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On certain Durrmeyer type operators®
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Abstract. Deo [5] introduced n-th Durrmeyer operators defined for functions integrable in
some interval I. There are gaps and mistakes in some of his lemmas and theorems. Further,
in his paper [4] he did not give results on simultaneous approximation as the title reveals.
The purpose of this paper is to correct those mistakes.
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1. Introduction

Deo proposed the following operators defined for functions integrable on I as
®
(Vuf)@) = (1= Y poale) [ pral®ifyde z el
T

)k ()
Dnk(x) = (I)IQM whenever the right-hand side makes sense and ¢, (z), I, ¢, 5.°
are given as:

(1—xz), I=1[0,1, c¢=-1,
Gn(x) =< e ™, I=[0,0), c=
(14cx)~¢, I=10,00), ¢>0,

Y=, forez0and % =31, when ¢ = —1.
We introduce the class H defined by

Hdg {f| Mdt<oo7 for somen € N, tcl = [0’00)},
1 Bn(t)

where the function 3, is defined as:
(1+ct)™ >0

ent) c=0.

Bn (t) =
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Clearly the class H contains the class £ of all Lebesgue integrable functions on
[0,00). Further, we assume that

¢o¢(t) = {ta’ ©=9

at —
e c¢c=0,

where o > 0.

t
We define the norm || - ||¢,, in the space H by || fllc, = sup |/ )|
0<t<oo ¢a( )

Let doy,dq, ...dx be (k+1) arbitrary but fixed distinct positive integers. We define
the linear combination V,,(f, k, z) of the operators V,,, as follows:

k
Valfokox) = CU, k)Vayu(f,2),
j=0

where

-1 5

i=0,i#j

o #0and C(0,0) = 1.
d]

The aim of this paper is to correct and improve the results given in [5]. Further,
we extend the results proved in [4] to the case of simultaneous approximation.

2. Auxiliary results

Lemma 1 (see [5]). Letr,m € NU{0} andn > cr, we define the functions fi n m ()
as follows

,Ufr,n,m(I) = [n - C(T + 1)} an+cr,k(x) /pn—cr,k+r(t)(t - x)m dta zel.
k=0 I

Then, there holds the recurrence relation
[n —c(r+m+2)|prnme1(z) = o(1+ cx){lu’;‘,n,m(m) +2mpirnm—1(2)}

—|—(T‘ +m+ 1)(1 + 2Cl’)ﬂr,n,m(x)’
n > c(r+m+2).

Consequently,
_ _ (r+ D+ 2cz)
prno(@) =1, () = CEEEEE
and
2n — ¢)(x(1+cx)) + (r+ 1)(r + 2)(1 + 2cx)?
,ur,n,2(33) = ’

(n—c(r+2))(n—c(r+3))

Forallxz € I, pypm(z) = (n_[(m+1)/2]), where [a] denotes the integer part of .
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In the proof of [5, Lemma 2.2], from the step

(Vi) = (n—c Z
=0

<), Z( H Z(oc ° Zfﬁw)(t)}f(t) d

the lemma is proved using integration by parts r times. But for this the expressions

)" ( ) W (@)

of the type pg:cjr),kw(t)f(j_l)(t)|1,j =1,2,...,r must be zero; and in order to claim
this we must have "1 () = O(¢q(t)) for some a > 0 as t — co and n > a + cr,
r = 1,2,3.... Hence [5, Lemma 2.2] should be stated as follows (the proof remains

the same).

Lemma 2. Let f be r times differentiable on [0,00) such that f"=1(t) = O(¢a(t))
for some a >0 ast — oo. Then forr=1,2,.. and n > a + cr, we have

(Vn(r)f)(x) = n — C n 7' anJrcr k /pnfcr,kJrT(t)f(T)(t) dt

where B(n, r) H#fil)

3. Main result

In [5] Deo has stated the following theorem:

Theorem 1. If f")(t),r > 0 is bounded and integrable in I and if admits the (r+2)-
th derivative at a point x € I, and f)(t) = O(t*) ast — oo for some a > 0, then
we get

Y B ek < Gl o Y B2 05 ORI TN R
Jim {(n—C)ﬂ(n,r)(V" N)—f ()} (r + 1)(1 + 2c2) FT+V ()

+% (@) fU ) ().

We wish to make the following comment regarding Theorem 1:

(i) in the hypothesis of the theorem, the existence of the r-th derivative of f is
assumed globally while the conclusion is obtained locally.

So Theorem 1 should be stated as follows:

Theorem 2. Let f € H be bounded on every finite sub-interval of [0,00) admitting
a derivative of order (r + 2) at a fized point x € (0,00). Let f(t) = O(¢a(t)) as
t — oo for some o > 0, then we have

n—c(r+1)

im nd —— N T oy ey — FO b — (o cx) £ (4
II*)OO {(n_c)ﬁ(n,r)(vn’ )= f ()} (r+1)(1+ 2cz)f (2)

+¢? (@) fO) ().
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Proof. By Taylor’s expansion of f, we write

42 (3)
f=> A )(t — )+ e(t,x)(t —x) 2,

i!
i=0
where €(t,z) — 0 as t — .

Using [5, Lemma 2.2], we can write

n—c(r+1) = f(’)

"=, )

(VD)) - ﬂ”(ﬂ [n—cr+1[

1=r+1

Z Pn+ecr, k:
dr 4
n—cr,k—r t 7 t - 7/dt
< [ i 0 (0 =)

n—c(r+1)] v
) 2

_ r+2
« /1 P (B)e(t, z)(t — ) dt}
—n |:f(r+1)(m)ur’n$1(x)+;f(r-‘rl)ﬂnn’z(x)]_h[m

where

nn —c(r +1)] & (r)
Bln, ) Pk

k=0

I = (2) /1 (Bt 2)(t — 2)"+2 dt.

In order to prove the theorem it is sufficient to show that I,, — 0 as n — oco. Using
Lorentz type lemma, we get

Jr 1 ‘qz r( )|
1] < elr nlk — naf LDy, (@)
n ’I“ ZQZ%;T ( ( ))
4,520

x/nmum@wmu—mwﬂm
< O—n[ Z ank )k — naf!

27,+]<r
4,720

xﬂnmum@wmu—mwﬂm

nfn — e(r + 1)] (e 27\ /2
QOW Z n(an,k(l‘)(k‘—nl‘) )

2i+5<r
1,720

x(fﬁmdw([ﬂm@ﬁ@wm@—@Vﬂﬁfym



DURRMEYER TYPE OPERATORS 311

) O% T/2<an k
X (/Ipn,k(t)k(t, 2)||(t — )|+ dt)2>1/27
\gi.j.0 ()]

where C = C(x) = sup ——2>——"——.
(=) 20ty (z(1+cx))"
)z

For a given ¢ > 0, there exists a 6 > 0 such that |e(¢,z)] < & whenever
0 < |t—2x| < 4. For |t—x\ 5, we have |e(t,z)| < K|t — z|?, for any s > 0.
Therefore, we have

pn7k(t)|€(t,m)”t—$‘r+2 dt i < pn,k(t) dt pn,k(t) (E(t,],‘))z(t—aj)2r+4 dt
I i ;
- = 9 Aﬂd*’/ﬁz% )pn,k(t)(e(taf))Q

( (E)2T+4 dt

= / Pk (t)e 2t — )2t dt
[t—z| <6

N

A

X

+ / P () K2(t — )2 t2std dt).
[t—z|>68

In view of [5, Lemma 2.1],

& &
S pns@)( s @Il - ) < EEE Y puato
< [ puse— o

K?(n—c) 2
+W an,k(x)
X / Png(t)(t —x)? T2 gt
t—x|>6
— EQo(n—(r+4)) +K2O( —(r+s+4))
— 520(,”‘—(7“-‘,-4)) +O( r+9+4))
This in view of [5, Lemma 2.1] gives

nn—c(r+1)] o - 1/2
I,| < C ————Lp"/2 x 20(n~r+4) +o(1
i Bn.1) ()T o)
< e+40(1), choosing s > 0.

Since € is arbitrary, this implies that I,, — 0 as n — oco.
Finally, taking the limit n — oo and using the values of p, ,1(z) and g,y 2(2)
the theorem is proved. O
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Remark 1. If f)(t) = O(t®) (ast — 00), then f(t) will be of order t**7. Moreover,
sine’ is of order O(1) while its r-th deriwative (r > 1) is not of O(t*). So the
hypothesis of Theorem 2 is certainly weaker than the hypothesis of Theorem 1.

Further, in [5] the author gave another theorem as:

Theorem 3. Let f"+1) € C[0,00) and [0,\] C [0,00) and let w(f"+1;.) be the
modulus of continuity of f0+1) then for r =0,1,2, ...

o (r+1)(1+ 2cN)

coy | n—clr+2)]
+C(n,r) (\/77 + 727)
xw(f(“rl); C(n,r)),

n—c(r+1)

A S (r+1)
=087 LA

(Vi f)(@) = fO ()

where the norm is sup-norm over [o, A,
n = 2X2{c?(2r* + 67 4+ 3) + en} + 22 {2¢(r? + 3r + 1) +n} + (r* 4+ 3r +2)

and
1

(n—clr+2)(n—clr+3)

Regarding this theorem, we wish to make the following comments:

(i) in the hypothesis of the theorem the existence of the (r + 1)th derivative of f
is assumed globally while the conclusion is obtained locally.

(ii) in the proof of the theorem, the property w(f("+1);§) — 0 as § — 0 is used
which need not be true unless one assumes that f("tY) is uniformly continuous on
[0, c0).

For example, consider the function g(z) = cos 2, x € [0, 0).

Clearly, this function is bounded and continuous on [0,00). But, |g(v/n + 1) —
g(v/n)| = 2, while |[v/n+1 —/n|] — 0 as n — oo, so the function is not uniformly
continuous. Hence w(g;d) does not tend to zero as ¢ tends to zero.

In the light of above comments, Theorem 3 should be stated as follows:

C(n,r) =

Theorem 4. Let f € H be bounded on every finite subinterval of [0,00) and
ft) = O(¢a(t)) ast — oo for some a > 0. If frtY) exists and if it is contin-
uwous on (a —§,b+96) C (0,00),0 > 0, then for sufficiently large n,

[V D)@ — @) < Con (5N + 170
+an_1/2w(f(T+1)7n_1/2)
+O(n_s/2)for any s > 0,

where Cy and Co are both independent of f and n, and ||| is sup-norm on [a,b].
Proof. By finite Taylor’s expansion of f we write

_N 0@, e YO - £ @)
=2 o)y (r+1)!

(t— =) x(t)
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where £ lies between t and = and x(t) is the characteristic function of (a — 8, b + §).
For ¢t € (a — 0,b+ 0) and z € [a, b] we have

) (1) () — FOr+D) (g _
f(t)zzf ( )(t—l‘)rﬁ-{f ((fr)+lf)' ( )}(t—$)7+1.

= FrE) - £ (@)
+n—0) > p () /Ipnvk(t) [{ (r+1)! }

= Il + IQ + I3, say.

Using [5, Lemma 2.1], we obtain

L = (Hmur,np(l‘) - 1) f(r) (x) + WUT7n,1($)f(T+1)($),

r

in view of (t—x)" =0fori<r.

xT

Next, using Lorentz type lemma, we get

®
1 ] i,5,7r\ L
I, < (nfc)z Z nl|k:fnx|5%pn,k(x)

2i+j<r "(1+cz)
i,5>0
|F0D(©) = [ (@)

n t— )" Ty(t) dt

< [ paa = = )
< (n—c¢) Z anpn,k(xﬂkfnas\J
2i+j<r
i,5>0

x /pn,k(t)<1 LI = x')w(f(”'l),&)ﬁ — "V dt, for all § > 0,
I
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i.e

®
=C(n— c)w(f(rﬂ), 5) Z n' ank(x)\k —nx|!
21+]>%r
Z’j/

t— r+2
X /pmk(t)(\t —z|"tt %) dt.
I

By induction it can be easily shown that for p =0,1,2, ...

O(nU=r/2),

®
S pas(@)lk —naf’ x /pn7k(t)|t _ofPdt =
I

n—c
Hence, choosing § = n~'/? we have
L] < Cn~Pw (0D, n=1/2).,

Now, from the definition of h(t, z), we have h(t, z) = O(¢a(t)) = h(t,z) = O(t—x)*,
for any s € N with s > «.

|I3] < M’ Z n'|k — nzl!p, k()
2itj<r
i,j=0

<[ bl
|t—a]>6

Applying Cauchy’s inequality [5, Lemma 2.1] we obtain

®
Il < M'(n—c¢)> Y n'pp(@)|k —nal
2i+5<r
4,70
x/ ()Mt — ]* dt
[t—z|>8
< Cn(1+rfs)/2w(f(r+1),5).

Choosing s > r + 1, we get the limit I3 — 0 as n — oco.
Combining the estimates of I7, Is and I3, we get the required result. O

4. Simultaneous approximation

Theorem 5. Let f € H and let it be bounded on every finite subinterval of [0, 00)
admitting a derivative of order 2k +r+2 at a point x € (0,00). Let f(t) = O(¢a(t))
as t — oo for some oo > 0. Then

2k+2+r ()
T ok VO (k) - O] = Y Euknes @
j=r '
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and
tim "1 [V (£, +1,2) = f0()] =0, (2)

n—oo

where Q(j, k,r, ¢, x) are certain polynomials in x. Further, if f*+2+7) egists and if
it is continuous on (a —n,b+n) C (0,00),n > 0, then (1) and (2) hold uniformly
on la, b].

Proof. The proof is similar to [1, Theorem 2]. O
In our next result we obtain an estimate of the degree of approximation.

Theorem 6. Let f € H be bounded on every finite subinterval of [0,00) and
ft) = O(¢a(t)) ast — oo for some o > 0. Further, let 1 < p < 2k + 2 and
r € N. If f®°+7) exists and if it is continuous on (a — 6,b+ ) C (0,00),8 > 0, then
for sufficiently large n,

IVi7) (k) = FO Ol < max { Con /20 (£0747),n=1/2), Com= (0,
where C1 = Cy(k,p,c,r), Cy = Co(k,p,7,¢, ) and w(f(p”), ) denotes the modulus
of continuity of fP) on (a — §;b+ ).
Proof. The proof is similar to [1, Theorem 3] and hence it is omitted. O

Theorem 7. Let f € H be bounded on [0,00) and f(t) = O(¢u(t)) ast — oo for
some a > 0. If f) exists and if it is continuous on (a —1,b+n),n > 0, then for
sufficiently large n,

IV (k) = £ Oy < D
< {Ifllew +warsa (£ 2 (@ = mb+m) |

where C' is independent of f and n.

Proof. The proof follows along the lines [3, Theorem 3] O
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