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Differential sandwich theorems for certain
subclasses of analytic functions

C. SELVARAJ* AND K. R. KARTHIKEYANT

Abstract. In this paper, we generalize the well known differential
operator by using a generalized hypergeometric function. By applying
this operator, we introduce a new class of non-Bazilevi¢ functions and
derive subordination and superordination results for the class in the unit
disk. Relevant connections of the results presented in this paper are also
pointed out with various other known results.
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1. Introduction, definitions and preliminaries

Let H be the class of functions analytic in the open unit disc i = {z :| z |< 1}. Let
H(a,n) be the subclass of H consisting of functions of the form f(z) = a + a, 2" +
Apy12" T+ L
Let

An={f€eH, f(z) =2+ an+1zn+1 + an+2zn+2 +...)

and let A = A;. Let the functions f and g be analytic in &Y. We say that the
function f is subordinate to g if there exists a Schwarz function w, analytic in U
with w(0) = 0 and | w(z) |< 1 such that f(z) = g(w(z)) for z € U. We denote
it by f(2) < g(2). In particular, if the function ¢ is univalent in U, the above
subordination is equivalent to f(0) = g(0) and f(U) C g(U). Let p,h € H and let
é(r,s,t;2) : C3 xU — C. If p and d)(p(z),zp/ (z),zQp” (2); z) are univalent and
if p satisfies the second order superordination

h(z) < ¢(p(2), 2p (2),2°p (2); 2), (1)

then p is a solution of the differential superordination (1). (If f is subordinate to
F, then F is called to be superordinate to f) An analytic function ¢ is called a
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subordinant if ¢ < p for all p satisfying (1). A univalent subordinant § that satisfies
g < q for all subordinants ¢ of (1) is said to be the best subordinant. Recently
Miller and Mocanu [7] obtained conditions on h,q and ¢ for which the following
implication holds:

h(z) < ¢(p(2),2p (2), 2% (2); 2) = q(z) < p(2).

With the results of Miller and Mocanu [7], Bulboaca [3] investigated certain classes
of first order differential superordinations as well as superordination-preserving in-
tegral operators [4]. Ali et al.[2] used the results obtained by Bulboaca [4] and gave
the sufficient conditions for certain normalized analytic functions f to satisfy

2f (2)
f(2)

where ¢ and ¢o are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.
Shanmugam et al. obtained sufficient conditions for a normalized analytic functions

f to satisfy
0 < 2k <)

< QQ(Z)

q1(z) <

and
2f(2)
QI(Z) = (f(Z))2 < QQ(Z)

where ¢; and g9 are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.
The Hadamard product of two functions f(z) = z + Y .-, anz" and g(z) = z +
oo o bpz™ in Alds given by (f * g)(2) =2+ >0y an by 2™

For complex parameters aq, ..., ag and

Bi,...,0s (B; €C\Zy;Zyg =0,—-1,-2,...5j=1,...,9),

we define the generalized hypergeometric function ¢Fs(ai, ..., ag Bi, ..., Bs;2)
by

qu(ah ag, ..., aq;ﬁhﬁQa 76&72):7§H%

(¢ <s+1;q,s €Ny =NU{0}; z €U),

where N denotes the set of positive integers and (x), is the Pochhammer symbol
defined in terms of the Gamma function I' by

@) CT+k) 1 if k=0
TET @) e D@+2) . @rk—1) ifkeN={12,...}

Corresponding to a function Gy (a1, f1; 2) defined by

gq,s(ah ﬁh Z) = Zqu(ah ag, ..., aq§ ﬁh ﬁQa ey BMZ) (2)
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We now define the following operator DY (a1, 81)f : U — U by
Dg\(ala ﬁl)f(z) = f(Z) * gq,s(ala Br; z)

D(a1, B1) f(2) = (1= N (f(2) % Gy, s, Br; 2)) + A2(f(2) % Gy, o1, B1; 2)) (3)
DY (a1, $1)f(2) = DA(DY ™ o, $1)f(2)) (4)
If f € Ay, then from (3) and (4) we may easily deduce that

(1)n—1 ... (0g)n—1 anz"

(51)71—1 e (ﬁS)n—l (n -1

where m € No = NU{0} and A > 0. We remark that for a choice of the parameter
m = 0 the operator DY (a1, 81)f(2) reduces to the well-known Dziok- Srivastava
operator [5] and for ¢ =2, s = 1; ag = (1, ag = 1 and A = 1, we get the operator
introduced by G. S. Saldgean [9]. Also many (well known and new) integral and
differential operators can be obtained by specializing the parameters.
Now we introduce the following;:

For 0 <~ < 1, a function f(z) € A is said to be in N7"(a1, 815 7; ¢) if and only if
it satisfies the condition

DY (o, B1)f(2) =2+ [L+ (n—1)A]" (5)

z

" (ay, B

/ 14y
Rt 1) (pogrp) <9k Yeeu.  ©

For the choice ¢(z) = %, m=0,9g=2,s=1a; = (1, as = 1. The class

N (aq, B v; ¢) reduces to N(v) (0 < v < 1) introduced recently by Obradovié
[8]. He called this class a non-Bazilevi¢ type. Until now, this class was studied in a
direction of finding necessary conditions over v that imbedding this class into the
class of univalent functions or into the class of starlike functions, which is still an
open problem.

The purpose of this paper is to derive subordination and superordination results
for the class N"(a1, f1; v; ¢). In order to prove our subordination and superordi-
nation results, we make use of the following known results.

Definition 1. [7] Denote by Q the set of all functions f that are analytic and
injective on U — E(f), where

B(f) = {Ceau : lim f(z) = oo},

and are such that f (¢) # 0 for ¢ € U — E(f).
Theorem 1. [6]If -1 < B < A< 1, g€ C\ {0} and the complex number n
satisfies Re(n) > —0(1 — A)/(1 — B), then the differential equation
2q (2) 1+ Az
Bq(z)+n 1+ Bz’

has a univalent solution in U given by

q(z) + Vzel

ZB+n (1+BZ)B(A*B)/(B) .
B JZ t(B+n=1)(14Bt)B(A=B)/B dt - %’ ZfB 7& 0

Q(z) = 2B+ ox Az .
p(BAz) _n ifB=0
B 7 tBBtn=D exp(BAz)dt B’ ’
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If p(z) = 14 c12 + 2% + ... is analytic in U and satisfies

zp (2) 1+ Az

=< Vzel,
p(z) + Op(z)+n 1+ Bz i
then -
z
p(z) < q(z) < 7 B> Vel (8)

and q(z) is the best dominant of (8).
Theorem 2. [7] Let the function q be univalent in the open unit disc U and 6
and ¢ be analytic in a domain D containing q(U) with ¢(w) # 0 when w € g(U).

set Q(2) = 24 (2)9(a(2)), h(z) = 6(4(2)) + Q(=). Suppose that

1. @Q is starlike univalent in U, and

2. Re(g((;))) >0 forz€lU.

If ) /
0(p(2)) + 2p (2)0(p(2)) < 0(a(2)) + zq (2)¢(a(2));
then p(z) < q(z) and q is the best dominant.

Theorem 3. [4] Let the function q be univalent in the open unit disc U and ¥
and ¢ be analytic in a domain D containing q(U). Suppose that

1. Re(i(((f((j))))) >0 forz €U and

2. 2q (2)(q(2)) is starlike univalent in U.

If p € H]q(0),1] N Q, with pd) C D, and I(p(z)) + zp (2)d(p(2)) is univalent in U
and

Ia(2)) + 24 (2)6(a(2)) < I(p(2)) + 2p (2)(p(2)),
then q(z) < p(z) and q is the best subordinant.

2. Subordination and superordination for analytic functions

Theorem 4. Let § be a non-zero complex number and let the function q(z) be
24 (2) is

q(2)

analytic and univalent in U such that q(z) # 0,V z € U. Suppose that

starlike univalent in U. Let

"

') 4 (2)
ORC) }>0

1
Re{g q(z)+ 1+

and

, . 14~
WY (o, B, 6, f)(2) = (DX (e, B1) f(2) (W)

aq, 51
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1"

2(DY (a1, B1) f(2))
(DY (o, B1)f(2))

If q satisfies the following subordination:

+6

raen(i-Apae e

/

B (o, 51,0, 1)() < o) + 64 )
then for 0 <y <1,
; 5 147
(DX (a1, 1) f(2)) (W) < q(z) (11)

and q is the best dominant.
Proof. Let the function p be defined by

z

14y
p(z) = (DY (a1, B)F()) (W) (cells 24 0; f e A)

By a straightforward computation, we have

zp (2) [Z(DT(QL B1)f(2))

"

(= ﬁ1>f<z>>/)]_

p(2) (DY (o, Br)f(2)) Dy (ou, B1)f(2)
By setting 5
O(w) :=w and d(w) = o’

it can be easily verified that # is analytic in C, ¢ is analytic in C \ {0} and that
d(w) #0 (w e C\ {0}). Also, by letting

Q2) = 2q (2)6la(2)) = 572

and

) = 0a(=) +Q(2) = a(2) + 52 (z),

We find that Q(z) is starlike univalent in ¢/ and that

Re(Zh,(Z)) - Re{% q(z) +1+ Z;,”(Z) - Zq’(z)} >0

Q(2) (2)  a(2)
Assertion (11) of Theorem 4 now follows by an application of Theorem 2. O
For the choices g(2) = -1 22 1< B < A<1land ¢(2) L2
r i = — n =
or the choices g(z) = 7, < <1land ¢(z T )

0 < p <1, in Theorem 4, we get the following results.
Corollary 1. Let 6 be a non-zero complex number and assume that (9) holds.

If f € A and

1+ Az (A— B)z
1+ Bz (1+ A2)(1+ Bz)

qjt\n(alaﬁlv& f)(Z) =
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where Y (a1, 1,0, f) is defined as in (10), then for 0 <~y <1,

i , 5 4 Az
(DX (o, B1)f(2)) (W) 178

d 14+ Az
an

14 Bz

Corollary 2. Let 6 be a non-zero complex number and assume that (9) holds.

If f € Aand

is the best dominant.

. 5
W s N0 < (15) + ey

where WY (ay, (1,6, f) is defined as in (10), then for 0 <~y <1,

o8 6 (o)~ ()

1 122
and (1 + Z) 18 the best dominant.

Theorem 5. Let -1 < B < A<1,0<+y<1andd e C\Z, (Z, =
{07717727 cee }) If

, P 14+~
(DY (e, B)F(2)) <W) (12)

"

(DP (n, ) (2)) ( z(D;ﬂ(al,m)f(z))’ﬂ _
”{ Dytan, ) TN Thian, s )] ST B
then
, 14+~ 1 A
O I (e ) <0< g veeu (3
where §21/5 (14 B2)(A=B)/ () B 40
_ ) T3 (1B (A-B)/3B >
ey = { Fe s R 70 )

Jg t(=9/3exp(Az/5) dt’

and q(z) is the best dominant of (13).
Proof. We define p(z) by

. 14
)f(z)) (z€eU; z#0; f € A)

p(z) = (DV(an, B1)f(2)) (W

We notice that p(z) = 1+ ¢12 + 222 + ... is analytic in U. By a straightforward
computation, by using 12 we have

2p(2) 1+ Az
o p(2) = 1+ B2’

p(z) + VzeU.
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Hence by using Theorem (1), we get

1+ Az

11B,; €U

p(z) < q(2) <
where ¢(z) is given by (14) for 8 = } and 7 = 0 and is the best dominant. This
completes the proof of Theorem 5. O

Fory =1, m=0,q=2,s =1, a1 = 1 and az = 1, we have the following
corollary:

Corollary 3. Let -1 < B< A<1landé e C\Z; (Z; ={0,-1,-2,...,}).
If
21 (2) [Zf"(Z) ( zf’<z>)] 15 Az
5 _
cor e U T ) St
then 2 (2)
z2f (z 1+ Az
(f(z))2 <q(z) < 7 B> Vzel,

where q(z) is the best dominant and is given by (14).
Next, by appealing to Theorem 3 of the preceding section, we prove the following:
Theorem 6. Let § be a non-zero complex number and let q be analytic and
24 ()

univalent in U such that q(z) # 0 and 3(2) starlike univalent in U.

Further, let us assume that

Re[?] > 0. (15)

If feA,

z I+
W) € H[g(0),1]NQ

and ¥V (aq, £1,0, ) is univalent in U, then

0 £ (DY (e, 61)f(2))'<

2q (2)

q(2)

Q(z)+6 <\IIK/L(Oélaﬁla(saf)

implies
, P 14y
z) < (DY (ayq, z - 16
and q is the best subordinant where WY (aq, 1,9, f) is defined as in (10).
Proof. By setting
)
Y = d = —
(Wi=w ad  ow)=
it can be easily verified that 1 is analytic in C, ¢ is analytic in C\ {0} and ¢(w) # 0

(w € C\{0}). By the hypothesis of Theorem 6, zq (z)$(q(z)) is a starlike (univalent )
function and

/

V) _ p [q(Z)

Re etz = _] >0

0
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Assertion (16) of Theorem 6 follows by an application of Theorem 3. O
Combining Theorems 4 and 2, we get the following sandwich theorem.
Theorem 7. Let § be a non-zero complex number and let g1 and go be univalent

in U such that q1(z) # 0 and g2(z) # 0, Vz € U with qu((z) and 2qy(2)
q

1(z q2(2)
being starlike univalent. Suppose that q1 satisfies (15) and g2 satisfies (9). If f € A,

z 14y
yoarmenried BRI

U (a1, b1, 9, f) is univalent in U, then

(DY (ar, B)F(=)) (

qull((;)) LU, B, 8, f)(2) < qa(2) + 57%()

alz) +9 q2(2)

implies
z

’ 1+
q1(z) = (DX'(a1, B1)f(2)) <m> < q2(2)

and q1 and g2 are the best subordinant and the dominant, respectively.

When vy =1, m=0,qg=2,s =1, a1 = 31 and as = 1, we have the following
corollary

Corollary 4. [10]/Let 6 be a non-zero complex number and let ¢1 and g2 be

univalent in U such that q1(z) # 0 and q2(z) # 0, (z € U) with Zq(h((zz)) and
1

265(2) being starlike univalent. Suppose that g1 satisfies (15) and qo satisfies

q2(2)
(9). If f € A,

’

22f(2)
{1}

Uyf(z) = 2 (22) +5{Zf ) + 2(1 - fo(g))]

€ H[q(0),1] NQ,

and

is univalent in U, then

Q1(Z) +6 Q1(Z) < ‘II)\ (a17ﬁ1;67f)(2) = qQ(Z) +6 QQ(Z)
implies
R A C N
a1(2) < 7o) < q2(2)

and q1 and qo are the best subordinant and the dominant, respectively.

Acknowledgment

The authors thank the referees for their valuable comments and helpful suggestions.



DIFFERENTIAL SANDWICH THEOREMS 319

References

1]

2]

F. M. AL-OBOUDI, On univalent functions defined by a generalized Salagean
operator, Int. J. Math. Math. Sci. 2004(2004), 1429-1436.

R.M. ALl ET AL., Differential sandwich theorems for certain analytic func-
tions, Far East J. Math. Sci. 15(2004), no. 1, 87-94.

T. BULBOACA, Classes of first-order differential superordinations, Demonstra-
tio Math. 35(2002), 287-292.

T. BULBOACA, A class of superordination-preserving integral operators, Indag.
Math. (N.S.) 13(2002), 301-311.

J.Dziok, H. M. SRIVASTAVA, Classes of analytic functions associated with the
generalized hypergeometric function, Appl. Math. Comput. 103 (1999), 1-13.

S.S. MILLER, P. T. MOCANU, Univalent solutions of Briot- Bouquet differen-
tial equations, J. Differential Equations 56(1985), 297-3009.

S.S. MILLER, P.T.MOCANU, Subordinants of differential superordinations,
Complex Var. Theory Appl. 48 (2003), 815-826.

M. OBRADOVIC, A class of univalent functions, Hokkaido Math. J. 27(1998),
329-335.

G. S. SALAGEAN, Subclasses of univalent functions, in: Complex analysis—fifth
Romanian-Finnish seminar, Part 1, Lecture Notes in Math. 1013, Springer,
Berlin, 1981.

T.N.SHANMUGAM, V.RAVICHANDRAN, S.SIVASUBRAMANIAN, Differential
sandwich theorems for some subclasses of analytic functions, Aust. J. Math.
Anal. Appl. 3(2006), Art. 8, (electronic).



