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Common fixed point theorems of different
compatible type mappings using Ciric’s
contraction type condition

G.V.R.BaBU* AND K. N.V.V.VARA PrasaD!

Abstract. The purpose of this paper is to establish mecessary
and sufficient conditions for the existence of common fixed points for
a compatible pair of selfmaps under Ciric’s contraction type condition.
These theorems improve and generalize the results of Mukherjee and
Verma [11] and Jungck [9] to a pair of selfmaps. Also established the
existence of common fixed points for a pair of compatible mappings of
type (B), and obtain a result on the existence of common fixed points
for a pair of compatible mappings of type (A) as corollary. Gregus fized
point theorem follows as a special case to our results.
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1. Introduction

Finding necessary and sufficient conditions for the existence of fixed points is an
interesting aspect. In 1986, Fisher and Sessa [6], established common fixed points
for a pair of selfmaps in which one map is linear and nonexpansive. It was improved
to affine maps by Mukherjee and Verma [11]. Further it is improved by Jungck [9]
to continuous maps for a compatible pair of selfmaps. The aim of this paper is to
find necessary and sufficient conditions for the existence of common fixed points for
a pair of selfmaps under weak commutativity hypotheses using Ciric’s contraction
type condition, which improve and generalize the results of Fisher and Sessa [6],
Mukherjee and Verma [11], and Jungck [9].
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Throughout this paper, X denotes a Banach space with norm || -||; T and I are
selfmaps of X; N is the set of all natural numbers.

Definition 1.1(Sessa [11]). Two selfmaps T and I of X are said to be weakly
commuting if |71z — ITx| < || Tz — Iz| for all z € X.

In 1986, Jungck [8] introduced the concept of compatible mappings as a gener-
alization of weakly commuting maps.

Definition 1.2(Jungck [5]). Two selfmaps T and I of X are said to be compa-
tible if

lim |ITx, —TIx,|| =0

n—oo

whenever {x,} is a sequence in X such that

nlirrolo Tz, = nlirrolo Iz, =t

for some t € X.

Clearly, every weakly commuting pair of maps is compatible, but its converse is
not true [8].

Definition 1.3. Let C be a convex subset of X. A mapping I : C — C' is called
affine if I(ax + By) = alx + Bly for all x, y € C and a, >0 with o+ = 1.

Pant [12] introduced the concept of reciprocal continuity for a pair of selfmaps.

Definition 1.4(Pant [12]). Two selfmaps T and I of X are said to be reciprocal
continuous if

lim TIx, = Tt and lim [Tz, = It

n—oo n—oo

whenever {x,} is a sequence in X such that

lim Tz, = lim Iz, =t forsomete X.

n—oo n—oo

Clearly, every continuous pair of selfmaps is reciprocal continuous, but its con-
verse need not be true [12].

In 1986, Fisher and Sessa [6] obtained the following common fixed point theorem
of Gregus type.

Theorem 1.5(Fisher and Sessa [6]). Let T and I be weakly commuting selfmaps
of a closed convex subset C' of X with T(C) C I(C) and satisfying the inequality

[Tz —Ty|| < a |[lz— Tyl + (1 —a) max{[[lz — Tz, [[ly—Tyll} (1)

forallz, y € C, where 0 < a < 1. If I is linear, nonexpansive in C, then T and I
have a unique common fized point in C'.

In 1988, Mukherjee and Verma [11] improved Theorem 1.5 by using affine map
in place of linear map 1.

Theorem 1.6 (Mukherjee and Verma [8]). Let T and I be weakly commuting
selfmaps of a closed convex subset C of X satisfying the inequality (1) with T'(C) C
I(C). If I is affine, nonexpansive in C, then T and I have a unique common fixed
point in C.

In 1990, Jungck [9] improved and generalized Theorem 1.5, by replacing the
nonexpansive property of I by continuity and weak commutativity by compatibility
in the following way.
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Theorem 1.7(Jungck [9]). Let T and I be compatible selfmaps of a closed convex
subset C of X. Assume that T(C) C I(C) and satisfying the inequality (1). If I is
continuous and linear in C, then T and I have a unique common fixed point in C.

Ciric’s contraction type condition: there exist real numbers a, b, ¢ with
0<a<l1l,b>0,a+b=1, 0<c<nsuch that

[Tx =Tyl < a max{|[lz —Ty[|, c[|[lz =Tyl + [Ty — Tz|]}
+ b max{|[Iz — T[], [Ty — Tyl|} (2)

24+a 2—a 4

for all #, y € X, where n = min{z=2, 3%, 512}

Here we observe that n < %

By choosing I as the identity map, we obtain Ciric’s contraction condition for
a single selfmap T which is introduced by Ciric[2].

In Section 2, we prove a common fixed point theorem (Theorem 2.2) for a
compatible pair of selfmaps, in which one map is affine and continuous satisfying
the Ciric’s contraction type condition (2). Also we improve Theorem 2.2 for a pair
of reciprocal continuous maps. Our theorems generalize the results of Mukherjee
and Verma [11] and Jungck [9]. In Section 3, we prove the existence of common
fixed points for a pair of compatible mappings of type (B), and obtain a result
on the existence of common fixed point for a pair of compatible mappings of type
(A) as corollary. Also, Gregus fixed point theorem follows as a special case to our
results.

2. Main results

Proposition 2.1. Let T and I be selfmaps of X which are compatible and satisfy
the Ciric’s contraction type condition (2). If I is continuous then Tw = Iw for
some w € X if and only if A = N{TK, :n € N} # ¢, where K,, = {z € X :
|fx — Taf < 1},

Proof. Suppose that Tw = Tw for some w € X. Then w € K, for all n and
thus Tw € TK,, C TK,, for all n. Hence Tw € A so that A is nonempty.

Conversely, assume that A # ¢. If w € A then for each n, there exists y, € TK,
such that |[w — y,|| < 1. Consequently, for each n, there exists z, € K, such
that y, = T, and ||w — Tx,|| < 1 for all n. On taking limits as n — oo, we get
Tz, — w as n — oo. Since z,, € K,,, we have ||[[z, — Tx,| < % Thus

lim Iz, = lim Tz, = w. (3)

Since T and I are compatible mappings, we have
Tz, — TIz,|]| =0 as n— oco. (4)
Since [ is continuous, from (4) if follows that

Iz, TIz,, ITx, —Iw as n— oo. (5)
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On taking x = w and y = Iz, in (2), we get

|ITw—TIx,|| < a max{||Iw— [Iz,]|, c[|[Iw—TIz,| + || Iz, — Tw||]}
+ b max{||[Jw — Tw||, ||[ITx, — TIz,]|}.

On taking limits as n — oo and using (4) and (5), we have

|ITw — Tw|| < a max{|[Iw— Tw]|, c[|[Iw— Tw| + |[Tw— Twl|]}
+ b max{||Iw — Tw|, 0}
= (ac+ b)||[Tw — Tw||
=[1-a(l—¢)] |[Jw—Twl|, (since[l—a(l—-c)]<1)
a contradiction. Thus Jw = Tw. O
Theorem 2.2. Let T and I be compatible selfmaps of X and satisfying the

condition (2). If I is continuous and affine on X and T(X) C I(X), then T and I
have a unique common fixed point in X .

Proof. Let xp in X be arbitrary. Since T(X) C I(X), let z1, x2 and z3 be
points in X such that Ixy = Txg, Iros = Tx; and Tx3 = Txo so that

Iz, =Tx,._1 for r=1, 2, 3. (6)
On using the inequality (2), we have

Tz, — Iz,| = | Txr — Taxr—1||
< a max{||[Iz, — Iz, _1||, [ [ {z; — Taxr_1|| + || Tzr—1 — Tzr|| ]}
+ b max{| Iz, — Tz,||, {21 — Txr_1]}
< a max{||Txr—1 — Izr—1||, | Tz — [z,|| + |[T2r—1 — Txr—1||
T~ T 1)
+ b max{| Iz, — Tz,||, [ {21 — Txr_1]}. (7)
If || Txr—1 — Tzp—1]| < || Tz — Iz,||, then from (7), we have
Tz, — Iz,| < a max{||Tx, — [z,||, 2¢ |Txy — Iz,||} +b || Tz, — T,
= (a+b)||Tz, — Iz,
a contradiction. Thus from (7), we have
Tz, — Iz, < ||[Tar—1 — [z,—1| for r=1,2,3.
Therefore
|Tx, — Iz, || <||Txo — Lo for r=1,2,3.
On using (2) and (8), we have
||TJZ2 — leH = ||T$2 — TJ)(]H
< a max{||Ixs — Ixo]|, [ ||[Iz2 — Txol| + ||[Ixo — T2 ]}

+b max{||[[zy — Tas||, ||[Ixo — Txol|}
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< a max{||Ize — Iz1]| + |[{z1 — [x0]|,
o[ Mxg — Txo| + || Izo — Lz4]|
+H|Lxy — Ty || + [|[ Tz — T2|| |}
+b max{|[Izy — Txa||, |Ixo0 — Txo||}
=a max{||Tzy — Iz || + ||Tzo — Izo|,
[ 1Tz — Tz || + || Tx1 — Tz ||
Flfzy = Tan || + [[Txg — T [}
+b max{|[lzy — Tas|, ||[Izo — Tl }

< a max{||Ixo — Tzol| + ||Ix0 — Tzo||,
c[ [Lzo — Txol| + [[Izo — Txo |
H[{xo — Tl + [[{zo — Tol| |}

+b max{|[Izo — Txol||, |[Ixo0 — Txo||}

=a max{2 |[I[zog — Txo|, 4c |[Tzg — Txo||} + b ||[Tx0 — Txo||
= (2a+0b) ||Tzo — Lzo||
— (1+a) T — Tz
Hence
[Txy = Tz || = [|T2g — Taol| < (1+ a)||Tao — Lxol|- (9)
Write z = %xg + %{L'?,.
Since I is affine and using (6), we have
IZ:%IJJQ—F%I{E?,:%Txl—F%T{IJQ. (10)
Hence
Tz —1z|| < || Tz — Tar|| + || Tz — Tas|.
Write M (z, y) = max{||Iz —Tz|, |Txo — Izo|}, and we denote it simply by M.
On using the inequality (2), we have
ITz =Tz | < a max{||Iz — [z1]|, [ ||Iz — Tz1|| + ||[Iz1 — Tz|| ]}

+b max{||Iz — Tz|, ||[Ix1 — Tz1]|}. (11)
Thus from (8), we have

Tz —Tx1| < a max{||[Iz — Iz1|, c[ ||[Iz — T1|| + |[Iz1 — Iz|| + ||[Iz — T=| ]}
+bM. (12)

Now, from (8), (9) and (10), we get
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1 1
||IZ — 11‘1” < §||I$2 — Il‘lH + 5“]%‘3 — leH
1 1
= —||TJZ1 — I$1|| + —||T$2 — I$1||
2 2
1 1
< §||T330 — Imol| + 5(1 +a)||[Txo — Txo
a
= (1+§) ||T$0—I$0H. (13)
Now on using (6), (8) and (10), we have
1 1 1
||IZ — TﬂﬁlH = §||TJZ2 — TﬂilH = §||TJZ2 — IJZQ” S §HTJ)0 — Il‘oH (14)

On substituting (13) and (14) in (12), we have
|Tz = Txi|| <a max {(1+ §)||Txo — Izl
| $1Tzo — Izo| + (1 + )| Tzo — Tzo| + |1z — Tz| |} + bM
=a max{(1l + §)||Txo — Lo,
e (242 Tro — Taol| + | T= — || T} + bM
< a max{(1+ %)M, ¢ (332)M}+bM. (15)
Again, on using the inequality (2), we have

1Tz — Txs|| < a max{||Iz — Iza||, [ |Iz — Tza|| + || Tz2 — T2|| ]}
+b max{||[Iz — Tz||, ||[Ix2 — Tz2|}.

On using (8), we have

Tz — Txs|| < a max{||Iz— Izs||, ¢[ Iz — Taxs| + ||Ix2 — I2]|| + [Tz — Tz| ]}
+bM. (16)

From (6), (8) and (10), we get the following:
1 1 1
[z = Izs| = 5|12z — Lzs| = 5|12z = Ta2|| < 5[ Tw2 — Iz, (17)

and
1 1 1
||IZ - TJZQH = §||TJZ1 — TJZQH = 5”[332 — TZ‘QH S §HTJ)0 — Il‘oH (18)

On substituting (17) and (18) in (16), we get
1 1 1
1Tz —Izs| < a max{§||Tx0 — Iz, | §||Tx0 — Izl + §||Tx0 — Tz

+|Iz—Tz|| |} +bM
1
< a max{ §M’ 2¢M } +bM. (19)
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On substituting (15) and (19) in (11), we have

a 54 a
_)M7 (
2 2

T2 — I2]| < %[a max{ (1+ JeM } + bM]

1 1
—|—§[a max{ §M, 2c¢M } + bM]
= S maxf (14 Sz, (221

M, (E2en ]

+5[ max{ %M, 2¢M }] + bM. (20)

Now the following four possible cases may arise in (20).

Case 1. max{ (1+ 2)M, (32)cM } = (1+ %)M and max{ 1M, 2cM } = L M.
Now from (20), we have

a2+ a)

|72 I < [50+35)+5 5+ IM=[ ==+ +0-a)]M

=\ M, (21)

where A\, = ©=0t4 (< 1),

Case 2. max{ (1+ %)M, (332)cM } = (1+ £)M and max{ $M, 2cM } = 2cM.
Thus from(20), we have

2
T2 — Iz g[g(1+%)+%2c+b]M=[W+ac+(1—a) M
=X+ M, (22)

2
where \p = &-=2atdtdac (1)

Case 3. max{ (1+ %)M, (53%)cM } = (35%)cM and max{ M, 2cM } = 2cM.
In this case, again from (20), then we have

HTZ—IzH<[g(5;a) +%20+b]M=[@+ac+l—a]M
where \3 = 7‘120+9‘IZ+4_4“ (<1).

Case 4.  max{ (1+ &)M, (32)cM } = (352)cM and max{ M, 2cM } = M.
It follows that
2+4+a 1
<c< -,
5+a - ~ 4
and since
o< 24+a
=M= 54a’

this case doesn’t arise.
Now, from (21), (22) and (23), we have

|Tz—Iz|| < X-M, where A = max{\1, A2, A3z}. (24)
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Thus it follows that
1Tz —Iz|| <X max{ ||[Iz — Tz, Txo — Iz }.

Therefore

This implies

1 1
inf {|[|[Tz—1z||:2= %2 + 5.’1,'3} <A |Tzo — Izl

Since zy € X is arbitrary, we have

1 1
inf { |[Tz—1z|:2z= §x2+§x3}§)\ inf {||Tx—Iz||:z€ X }.

On the other hand
. . 1 1
inf{ |[Tex—Iz||:xe X }<inf{ |[Tz—1z||: 2= %2 + 5333}
It follows that
inf{ ||Tz —Iz|]|:z € X } =0. (25)
Define K, = {z € X : [Tz — Iz|| < 1} and

H,={zeX:||Tex—1Iz| < (1‘1'21)71} form=1, 2, 3, ...

Then K,, # ¢ and also that
KiDKyDK32D..0K,2D....

Consequently, T K, is nonempty for n =1, 2, 3,... , and
TK, DTK;2TK32..2TK, D ....

For any z, y € K, by (2), we have

[Tz — Tyl < amax{||lx — Ty||, c[ Iz — Tyl + Iy — Tx||]}
+ b max{||Iz — Tz, [Ty — Tyll}
< a max{||lz — T + [Tz - Ty|| + | Ty — Tyl
c[ [{z —Tx| + [Tz — Tyl + Iy — Tyl + | Ty — T=| |}
+b max{|[Iz — Txl||, [Ty — Tyl|}

IN

1 1 1 1
amax{—+ [Tz =Tyl + —}, e[ =+ [[Te =Tyl + — + Tz - Tyl |}
n n n n
1 1
b -z
+ max{n7 n}
2 2 b
<a max{g +||Tx — Tyl|, | ~+ 2| Tz — Tyl ]} + e (26)

Here we consider the following two possible cases of (26).
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Case I. max{Z + || Tz — Ty||, ¢[ 2 +2||Tz —Ty|| ]} = 2 + | Tz — Ty||. Now from
in (26), we have

2a b 2a+ b
IITx—TyHSZﬂLaHTw—TyIIJr = +a|Tx — Ty
Therefore
1
(1—a)| Tz —Ty| < 2
a+1
Ty — Ty|| < ——m. 27
7o~ Tyl < = (27)

Case II. max{2 + [Tz — Ty||, c[ 2 +2|Tz—Ty|| ]} = [ 2 +2||Tz — Ty|]. From
(26), we have

Tz —Ty|| < ac 2+ 2ac|Tz—Ty| + &
= 2ac[%—|—HTac—Ty||]—|— L

< aly + Tz =Tyl + 2

= 14a|Tz—Tyl.

Thus
a+1

1
(1—a)n — (1—a)n’

1Tz — Tyl <
Thus in both cases we get

1Tz —Ty| < , so that z, y € Hy.

a+1
(I —a)n
Hence

lim diam (TK,,) = lim diam (TK,) = 0.

On using Cantor’s intersection theorem, A = {TK,, : n € N} contains exactly
one point w (say).
Thus from Proposition 2.1, we have
Tw = Tw. (29)

We now show that w is a common fixed point of 7" and I. On taking z = w and
Yy = x, in (2), we have
|ITw —Tx,| < a max{|[Jw— Ix,||, [ [Tw—Tz,| + || Iz, — Tw|]}
+ b max{||[Iw — Tw||, |Ixn — Txnl|}

On taking limits as n — oo and using (4) and (29), we get

[Tw —w| < a max{||[Tw —wl|, [ [|[Tw—w]| + [|w—Tw]]}
+ b max{||Tw — Tw||, ||lw—w|}
= a max{||Tw — w|, 2¢||Tw — w||} (since ¢ < %)
<a||Tw—w| < ||Tw—w|,
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a contradiction. Thus Tw = w, so that
Tw = ITw =w.

Thus w is a common fixed point of T' and I. Uniqueness of the common fixed point
follows from the Ciric’s contraction type condition.

An alternate proof: The proof is similar upto the identity (25). Here we show
that

3—a
max{||Tz — Ty, Iz - Iy} < — max{|[[z - Tal|, [Ty - Tyl}.  (30)

Write R = R(z,y) = max{||Ix—Tx|, ||[Iy—Ty|}. From the inequality (2), we have

[Te —Ty|| < a max{|[Iz — Iy|, <[ [Tz =Tyl + |1y — Tz|]}
+ b max{|lz — Tz|, ||y —Tyl}
@ max{|[Tx — Te| + | Tz — Tyl + [Ty — Ty,
e | — Tl + | Tz — Tyl + 1Ty — Tyl + Ty — T ]}
+b max{|[lx — Tz|, [[Iy - Ty|}
< a max{R+ || Tz —Ty|| + R}, c[2R+2||Tx —Ty| ]} + bR
<a max{2R+ | Tz — Tyl||, 2¢[ R+ ||Txz — Tyl |} + bR
= (2a+b)R+ a||Tz — Ty
= (14+a)R+a||Tx—Ty|.

IN

Hence
14+a

Tz —Ty| <
1Tz =Tyl < T—

R. (31)
Now

[z = Ty|| < [fz = Ty|| + [Tz — Tyl + [Ty — Ty||

1
<R+ YRR
l1—a
3—a
. (32)
From (31) and (32), the inequality (30) follows.
Now, by (25), we can choose a sequence {x,} € X such that
1
[Txy — Txy| Sﬁforn:1,2,3,... (33)

From (30) and (33), we have

3— 1
max{|| Iz, — Txmll, |[TTn — Tam| < 28 T for1 <n<m.
l—a n
Therefore, both {Ix,} and {Tz,} are Cauchy sequence in X and from (33), we
have

lim Iz, = lim Tz, = w (say), w € X. (34)

n—oo n—o0
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Since T and I are compatible mappings and I is continuous, we have
Ilz,, TIx,. ITz, — Iwasn — oo. (35)

Now we show that [w = w. Suppose that [w # w. On substituting = z,, and
y = Iz, in (2), we have
T2z, — TIx,| < a max{||[z, — I1z,]|, c[ ||[[z, — TIz,| + ||[I 12, — Tzy|]}
+ b max{|| [z, — Tx,||, [ [{z, — TIx,|}.

On taking limits as n — oo and using (34) and(35), we have

lw —Tw|| < a max{[jw —Twl], ¢ |[w—Tw| + [[Tw — w|]}
+ b max{||w—w||, [[{w—Twl|}

= allw — Tw| < ||lw - Tw||,

a contradiction. Thus
Tw = w. (36)
Finally, we show that Tw = w. Suppose that Tw # w. On taking z = w and
Yy = x, in (2), we have
[Tw = Tan| < amaz{|[Iw = Tzy|, o[ [[Tw = Ton| + [{zn — Twl|]}]]
+ b max{||[Iw — Tw||, [Tz — [z,]}.

On taking limits as n — oo and using (34) and (36), we have

|Tw —w| < a max{[[Iw —wl|, [ |w—w| + ||w—Tw|]}
+ b max{||Tw— Tw|, ||w—wl|}
= (ac+b)||w — Tw||
=[1—-a(l—-o)flw—Tuw|,

a contradiction. Hence
Tw = w. (37)
From (36) and (37), we have

Tw=1Iw=w.

Hence w is a common fixed point of 7" and I. This completes the proof of Theo-
rem 2.2. O
The following is an example in support of Theorem 2.2.

Example 2.3. Let X = R with the usual metric. Define selfmaps T, I on X

by Tw = 252 and Io = 2271 2 € X,

Clearly, I is continuous and affine, but I is not nonexpansive and linear. Ob-
serve that T and I are compatible mappings of X .

Now, for any z, y € X,

.’L'—y|

Tz — Tyl =
T2~ Tyl =7

2
= STz -1y,
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so that the mappings T and I satisfy the inequality (2) with a = %, b= % and
c< 2
= a7

On using Proposition 2.1 and Theorem 2.2, we formulate the following theorem.

Theorem 2.4. Let T and I be compatible selfmaps of X and satisfying the
condition (2). If I is continuous and affine in X and T(X) C I(X), then T and I
have a unique common fized point in X if and only if

A=n{TK, :n€ N} # ¢,

where K, = ||z € X : |[Ix — Tx| < 1}.
Corollary 2.5. Let T and I be compatible selfmaps of X and satisfying the
inequality
[Tz = Ty|| < a [[Iz — Iyl + b max{[|lz — Iz|, Iy —Ty|}
+e [He =Tyl + |1y — T|] (38)
forall z, y € C, where 0 < a <1, b >0, 0, a+c>0anda+b+4c=1.

c 2>
If I is continuous and affine on X and T(X) C I(X), then T and I have a unique
common fized point in X.

Proof. Set a + 4¢c = ay. Then a1 + b = 1 and we have
[Tz = Ty|| < a ||l — Iyl + b max{||[z — Tx||, |[Iy — Ty||]
n 4 1[
‘1
1
< (a-+ 4y max{|| 1z — Tyl 7117z — Ty| + 11y — T}

+b max{||Ix — Tz}, |[Iy — Tyl }.

[z =Tyl + 1y — Tz|]

: 1 : 24+a 2—a 4 _ _ .
Since 3 < mm{5+—a7 =% m} and a1 + b =1, where a1 = a + 4c, the conclusion

of this corollary follows from Theorem 2.2.
On choosing ¢ = 0 in (2), we have the following corollary.

Corollary 2.6. Let T and I be compatible selfmaps of X and satisfying the
condition (1). Suppose that I is continuous, affine and T(X) C I(X). Then T and
I have a unique common fized point in X .

Corollary 2.7(Fisher [5]). Let T be a selfmap of a closed convex subset C of X
and satisfying the condition

1Tz =Tyl < a [l =yl + b maz{||Tz — |, [Ty -y} (39)

forallx, y e C, where 0 < a <1 witha+b=1. Then T has a unique fized point
in C.

Proof. Follows by choosing I as the identity map of C' in Corollary 3.3. O

In the following, we prove a common fixed point theorem for a compatible pair
of selfmaps T and I, which are reciprocal continuous on X.
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Theorem 2.8. Let T and I be compatible selfmaps of X, which are reciprocal
continuous on X, satisfying the Ciric’s contraction type condition (2). If I is affine
on X and T(X) C I(X), then T and I have a unique common fized point in X if
and only if A={TK,:n € N} # ¢, where K, = ||z € X : |[Ix — Tz| < 1}.

Proof. If w is a common fixed point of T" and I, then A # ¢ follows trivially
by Proposition 2.1.

Conversely, assume that A # ¢. If w € A then for each n, there exists vy, € TK,
such that [|w — yn|| < . Consequently, for each n, there exists z, € K, such
that y, = Tx, and |w — Ta,|| < L for all n. On taking limits as n — oo, we get
Tx, — wasn — o00.

Since x,, € Ky, we have ||Iz, — Ta,| < L. Thus

lim Iz, = lim Tz, = w. (40)

n—oo n—oo

Since T and I are reciprocally continuous mappings, we have

lim TIz, = Tw and lim ITz, =Tw.

n—oo n—oo

Now since T" and I are compatible mappings

Tw= lim TIz,= lim [Tz, = Iw. (41)
Now on substituting £ = w and for each n, substituting y = Iz, in (2) and using
(40) and (41), as in the alternate proof of Theorem 2.2, it is easy to see that Tw = w.
Thus from (41), w is a common fixed point of T" and I. O

Example 2.9. Let X = R with the usual metric. Define selfmaps T and I on
X by
, if <0 and x = g
Tr = and Ix:3m2_1, r e X.
, if x>0 and x # %

[T

—
m‘+
8

Clearly, I is affine, but I is not nonexpansive and linear. The mappings T and I
are reciprocal continuous and compatible on X .

Observe that the inequality (2) holds with a = %, b= % and for any ¢ > 0 with
c< %. Thus, all the hypotheses of Theorem 2.4 is satisfied and has a unique fixed
point 1.

Now, for x =2,
IT1(2) - IT(2)|| = g £1=|T(2)-1(2).

Thus T and I are not weakly commuting, so that Theorem 1.6 is not applicable.
Since I is not linear, Theorem 1.7 is also not applicable.

Hence, from this example, we conclude that Theorem 2.4 is a generalization of
Theorem 1.6 and Theorem 1.7.
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3. Compatible mappings of type (A), compatible mappings of

type (B) and common fixed point theorems

Definition 3.1(Lal et al. [10]). Two selfmaps T and I of X are said to be
compatible mappings of type (A), if

lim |71z, —IIz,|| = 0 and lim |ITz, —TTx,| = 0,

n—oo

whenever {x,} is a sequence in X such that

lim Iz, = lim Tz, = t, for somete X.

n—oo n—oo

Here we note that compatible mappings and compatible mappings of type (A)
are independent (Lal et al. [10]).

Pathak et al. [13] introduced the concept of compatible mappings of type (B)
as a generalization of compatible mappings of type (A).

Definition 3.2(Pathak et al.[13]). Two selfmaps T and I of X are said to
compatible mappings of type (B), if

nll_)n;o Tz, — TTx,| < % [nlLrI;O T, — It] + nh_)rréo 1t — ITx,||]
and

nll_)n;o T 1z — Iz, || < 5 [nlLrI;O \TIx, —Tt| + nh_)rrgo Tt — TTxy,l],

whenever {x,} is a sequence in X such that

lim Iz, = lim Tz, = t, for somet e X.

n—oo n—oo

Clearly, every compatible mappings of type (A) are compatible mappings of type
(B), but its converse need not be true (Pathak et al. [13]).

Proposition 3.3(Pathak et al. [13]). Two selfmaps T and I of X are compatible
mappings of type (B). Suppose that lim Iz, = lim Tz, = t, for somet € X.

Then lim TTx, = It, if I is continuous at t.

n—oo

Proposition 2.1 remains true, if we replace compatible mappings by
compatible mappings of type (B).

Proposition 3.4. Let T and I be selfmaps of X which are compatible mappings
of type (B) and satisfy the Ciric’s contraction type condition (2). If I is continuous
then Tw = Tw for some w € X if and only if A = {TK,, : n € N} # ¢, where
K,={zeX:|lz—Tzl <i}.

Proof. Follows as on the lines of Proposition 2.1 and using Proposition 3.4. O

Theorem 3.5. Let T and I be selfmaps of X, which are compatible mappings
of type (B) and satisfying the condition (2). If I is continuous and affine on X and
T(X)CI(X), then T and I have a unique common fized point in X.
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Proof. Follows as on the lines of proof of Theorem 2.2 and Proposition 8.4. O

Theorem 3.6. Let T and I be selfmaps of X, which are compatible mappings
of type (B) and satisfying the condition (2). If I is continuous and affine in X and
T(X) C I(X), then T and I have a unique common fized point in X if and only if
A=n{TK,:n€ N} # ¢, where K,, = {z € X : |[[x — Tz| < 1}.

Corollary 3.7. Let T and I be selfmaps of X, which are compatible mappings
of type (A) and satisfying the condition (2). If I is continuous and affine in X and
T(X) C I(X), then T and I have a unique common fized point in X if and only if
A=n{TK,:n€ N} # ¢, where K,, ={z € X : |[Ix — Tzl < 1}.

Proof. Since compatible mappings of type (A) implies compatible mappings of
type (B), proof follows from Theorem 3.6. O

Corollary 3.8(Gregus [7]). Let T be a selfmap of a closed convex subset C' of
X and satisfying the inequality

[Tz =Tyl <p lle =yl +q [Te -zl +r [Ty -yl

forallx, ye C, where 0 <p <1, ¢ >0, r>0withp+q+r=1. Then T has a
unique fized point in C.
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