ap)||[un — up-1|
<(1—an(l—a)llup — up-1l| + 2|an — @n_1|M

Qp—1

1
<(1—-an(l—a)|lz, —zn-1|| + ;|rn —rp—1|M + 20, |1 — | M.

n
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By condition (i), (ii) and Lemma 1.3 we have

lim ||zp41 — @n|| =0, asn — oco.
n—oo

It follows from (2.6), (2.7) and the condition (ii) that
[|unt1 —un|| — 0, as n — oo.
Since a, — 0 and {f(un)}, {Tun} both are bounded, from (2.7), we have
20 — Tanll < ko — 2ns1l] + l3ns1 — Tl
< lzn = @naall + anl[f (un) = Tun|| — 0.
Furthermore, for any p € F(T) (| EP(¢), from Lemma 1.2, we have
llun = pII? = ||Tv, 20 — T, plI?

<(Ty,xzn — Ty, p, Tn —p)
= (Uup — p, Tn — D)

1
5 Ulun =PI + [lzn = pII* = llen — unl[*}.
Hence we have
llun = plI* < [lon = plI* = [Jon — unll*.
From the convexity of function z +— [|z||> and (2.10), we have
et = pl* < anllf(un) = plI* + (1 = an)||Tun — pl|?
< a|f (un) = pII* + (1 = an)lJun — pl|?

< ol f(un) = pI? + (1 = an){llon = pl* = [Jon — ual|*}

and so
(1 — ap)l|lzn — Un||2

<z = plI?* = llznsr = pl* + anllf (un) = pl|?

259

(2.7)

(2.8)

(2.9)

(2.10)

< (len = pll = llenss = plD)(len = pll + [[@nt1 = pll) + anllf (un) = pl|?

< (len = @[ (|lzn = pll + [lonr1 = pl) + ol f (un) = plf?,

Since ay, — 0, {x,} and {f(uy,)} are bounded and ||z, — zp41]| — 0, we have

[|Zn —un|| = 0 as n — oo.
Therefore from (2.9) we have
| Ttn, — un|| < [|Tun — @n|| + [|2n — unl| — 0.

The desired conclusion is proved.
(V) Now, we prove that

limsup(f(x.) — s, Tn —x4) <0,

n—oo

(2.11)

(2.12)
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where 2. = Ppryneps)f ()
In fact, we can choose a subsequence {z,,,} C {z,} such that

lim (f(2s) = Tu, T, — Tx, ) = Hmsup(f(2.) — T4, Tn — 24). (2.13)
nj—00 n—oo
Since {uy, } is bounded, without loss of generality, we can assume that u,,;, — w € C.
By (2.12), |[Tun; — un,|| — 0. It follows from the demiclosed principle (see Lemma
1.4) that Tw = w and Tu,, — w.
Next, we prove that w € F(T)NEP(¢). For the purpose it is sufficient to prove
that w € EP(¢). In fact, since u,, = T}, 2, we have

1

n

It follows from the condition (A2) that

1
_<y — Up, Un — mn> 2 ¢(ya Un)
Tn
and so
Up, — T,
<y — Unpy, n; n;j > > d)(y, Unj)- (214)
Tn;
Since ||unj7‘—.xnj|| < [fen, ;x”j 1, 0 and un; — w, by virtue of the condition (A4),
we have
o ) Up, — T,
liminf ¢(y, upn;) < Lm (y — uy,,, ——) =0,
n;j—00 nj— o0 Tn,
ie.,
o(y,w) <0, VyeC. (2.15)

For any t € (0,1) and y € C, let yx = ty + (1 — t)w. Then y; € C and so we have
oy, w) < 0. It follows from the conditions (A1), (A4) and (2.15) that

0=o(ye, 1)
< to(ye, y) + (1 — 1) (yr, w)
< to(yr,y)-
This implies that ¢(y:,y) > 0 for all ¢ € (0,1). Letting ¢ — 0+, by the condition

(A3), we have
p(w,y) =20, VyeC.

This shows that w € EP(¢) and so w € F(T) N EP(¢).
Since . = Pprynppg)f(T+), un; — w and |[u, — z,|| — 0 (see (2.11)), we
have

Emsup(f(zs) — Tu, Tn — 2e) = lm (f(24) — Tu, T, — )
= lm (f(zs) = s, Un; — (Un; —Tpn;) —2+) (2.16)
n;—oo

= (f(m2) = 20, w— ) 0.
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The desired conclusion is proved.
(VI) Finally, we prove that =, — x, as n — oo. In fact, it follows form (2.1)
and Lemma 1.5 that
|zn41 = 2u][? = llon (f(un) = 24) + (1 = an) (Tup — )|
<(1- O‘n)QHTUH - :c*||2 + 200 (f(Un) — Tu, Tn1 — Ts)
< (1= an)?|Jun— 2 |24 200 (f (un) = f(2) + f(22) = Ty Tpgr — @)
< (1= an)?[lun — 2] |* + 20n0al[un — 24| - o — 2]
+ 20én<f($*) — Txyy Tp4l — $*>
<(- O‘n)QHUn - x*||2 + anadf]|un — .

+ 200 (f(24) — Tuy s Tpg1 — Tu)

17+ llensr — 22}

and so, from (2.2),

2000 (f (T4) = Tuey Tng1 — Tu)
1—a,«
2an<f($*) — Txy Tp41 — I*>

1 — ana '

(1—an)? + ana
1—aya
(1 — an)? + ana

1—apa

llznss = zl* < llun — @.[* +

(2.17)
|z — .| +

Since a,, — 0, for any € > 0, there exists a nonnegative integer ng such that
1-—aa, > % for all n > ng. Note that

(1 —an)? + ana < 1—an+a?

1—a,« - 1 -apa

a? (2.18)
1—a,«
< (1 —an(l—a))+2a2, Vn>ng.

<(l-a,(1-a))+

Thus, substituting (2.18) into (2.17) and noting (2.3), we have

1 — @2 < (1= an(l = @))len — .| +202M

L 2anlf @) =@, T = :E*>7 Vi > o, (2.19)
1—aya

where M = sup,, 5 ||zn — 2|
Let
Yo = max{0, (f(x.)— s, Tny1 —2s)}, Yn >0.

Then ~, >0, Vn > 0.

Next, we prove that
Vn — 0. (2.20)

In fact, it follows from (2.16) that for any given £ > 0, there exists nq > ng such
that
(f(e) = Ty, Tny1 —24) <€, Yn >ny.

and so we have
0< v, <e, Yn>ny.
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By the arbitrariness of ¢ > 0, we get v, — 0. By virtue of {v,}, we can rewrite
(2.19) as follows:

llznss — 2]

. (2.21)
<(1—=an(l—a)||lzn — z||” + 20 M + 4oy, Vn > ng.

Therefore, taking a,, = ||z, — 2«||?, An = an(1 — ), b, = 202 M +da, v, ¢ =0,

by Lemma 1.4 and the conditions (i)—(ii), the sequence z, — x, as n — oco. This

completes the proof. O
From Theorem 2.1, we can obtain the following results:

Theorem 2.2. Let H be a real Hilbert space, C' be a nonempty closed convex
subset of H, T : C — H be a nonexpansive mapping with F(T) # 0 and f: H — H
be a contraction mapping with a contractive constant o € (0,1). Let {ay} be a
sequence in [0, 1] satisfying the following conditions:

an — 0; Zan:oo; |1 — On | — 0.
n=0 On+1
For any xo € H, let {x,} be the sequences defined by
Tnt1 = Qnf(un) + (1 — an)T(uy), Yn >0, (2.22)

where u, = Poxy, for all n > 0 and Pc is the metric projection from H onto C.
Then xp, — x. € F(T) as n — oo, where x. = Pppy f(x.).

Proof. Taking ¢(x,y) = 0 for all z,y € C and {r,} = 1 foralln > 1in
Theorem 2.1, then we have

(Y — Un,y Up — ) >0, Vye€C.

This implies that u,, = Pcx,. Therefore, the conclusion of Theorem 2.2 can be
obtained from Theorem 2.1 immediately. O

Theorem 2.3. Let H be a real Hilbert space, C' be a nonempty closed convex
subset of H, ¢ : C x C — R be a functional satisfying the conditions (A1)-(A4)
such that EP(p) # 0 and f : H — H be a contraction mapping with a contractive
constant o € (0,1). Let {a,} be a sequence in (0, 1] and {r,} C (0,00) be a real
sequence satisfying the following conditions:

(i) an =0 S gan =00 1 — 2] = 0;

(it) 0 <r <ry foralln >0 and > o7, |rn — rag1| < 00.

For any xo € H, let {z,} and {u,} be the sequences defined by

1
oy — ) >
¢(Un7y) + T (y Un Un In) >0, vyeC, (2.23)

Tn+l1 = anf(un) + (1 - an)unv
for alln>0. Then x,, — x. € EP(¢) as n — 00, where x» = Pgp(y)f(2+).
Proof. Taking 7' = I in Theorem 2.1, then F(T') = H and so Ppr)yngp(s) =

Pgp(g)- Therefore, the conclusion of Theorem 2.3 can be obtained from Theo-
rem 2.1. O
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