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C!-continuous Coons-type blending of triangular
patches

SAZETAK

A Gordon—Coons-type surface construction starts from
three differentiable triangular surface patches, which are
defined on the same triangular parameter domain. If one
boundary curve of each fits a curvilinear triangle, then the
defined surface interpolates to these curves. The connec-
tion between the resulting surface and the constituents is
C! continuous along the common boundary curves with
the exception of the corner points. This surface defini-
tion is an extension of the Gordon—Coons definiton of a
triangular surface patch constructed from three boundary
curves.
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Coonsovo povezivanje klase C! trokutnih dijelova
SAZETAK

Gordon-Coonsova konstrukcija plohe kre¢e od tri diferen-
cijabilna trokutna plosna dijela koji su definirani na iston
trokutnom parametarskom podru&ju. Ako po jedna rubna
krivulja svakog od njih odgovara krivuljnom trokutu, tada
definirana ploha interpolira te krivulje. Veza izmedu do-
bivene plohe i sastavnih dijelova je klase C! du¥ zajednitkih
rubnih krivulja, s izuzetkom vrhova. Ova definicija plohe je
prosirenje Gordon—Coonsove definicije trokutnog plosnog
dijela konstruiranog iz tri grani¢ne tocke.

Klju€ne rijeci: povezivanje ploha, modeliranje ploha,
CAGD

1 Introduction

The presented surface definition is based on aclassical in-
terpolation method, where the constructed function of two
variables has given values on the boundary of a given tri-

angle. The origina formulation of the solution of thisin-
terpolation problem is the following [1].

If the real-valued function F(x,y) is continuous on the tri-
angleT withvertices(0,0), (1,0) and (0, 1) inthexy plane,
then the function given by
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is continuous over T and interpolates to the values of F
on its boundary, i.e. along the curves x =0, y = 0 and
1-x—y=0][3, §8.2].

A geometric interpretation of this interpolation problem
is the construction of Gordon—Coons triangular surface
patches, which is the triangular version of the well-known
construction of rectangular Coons patches [2] extended
in [6]. A Gordon—Coons surface patch is generated by
the above formula from three continuous curve segments
forming aspatial curvilinear triangle, which are the bound-
ary curves of the generated patch. The boolean sum of
convex combinations of three pairs of the given curvesis
corrected with a convex combination of the vertex points

(Fig 1).

(0,1,0)

(0,0,T) v=0  (1,0,0) “ P, 2

Figurel: The parameter triangle and boundary curves.

As the convex combination is invariant with respect to
affine transformations, the standard parameter triangle can
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be transformed affinely, and barycentric coordinates can
be used with respect to a base triangle with the vertices
(0,0,1),(1,0,0) and (0,1,0) [4, §18]. The parameter trian-
gleisdeterminedby 0 <u,vyw<landu+v+w=1 The
three continuous input curves are defined on the bound-
aries of the parameter triangle. Their representing vector
functions are expressed with barycentric coordinates writ-
ten in asymmetric form.

01(0,v,1—v) isdefined over theedgeu =0, g2(u,0,1—u)
over theedgev = 0 and g3(u,1— u,0) over theedgew = 0,
which can be written also as g3(1 — v,v,0) substituting
u=1-w.

If the three curves satisfy the boundary conditions

92(17 07 0) = 93(1a 07 0) = Plv
gl(O, 1, O) = 93(0, 1, 0) = Pg and
gl(ov 07 1) = gZ(Oa 07 1) = P37

then the surface patch given by the vector function

I’(U,V,W):}{li w 01(0,v,1—v) + u gg(l—v,v,O)}

20 u+w u+w

w \Y
+ {ngz(u,O, 1-u)+ H—Wgs(w 1- u70)]

u
—0o(Uu+Vv,0,1—u—v
+|:U+V92( +V, 0, )

Y
—01(0,u+v,1—u—v
AR ETR)

~ Uga(1,0,0) +vg1(0,1,0) + wgz(0,0,1)] },

O<uvw<l u+v+w=1

D

interpolates the input curves along the edges of the param-
eter triangle.

The other surface definition, which we use in our surface
construction, was given for the construction of aC?* con-
tinuoustriangular interpolant in [5] as follows.

If three functions F;, i = 1, 2,3 are C? differentiable on the
triangle T described with the barycentric coordinates u, v
andw, 0 <u,vyw<1, u+v+w=1, and each of them
interpolates one vertex of T and avector field along its op-
posite side, then the function given by

oF _ YWFL VAR + VR

)

is differentiable, and interpolates the values and the first
partial derivatives of the given “underlying” surfaces F1,
F, and 3 (consequently, also the given vector fields) along
the edge u= 0, v= 0 and w = 0 of the triangle, respec-
tively.

This convex combination scheme was applied and inves-
tigated for three differentiable triangular surface patches
defined on the same parameter domain in [7]. However,
the problem ensuring the compatibility conditions for the
input surfaces at the corner pointsis not solved in general.
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Therefore, the continuity of the defined surface at the ver-
ticesis not ensured.

A generdization of the Gordon—Coons surface construc-
tion in (1) was given with three triangular surface con-
stituentsin [8] as follows.

Letrq(u,v,w), ra(u,v,w) andrs(u,Vv,w) be continuousvec-
tor functions defined on the parameter triangle 0 < u,v,w <
1, u+v+w=1, representing three triangular surface
patches with common corner points (Fig 2)

r1(0,0,1) =r»(0,0,1) = Ps,

rl(O, 1,0) = r3(0, 1,0) = Pg,
r2(1a 070) = r3(1a 070) =P1.

Figure2: Three input surface patches and auxiliary
curves.

The weighting (“blending”) functions are

(1— A2
M= e (- awe’
(1— A2
W= e (1’
(1 — 7\,3)V2

T AaWZ+ (1— a2’

where 0 < A1,A2,A3 < 1 are shape parameters of values
between 0 and 1, and at the corner points

M1(0,1,0):=1, w(0,0,1):=1, p3(1,0,0):=1
are required.

Definition 1. The surface patch is defined by the vector
function

1
fluvw) = 3 [Har 1+ (1—pa)ra+pora+ (1— p)ra
+Hars+ (1_ p3)r2_ q(U,V,W)],

©)

where  q(u,v,w) =

VAW2g1(0,v, 1 - V) + UPwPgp(u, 0,1 — u) + uv?g(u, 1 - u,0)

U2W2 + V2W2 + u2\2
O<uvw<l1l u+v+w=1

(4)
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isacorrection term generated from the auxiliary curves g,
02 and g3 over the boundaries of the parameter triangle.

gl(oa \'A 1- V) = [I"l3r3 + (1_ p‘3)r2] (O,v.,lfv) )
92(u,0,1—u) = [para+ (1 —pa)rafyo1-u) »
93(U,1-u,0) = [par2+ (1 - par 1]y 1y 0)

are blended curves over thesidesu=0,v=0and w= 0,
respectively of the triangular parameter domain. ¢

The surface f(u,v,w) matches the boundary curves
r1(0,v,1—v), r2(u,0,1—u) andrz(u,1—u,0),0<u<1,
o<v<1ysg.

The structure of this scheme is similar to that of Gordon—
Coons' construction, where the boolean sum of three con-
vex combinations of the given constituentsis corrected ac-
cording to the interpolation condition. Here the correction
function has the structure of the scheme in (2) and fits the
auxiliary curves:

q(O,V,l—V) = g]_(o,\/,l—V),

q(u,0,1—u) =g2(u,0,1—u),

q<1—V,V70) = Q(U,l—U,O) =
03(1—V,v,0) = g3(u,1—u,0).

The connection between the resulting surface and the in-

put surface constituentsis C° along the common boundary
CUrves.

The shape parameters (A1,A2,A3) = A are either specified
by the user, or can be determined from afairing condition.
We have used the linearized thin plate energy function with

f(u,v) = (U vW) |y v

EQ) =~ [([B+2B+B)da A=0YxPY. ©§

The optimal values of A1, A, and A3 are computed by min-
imizing E(A). (In the equations the indices u and v de-
note the partial derivatives with respect to u and v, respec-
tively.) Theintegral has been approximated by an integral
sum computed at 9 inner points, and the numerical min-
imization has been carried out by the symbolic algebraic
program package Mathematica.

For drawing triangular patches with Mathematica the pa-
rameter triangle had to be transformed into a rectangle by
substitutingu =t — <, v= 4, s;t € [0,1]. Therefore, the
patches appear in the figureswith sand t parameter lines.

2 Examples

In Fig 3 three triangular surface patches are shown, which
are defined as quadratic Bézier surfaces. One auxiliary
curve and the correction term q(u,v,w) is shown in Fig
4 andin Fig 5, respectively. The resulting surface defined
in (3) isshownin Fig 6. It joins to the input surfaces with

CO continuity along their connection curves.

Figure 3:
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Figure 4:

Figure5: The correction function defined from the auxil-
iary curves.
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Figure6: The resulting surface.
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3 C! continuous blending surface con-
structed from differentiable patches

In this chapter a new definition of a triangular Gordon—
Coons-type surface patch will be given. It isdetermined by
three differentiable triangular patches, where three bound-
ary curves, one of each patch, form a curvilinear triangle.
The resulting patch fits these boundary curves and has a
C!-continuous connection to the given constituents along
them.

Now we investigate the partial derivatives of the vector
function defined in (3) along the edges of the parameter
triangle T. Computing the partial derivativeswith barycen-
tric coordinates we get the following.

Alongtheedgeu=0f, =ryy, fw =rwand

fu= [r1u+ (Marau+(1— ua)rm)} . (6)
AIongtheedgev:Ofu:rzU,fW:rz\;and
fy = {VZV-F (Marv+ (1— Hl)rBV)] o (7
AIongtheedgew:Ofu:rgu,f\,:r;,and
fw= {fstr (Horaw+ (1— Hz)rlw)_ - 8

In order to get C! continuous connection between the
resulting surface represented by f(u,v,w) and the con-
stituents

fu |u 0~ rlu’u 0’ fy ’v 0~ r2V|v 0 fW|w:0:r3W’w=O’

must be ensured. For this an additional correction term is
needed in Definition 1. Its value has to be zero along the
boundary curves, and its partial derivatives have to annu-
late the second terms of the partial derivatives in the ex-
pressions (6), (7) and (8). The following vector function
satisfies these requirements

1

5 [k (bsrau+ (1—He)rau) | g

+ K2 (Marav+ (1 —pa)rav) |v=0 ®
+13 (e aw+ (1= H)r aw) |, o]

s(u,v,w) =

with the blending functions

o uv2w? o vUu2wW2 - wu?v2
1= s 2= D 3= D (10)
3 = WP + VWP + UAV2,

Obvioudly,
Ki’u:0:07 Ki’VZozoy Ki|W:0:07 | = 172,3,
K1UIU=0 = 1; K1V|v=0 = 07 K1W’W=0 = 0;
K2u’u:O =0, KZ"|v:0 =1 KZW’W:O =0,
K3u’u=0 =0, K3V|v=0 =0, K3‘"”w=0 =1
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The required surface is defined by extending Definition 1
in the following way.

Definition 2.
1
fuvw) = S [para+ (1= p)ra+perz+ (- k)

+l-13r3+(1_p3)r2] —q(U,V,W) -
O<uvw<1l u+v+w=1
(11)

S(u7 V’ W)7

where g(u,v,w) is defined in (4), s(u,v,w) in (9) with the
weighting functionsin (10) ¢

Considering the computed derivatives, we have obtained
the following theorem.

Theorem 1. Assume that three surface paches are given
by the differentiable vector functionsr 1(u,v,w), r2(u,v,w)
and r3(u,v,w) on the parameter triangle 0 < u,v,w < 1,
u+ v+ w= 1 with common corner points, i.e.

r1(0,0,1) =r»(0,0,1),
r1(07 170) = r3(07 1a0)7
I’g(l,0,0) = r3(l, 0,0).

Then the surface represented by the vector function in Def-
inition 2 interpolates the boundary curves 1|, o, r2|,_,
and r3|W:0, and joins to the corresponding surface patch
C? continuously along the common boundary with the ex-
ception of the corner points.

Proof. The proof follows from the computations above.
However, the compatibility conditions of the differentia-
bility of the resulting surface at the vertices require further
investigations. O

4 Examples

I
/ N D
j ,l,l m'

,,fz;:'a'.zz'?':::
9

C! continuous surface defined from the con-
stituentsin Fig 3.

Figure7:
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In Fig 7 the surface constructed by Definition 2 is shown.
It is generated from the same quadratic Bézier patches as
the surfacein Fig 6. Thereis a visible difference between
the C% and C* results. Whilethe C° surfaceis rather round,
and intersects the constituents, the C* result has common
tangent planes with them along the common boundary
curves. The next two figures illustrate the effect of the
shape parameters A included in the blending coefficients
K, i =123, In the equation of the resulting surface in
Fig 7 the shape parameters have been determined from the
fairing condition by minimizing the energy functionin (5).
The same surface is shown from aside view in Fig 8.

Figure8: Thesurfacein Fig 7 from the side.

In Fig 9 the surface is generated from the same con-
stituents, but the shape parameters have been given as user
inputs. The value of A3 influencing the weight of the given
patch on the right hand side has been raised. Consequently,
the result isless concave in the middle.

Figure9: The surface generated with different shape pa-
rameters.
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Figure 10: An open corner on aprism.

In Fig 10 an open corner on a prism is shown modelled
with triangular Bézier patches. The boundary of the trian-
gular hole is drawn with heavy lines. The constituents in
the surface definition are in the inside of thistriangle. The
neighbouring triangles are coplanar extensions of them.
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Figure 11: The C? resulting surface with the extensions of
the constituents.

The constructed surface is shown in Fig 11. It fits the
boundary and has common tangent planes with the neigh-
bouring surfaces.
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Figure 12: The same solution from a different view.

In Fig 12 the same surfaceis shown from aside view in or-
der to make the comparison with the next examples easier.

The next figures show the shaping effect of the con-
gtituents. In Fig 13 different constituents with the same
boundary curves and tangent planes are shown, the result-
ing C! surfaceis shown in Fig 14.

Figure 13: Constituents with the same boundaries.
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Figure 16: The effect on the inner shape of the resulting
surface.

In Fig 15 the input patch on the lower side has been
changed while keeping its boundary fixed. The result with
these constituents is shown in Fig 16.

5 Conclusions

We have presented a new surface definition, which gen-
erates a triangular patch from three triangular surface
patches. Novel in this definition is that the inner shape of
the resulting surface can be modified by changing the in-
put surface patches while keeping the boundary conditions

fixed. Moreover, new is the introduction of shape param-
eters in the blending functions. This surface construction
can be applied for filling triangular holes which occur in
modelling of composite surfaces.
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