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ABSTRACT

The paper presents a family of cycloidal cyclical surfaces,
which are created by a movement of a circle alongside the
special spatial cycloidal curve, where the circle is located
in the curve normal plane and its centre is on this curve.
The spatial cycloidal curve can be created by simultaneous
revolution of a point about three different axes 30,20 and
10 in the space. The form of the cycloidal curve and also
of the cycloidal cyclical surface depends on the relative
position of the three axes of revolutions, on multiples of
angular velocities and orientations of separate revolutions.

Cikloidne kruzne plohe
SAZETAK

Clanak predstavlja porodicu cikloidnih kruznih ploha koje
nastaju gibanjem kruZnice duZ posebne prostorne cikloide,
pri ¢emu kruZnica lezi u normalnoj ravnini te krivulje, a
srediSte joj je na krivulji. Prostorna cikloida moZe nastati
istodobnom rotacijom totke oko tri razli¢ite osi 1o, 20, 3o,
u prostoru. Oblik prostorne cikloide, isto kao i oblik cik-
loidne kruZne plohe, ovisi o medusobnom poloZaju rotacij-
skih osi, kratnosti kutnih brzina i orijentacijama pojedinih
rotacija. lzvedena je analiti¢ka reprezentacija tih ploha,
njihova klasifikacija te neka od geometrijskih svojstava.

The analytic representation, the classification of surfaces
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and some of their geometric properties are derived. It Wieds e, GEnEeE, i e, [pres

torna cikloida, cikloidna ploha
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In the next section there is described the creation of one
type of the cycloidal cyclical surface for particular rélat

A cycloidal cyclical surface can be created by movement Position of the axes of revolutions (Fig. 1).
of a circle alongside a spatial cycloidal curve. The circle Let axis'o be fixed and'o = z in the Cartesian coordi-
is located in the normal plane of the curve and its centre is nate systenfO,x,y,z). Axis 20 skew to'o, 0/"o creates
on this curve. a 1-sheet hyperboloid of revolutional by its revolutionary
movement about axi® with angular velocityw; = v and
The spatial cycloidal curve can be created by simultaneousyjith orientation determined by parametgr(Fig. 2). Axis
revolutions of a point about three different lines, &g’ o 3o that is intersect t8o, 30 x2 0, creates a conical surface
andlo. Trajectories of the poir, which revolves about  of revolution by revolution about ax® with angular ve-
single axes of revolutions are circlél, 2k, 3k located in locity w, = myw; = myv and with orientation determined
the planes perpendicular to the axes of revolufion?o, by parameter, (Fig. 3). Axis®o parallel to’o, %o ||* o,
30. With respect to the relative position of axes of revolu- Créates a cylindrical surface of revolutional by revolving
tions these circles do not necessarily lie in one plane. Form@°0Ut axis'o (Fig. 4). In Fig. 5 there are displayed al

. . . __three surfaces of revolution together. AXis, which re-
of the spatial cycloidal curve is dependent on the relative L :
" . . . volves about two axis simultaneously, about adsand
position of the axes of revolutions, on the orientations of

) ) ) - axis 1o, creates a two-axial suface of revolution of Euler
the single revolutions and on their angular velocities, and type - composite ruled, as decribed in [3], (Fig. 6). This
also on the position of the revolving poiRtwith respect  syrface has six identical branches, because®axisvolves

to the axes of revolutions. Some forms of these curves areabout axis’o with angular velocity, which is 6-multiple of
studied in [1], [2]. angular velocity of revolution of the axf® about axisto.

1 Introduction
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Figure 1 Figure 2

Figure 4 Figure 5 Figure 6

The pointP revolves about axio with angular velocity  the circle?k, which rolls on the circlé'k simultaneously
w3 = mMpW2 = Mpmyv with orientation determined by pa-  (Fig. 10). Form of this spatial cycloidal curve is depen-
rametergs, where perameteis, oz, gz = +1 (if g = +1, dent on the relative position of the axes of revolutidas
i =1,2,3 then revolution is right-handed, ¢f = —1then 24 34 o the orientations of the single revolutions and on
revolution is left-handed). Trajectory of the poRimove- 0 3 g iar velocities, and also on the position of the re-

ment created by its revolution about axXis is circle 'k . . ) .
(Fig. 7), the circlek is the trajectory of the poirfe move- volving pointP with respect to three axes of revolutions.

ment about axigo (Fig. 8) and the circlék is the trajec-  The cycloidal cyclical surface can be created by moving
tory of the point® movement about ax® (Fig. 9). a circle alongside the cune while the circle lies always
The curvek as trajectory of the poirfe composite revolu-  in the normal plane of the curdeand its centre is on the
tionary movement is created by rolling of the ciréleon curve (Fig. 11, Fig. 12-view from above).

Figure 7 Figure 8
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Figure 10

2  Classification of Family of Cycloidal
Cyclical Surfaces

The classification of the family of cycloidal cyclical sur-

Figure 11

Figure 12

3 Analytical Representation of Cycloidal
Cyclical Surface

Let us derive the vector function of the cycloidal cycli-

faces can be done according to the relative position of axescal surface for one particular position of the axes of rev-

of revolutions®o, 20 and'o, which may be parallel, inter-
sect or skew. The distribution of surfaces within the family
is illustrated in the next Graph 1.

Cycloidal cyclical surfaces are distributed in the firstdev
into the three types |, II, Il with respect to the relative-po
sition of the axego ando.

Surfaces in all three subclasses I, II, 1l are distributed i

the second level into the three types 1, 2, 3 with respect to

the relative position of the axés and?o.

olutions and for one special position of the poivith
respect of these axes, particularly for the surface of type
Il 2 a. Derivation of the vector function of all other types
of surfaces is analogous.

Let the axes of revolution be in the following relative po-
sitions: Yo = z20/%0 (skew),30 x2 o (intersect), %o ||* o
(parallel). The position of axi%o in the plane parallel to
the coordinate planez), 20 c V, V || v, is determined by
parametersly, dz,ds, which determine the position of the
intersection points of axi$o with the coordinate planes

Finally, in the third level, each subgroup of types 1, 2, 3 can (xy) and(y2) in the Cartesian coordinate systé@ x, y, z).

be further classified with respect to the relative positibn o
the axes’o andointo types a, b or c.

Tiesof
| | |
[13%0u% ] [2%x%] [3 /%]
a on | Hboxo] Hb oxo]
c ‘ol ] c ‘oo ]
| | |
[1 520 ] [23x%] [3 3%/%]
b Jox'o| Ha 3ouo] Ha ouno]
c Poilo ] H b oxo] Hb oxo]
c ‘ol ] c ‘oo ]
| | |
[1 %] [2%x%] [3 3%/%]
b ‘ox'o ‘ a 3oulo ‘ a 3oulo ‘
¢ ollo ] Hbox'a] Hb  oxo]
collo] Yol
Graph 1

T2 (W2(v),02)

Thena = arctand—3 is the angle formed by axf® with the
1

coordinate planéxy) and the position of axio is deter-
mined by parametet,, which is the distance between axes
3o andlo, (Fig. 1).

The revolution about axi% with angular velocityw; = v,
in the direction determined by parametgr= +1, is rep-
resented by matrix

(€]

where the matrixT;(w1,q1) represents revolution about
axiszby anglew; in the direction determined by parameter
gx and fori = 1 it can be derived from (2)

Tl (W]_(V), ql) = TZ (le ql) P

cosw; gisiny 0 O
—qgisinwy, coswy, O O

TZ(\NIaqi) = qIo l 0 l 1 0 (2)
0 0 0 1

The revolution about axido with angular velocityw, =
muwyi, in the direction determined by parametgr= +1,
is represented by matrix

T(—d1,—0d2,0) - Ty(a,+1) - Tx(W2,02) -
'Ty(a7_1)'T(d17d27o)v (3)
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where the matriX'y (o, £1) expressed in (4) represents the The cycloidal cyclical surface can be created by movement

revolution about axiy by anglea in positive or negative

direction, matrixTx (W2, 02) represents revolution about
axis x by anglew, = myv in the direction determined by
parameter (5), matrix T (£d1, +d2, 0) represents trans-
lation with translation vectof+d;, +d, 0) in (6).

cosa 0 +sina O
0 1 0 0
Ty(a,£1) = Fsina 0 coxx O |’ )
0 0 0 1
1 0 0 0
| 0 cosw gpsinwe O
Tx(Wa,02) = | —gpsinve,  cosw, 0 |° ()
0 0 0 1
1 0 0O O
0 1 0O O
T (£d;, +dj, +dk) = 0 0 1 0 (6)
+di +d; +d¢ 1

The revolutionary movement of the polt= (Xo, Yo, Z0,1)
about axis®o with angular velocityws = mpw, = mpmv
and in the direction determined by paramaige= +1 is
represented by matrix

T3 (ws(v),03) = T (0,—d2,0)- T,(ws,q3) - T (0,d2,0), (7)

where matrixT (0,£d2,0) in (6) represents translation
with translation vectof0,+d,,0), and matrixT;(ws,g3)
is fori = 3 represented by (2).

A vector function of the cycloidal curvk created by si-
multaneous revolution of the poiRt= (o, Yo,20,1) about
axes’o, 20 andlois

r(v)=R-T3(Ws(v),qs) - T2(Wa(v),02) - T1(wi(V),q1),
ve (0,2, (8)

where T3 (w3(V),03), T2(Wa(v),02), T1(wi(v),q1) are
matrices of particular revolutions expressed in (6), (B), (
andR(xo, Yo,20,1) is the positioning vector of the poift

of the circlec’ = (P,r) with centreP and radius alongside
the curvek so that the circle is located in the normal plane
of the curve in the poin® € k, which is determined by ba-
sic normaln and binormab to this curve. Vector function
of this surface is

P(u,v) =r(v)+c(u)-M(v), ue(0,2m,ve (0,2m, (10)
wherer (v) is vector function of the cycloidal curdeex-
pressed in (8)¢(u) = (0,rcosu,rsinu) is vector function
of the circlec with centre in the origin of the coordinate
system(O, x,y,z) and radiug, located in the coordinate
plane(yz). Matrix

t1 to t3

0
n n ng O
0
1

M(v) = (11)

bt by b3
0O 0 O

transforms the circle on the circlec’ with the centre in
the origin of the coordinate systefR,t,n,b) and radiug
located in the normal plan@b) of the cycloidal curvékin

the pointP. Entries of the first row of this matrix are co-
ordinates of the unit vector of the tangénentries of the
second row are coordinates of the unit vector of the basic
normaln and the entries of the third row are coordinates
of the unit vector of the binormdl expressed in equations
(9), (Fig. 13).

Figure 13

The form of the cycloidal curvé& and created cycloidal

Let the new coordinate system be defined at the arbitrarycyclical surface changes in dependence on the relative po-

regular pointP € k, identical to the trihedrofP,t,n,b) de-
termined by tangertt basic normah and binormab to the
curvek with unit vectors expressed in (9).

_ _ 'V
t(V) = (tl,tz,tg) = W,
n(v) = (N1, Nz, N3) = |:,,EX§| :
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sition of the axes of revolutions that are determined by
parametersl;,i = 1,2,3. Surface hasmy identical exter-
nal branches, where every branch hasdentical internal
branches. Poir® revolves about axido with angular ve-
locity ws, which ismp-multiple of the angular velocity,

of the revolution about ax® andws is my-multiple of the
angular velocityw; of the revolution about axiso. Many
different forms of cycloidal cyclical surfaces can be cre-
ated by change of their determining parameters.
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Variations of the surface form are shown by change of (ﬂ 3% % 1) and in Fig. 21 tq{dy, dy, da, 1). Surface
some parameters of the surface of type Il 2 a displayed .. 2 2 3 .
. ) ) with parameteray = 6,mp =4,q2 = +1,93 = +1 is illus-
inFig. 11. Presented surface is determined by parametersrated in Fig. 22, but relative position of the axes has been
m = 6,m =3,q1 = 2 = g3 = +1, then it has 6 exter- :

_ _ changed to positioRo/%0,20 1.1 0 and?o0 13 0. Surfaces
nal and 3 internal branches, and all three revolutions are g P /o

. T ) . in Figures 14 - 21 are displayed by view from above, be-
right-handed. Surface in Fig. 14 is determined by param- .5 ,se in these views the changes of parameters are more
etermp = 6, in Fig. 15 bymy =4,m, = 2, and in Fig. 16

) illustrative.
by my = 3,mp = 4, and there are changes in the number of

external and internal branches. As the conclusion it can be summarised that the presented

family of cycloidal cyclical surfaces serves as an endiessl
In Fig. 17 depicted surface is determined by parametersrich source of inspiration for artistic and design purposes
m =3m=380g=-10=+1,inFig. 18 bygy = +1 Their unusually complex forms obtained in a relatively
andgz = —1and in Fig. 19 by = —1 andgz = —1,then  simple way of composite spatial transformation. Special
there are changes in the orientations of particular revolu-skew symmetry and harmonical periodicity reflect their
tions. simplistic generating priciple based on the naturally basi

In Fig. 20, there is presented surface with parameters igenmovement of our universe, revolution about an axis in the

tical to parameters of surface in Fig. 19, but the position of space. Several surface types from the presented classifica-
' di dy ds tion frame are displayed in the Fig. 23 without commen-

the pointP(xo, Yo, %0, 1) was changed fromi—, =, =%.1)  tary, as the most persuasive evidence.

Figure 17 Figure 18 Figure 19

Figure 20 Figure 21 Figure 22
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112b [13c I11b

I113a 3¢ 1113c

Figure 23
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