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Abstract. In this paper we obtain some sufficient conditions for the existence of common
fixed points of multivalued mappings satisfying generalized contractive conditions in non
normal cone metric spaces. These results establish some of the most general common fixed
point theorems for two multivalued maps in cone metric spaces.
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1. Introduction and premilinaries

The study of fixed points for multivalued contractions and nonexpansive maps using
the Hausdorff metric was initiated by Markin [9]. Later, an interesting and rich
fixed point theory for such maps was developed. The theory of multivalued maps
has application in control theory, convex optimization, differential equations and
economics. Recently, Huang and Zhang [4] introduced the concept of a cone metric
space, replacing the set of positive real numbers by an ordered Banach space. They
obtained some fixed point theorems in cone metric spaces using the normality of
the cone, which induces an order in Banach spaces (see also, [1], [2]). Rezapour
and Hamlbarani Haghi [10] showed the existence of a non normal cone metric space
and also obtained some fixed point theorems in cone metric spaces (see also [5],
[7], [11], [12], [13] and [16]). Wardowski [15] introduced the concept of multivalued
contractions in cone metric spaces and, using the notion of normal cones, obtained
fixed point theorems for such mappings. The aim of this paper is to prove some
common fixed points results for multivalued mappings taking closed values in cone
metric spaces. It is worth mentioning that our results do not require the assumption
of a normal cone. Our results extend and unify various comparable results in the
literature ([6], [8] and [14]).

Let F be a topological vector space. A subset P of F is called a cone if and only
if:
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(a) P is closed, nonempty and P # {0};
(b) a,b€ R, a,b>0, z,y € P imply that ax + by € P;
(c) Pn(=P)={0}.

Given a cone P C FE, we define a partial ordering < with respect to P by « < y if
and only if y —x € P. A cone P is said to be normal in a normed space E if there
is a number K > 0 such that for all z,y € F,

0 <z <yimplies ||z|| < K ||y] .

The least positive number satisfying the above inequality is called the normal con-
stant of P, while z < y stands for y — « € intP (interior of P).

Rezapour and Hamlbarani Haghi [10] proved that there is no normal cone with
normal constant K < 1 and for each k£ > 1 there is a cone with normal constant
K > k.

Definition 1. Let X be a nonempty set. Suppose that the mappingd : X x X — E
satisfies:

(d1) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if x = y;
(d2) d(z,y) = d(y,z) for all z,y € X;
(d3) d(z,y) < d(x,z) 4+ d(z,y) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.
The concept of a cone metric space is more general than that of a metric space.

Definition 2. Let (X,d) be a cone metric space, {x,} a sequence in X and x € X.
For every c € E with 0 < ¢, we say that {x,} is

(i) a Cauchy sequence if there is a natural number N such that for all n,m > N,
A(xn, Tm) < cC.

(i) a convergent sequence if there is a natural number N such that for alln > N,
d(xy, ) < ¢ for some x in X.

Remark 1. If a < ha, for some a € P and h € (0,1), then a = 0. A cone metric
space X is said to be complete if every Cauchy sequence in X is convergent in X.
It is known that {x,} converges to x € X if and only if d(zp,x) — 0 as n — oo.
A set A in a cone metric space X is closed if for every sequence {x,} in A which
converges to some x in X implies that © € A.

Let X be a cone metric space. We denote by P(X) the family of all nonempty
subsets of X, and by P,; (X) the family of all nonempty closed subsets of X. A point
x in X is called a fixed point of a multivalued mapping T : X — P (X) provided
x € Tx. The collection of all fixed points of T is denoted by F(T).



MULTIVALUED MAPPINGS IN CONE METRIC SPACES 367
2. Common fixed point results

Kannan [6] proved a fixed point theorem for a single valued self mapping T of a
metric space X satisfying the property

d(Tz,Ty) < h{d(z,Tz) +d(y, Ty)}

for all z,y in X and for a fixed h € [0, 1). Latif and Beg [8] introduced the notion
of a K — multivalued mapping, which is the extension of Kannan mappings to mul-
tivalued mappings. Recently, Rus [14] coined the term R— multivalued mapping,
which is a generalization of a K — multivalued mapping.

In this section we obtain common fixed point theorems for two multivalued mappings
on a cone metric space without using the condition of a normal cone.

Given the fact that in a cone one has only a partial ordering, it is doubtful whether
the following theorem can be further generalized.

Theorem 1. Let (X,d) be a complete cone metric space and Ty, T : X — Py (X)
two multivalued mappings such that fori,j € {1,2} with i # j and for each z,y € X,
ug € T;(x), there exists u, € Tj(y) such that

d(ug, uy) < hu(x, y; ug, uy), (1)
where h € (0,1) is a constant and

d(z,uz) + d(y, uy) d(z, uy) +d (y,u.)
2 ’ 2

u(@, i e, uy) € {d(2,9), (2, uq), d(y, uy), }-
Then F(Ty) = F(T3) # 0. Also F(T1) = F(Ty) € Py(X).
Proof. Let z* € Ty (z*). Then there exists an = € T5 (2*) such that

d(z*,z) < hu(z*,z"; 2", x)

where

u(z*, " 2%, x) € {d(a*,z),d(x", 2¥), d(z, z"),

d(a*,z*) + d(a*,z) d(z*, z)+ d(m*7x*)}
2 ’ 2
= {0, d(z,2*), L2)y

Now u(z*,z*;2*,2) = 0 implies that * = x and, u(z*, x*;2*, ) = d(z*,x) gives
d(z*,z) < hd(xz*,z), which by Remark 1 implies that x* = x. Similarly, for
u(z*, x*; 2%, x) = d(z*, z) /2, we obtain x* = x. Thus F(T1) C F(T3). Also, F(T3) C
F(Ty) and therefore F(Ty) = F(T3).

Suppose that xg is an arbitrary point of X. For 4,5 € {1,2} with ¢ # j and x; €
T;(xo), there exists x5 € T;(x1) such that

d(z1,x2) < hu(zg, z1; 21, 22),
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where
d(l’o, 1’1) —+ d(lL’l, £CQ)
2 b

u(xo, x1321,22) € {d(x0,21),d(x0, 1), d(21, 22),

d(xg,x2) + d(m,ml)}
2

d(zo,x1) + d(z1,22) d(x0,22)
2 ’ 2

Now, u(xg, x1; 21, 22) = d(xg, 1) implies that d(z1,22) < hd(xg,z1). If

= {d(@o, 1), d(21, 22), b

u(wo, 21; 01, 22) = d(x1,T2)
then d(x1,z2) < hd(z1,22), which by Remark 1, implies that x1 = x5. Also, if

d(zo,z1) + d(z1,22)
2 b

U($07$1;$1,$2) =

then we obtain

h h
d(zq,x2) < §d($07$1) + §d($17x2)
h 1
< —d(zg,z1) + =d(x1,22)
2 2
and d(21,x2) < hd(zo, x1). Finally, for u(zo, 21321, 22) = M we get

h h h
d(.T,l,l‘Q) S §d($0,$2) S Ed(anzl) + 56[(131,582)

h 1
§d(z0, 1) + §d(x1’ Ta),

which also implies that d(z1,2z2) < hd(zo,z1). Continuing this process, for zy, €
Tj(x2n—1), there exists xo,41 € T; (x2,) such that

IN

d(zan, Tant1) < Ru(Ton—1, Tan; Tan, Tant1);
where

w(T2n—-1, Tan; Ton, Tant+1) € {d(T2n—1,Zon), d(Tan—1, Tan),
d(mgn_l, Izn) + d(IQn, l‘2n+1)
9 )
d(l‘gn_l, 1‘2n+1) + d(.l?gn, Z‘Qn)
5 }
= {d(z2n-1,%2n), d(T2n, T2nt1),
d(T2n—1,%2n) + d(T2n, Tony1) d(T2n—1,T2nt1)
2 ’ 2 }
If u(xgn,l, Ton; $2n,$2n+1) = d(.’EQn,l,xgn), then d(irzn, $2n+1) S
FOI‘ u($2n717$2n;$2n,$2n+1) = d($2n7$2n+1)7 d(wgn, $2n+1) S
which by Remark 1 gives xo, = x2,+1. When

d(zan, Tant1),

h d(xanlu x2n)~
h d($2n7$2n+1)7

d(ron—_1,T + d(xoy,, x
U(T2n—1, Ton; Tan, Tant1) = (@2n-1,22n) 5 (@an, Q"H),
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we obtain
h
d(zan, Tant1) < §[d(x2n717332n) + d(x2n, Tant1)]
h 1
< §d($2n717$2n) + §d($2m$2n+1)
and

d(T2n, Tont1) < hd(T2n—1,T2n).
Finally, u(z2,—1, Zon; Ton, Tant1) = d(T2,-1, Tant1)/2 gives that

h h
d(zan, Tant1) < §d(12n—1,$2n+1) < 5

h
S §d(x2n—17 xQn) +

[d(z2n—1,T2n) + d(T2n, Ton+1)]

d(xzn, 5172n+1)

N |

and
d(z2n, Tont1) < hd(Ton—1, T2p).

In a similar manner, for xo,+1 € T;(x2,), there exists xo, 42 € T; (x2,41) so that
d(x2n41, Tant2) < hd(xan, Tont1).
Therefore

hd(l‘n,l, xn) < th(xnf% -Tn72)
S hnd($0,$1)

d(xn» anrl) S
<

for all n > 1 and so for m > n we have d(z,, Tm) < h"d(zo,21)/(1 — h).

Let 0 < ¢ be given. Choose a symmetric open neighborhood V' of 0 such that
¢+ V C P. Also, choose a natural number Nj such that h"d(zg,21)/(1 —h) € V
for all n > Ny which implies that h"d(zg,x1)/(1 — h) < ¢ for all n > N;. Hence
d(xp, m) < ¢ for all n,m > Nj. Therefore {z,} is a Cauchy sequence in X. Since
X is complete, there exists an element 2* € X such that x,, — =™ as n — oco. Let
0 < ¢ be given and 0 < § < min{,1 — h}. Choose a natural number N such that
d(zm,2*) < 6c for all m > N. Let n > N be given. Then, for zo, € Tj(x2n—1),
there exists u,, € T;(z*) such that

d(x2n7 un) < hu($2n—la 33*; T2n, un)7
where

u($2na I*; Loan+1, un) S {d(xQn—l,x*)y d(IZn—la :C2n)7 d(x*7 un)a
d(Tan—1,%on) + d(z*,upn) d(z2n—1,un) + d(x*, z2y)
2 ’ 2

}.
Note that

d(un, ) < d(un, x2n) + d(zon, ")
< hu(x2n7 l‘*; Ton+1, un) + d(l‘gn, -T*)
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Now, u(®on, T*; ont1, Un) = d(2,—1,2*) implies that

d(u'rux*) < hd($2nflzx*)+d(l‘2n7$*)

< h(iwg:c.

If w(z2p, 25 Tont1, Un) = d(T2n—1, T2,), then

d(una .T*) S hd(x2nfla x2n) + d($2n7 l‘*)

< hd(zon—1,2") + hd(z*, 22p) + d(x2p, ™)

C C C

In case u(xon, *; T2n11, Un) = d(x*, uy, ), then
d(up,z*) < hd(z*, uy,) + d(zan, ")

and so )

)< — * .

d(up,x*) < - (o, 2") < ¢

d(xQn—la-IQn) + d(ﬂ?*,un)
2

If u(xon, 5 Tonr1, Un) = , we get

h
d(un, ") < Z[d(@2p—1,T2p) + d(x*, up)] + d(zon, ™)

IN
o=

1
—ld(xan—1,2%) + d(z*, x2,)] + Ed(sc*, Up) + d(xopn, ™)
and so
d(tn,x*) < hld(x2n_1,2") +d(z*, 22,)] + 2d(z*, x21)
< c.

d(Tan—1,un) + d(x*, z2p)
2

Finally, if u(zan, 2*; Tont1, Un) = , then

d(un; Z‘*) S [d($2n—17 un) + d(l'*, 33271)] + d(-r2na Z‘*)

h
[d(zan—1,2%) + d(z*,u,)] + §d(x*, Ton) + d(z2p, %)

1 3
d(xQn—lax*) + §d(x*7un) + id(anax*)

INA
N = >N

IN

and so

d(up,2*) < d(xon—1,2") + 3d(xan, ")
< c.

Thus u,, — z* as n — oo. Since T;(z*) is closed, z* € F(T;) = F(T;).
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Now, we prove that F'(T;) is closed. Let {p,} be a sequence in F(T;) = F (T;) such
that p, — p as n — oo. Since p,, € T;(py), there exists g, € T;(p) such that

d(Prs Gn) < WPy D Py Gn),
where

d(pn,pn) +d(p, qn)
2 b

WPy D5 P> an) € {d(Pn, ), d(PnsDn), A, qn),

d(pn;qn) +d(p,pn) }
2

= {d(pn;p),0,d(p, qn),

d(p; qn) d(Pn; qn) + d(p,pn)}
2 7 2 '
Now we show that ¢, — p asn — oc0. Let 0 < ¢ be given and 0 < § < min{i, 1—h}.
Choose a natural number Ny such that d(p.,,p) < dc for all m > No is given. If
U(pnap§ PnsGn) = d(pn,p) for some n, then
d(gn,p) < d(gn,pn) + d(pn,p)
< hd(pn;p) + d(pn,p)
< c.

If w(pn, P; Pns gn) =0, then our claim follows immediately. If w(py, p; n, ¢n) = d(p, qn),
then
d(qn,p) < d(gn,Pn) + d(pn,p)
< hd(p, qn) + d(pn,p)

and so

1
d(qn,p) < 7= dPn,p) < c.

If u(PmP%Pm Qn) = d(pv qn)/Qv then
d(gn,p) < d(Gn,pn) + d(Pn, p)

h
Ed(n qn) + d(pn,p)

IN

Lpéqn) + d(pn,p)

and so
d(anp) < 2d(pnap) <Lec.

If w(pn, D; Pns Gn) = [d(Dn, qn) + d(p, pn)]/2, then
d(anp) < d(qnapn) + d(pnap)

< 5 1d(Pn; gn) + d(p, pn)] + d(pn, p)

SN S

< 5 1d(Pn, p) + d(p, qn) + d(p, pn)] + d(pn, p)

[l W]

< d(p, qn) + 2d(p, pp)

[\]
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and so
d(Q?L?p) S 4d(pn7p) << C.

Thus ¢, — p as n — oo. Since ¢, € Tj(p) for each n > 1 and Tj(p) is closed,
p € T; (p) . Therefore, F(T;) = F(T;) € Pu(X). O

The following theorem generalizes [14, Theorem 3.4] to cone metric spaces.

Theorem 2. Let (X,d) be a complete cone metric space and Ty, Ty : X — Py (X)
two multivalued mappings such that fori,j € {1,2} withi # j and for each x,y € X,
uy € Ti(x), there exists u, € T;(y) such that

d(ug, uy) < ad(z,y) + Bd(z, uy) + vd(y, uy), (2)

where a, 8,7 > 0 and a+ B+~ < 1. Then F(T1) = F(Tz) # ¢ and F(T1) = F(Ts) €
P, (X).

Proof. Suppose that z( is an arbitrary point of X. For 4,5 € {1,2} with ¢ # j, take
xy1 € T;(xo). Then there exists xo € T(x1) such that

d(z1,29) < ad(xo, 1) + Bd(xo, x1) + vd(z1, T2),

which implies that

d(x1,x9) < kd(zg,21),
where 0 < k = (a+ )/(1 —v) < 1. Now for x5 € Tj(z1) there exists x3 € T;(z2)
such that d(z2,z3) < kd(z1,x2). Continuing this process we obtain a sequence {z,,}
in X with op—1 € T;(@2n—2), Ton € Tj (2n—1) such that d(z,, xny1) < kd(zp_1,
xp,) which further implies that d(z,,x,41) < k™d(zo,z1) for all n > 1 Then, for
m>n,

AT, Tm) < d(Tn, Tnt1) + d(@ng1, Tug2) + oo + d(@Tg1, Tm)
< K"+ BT L+ E Y d( (2, 20)
S k‘"d(xo,xl)/ (1 — k‘) .

Let 0 < ¢ be given. Choose a symmetric open neighborhood V' of 0 such that
¢+ V C P. Also, choose a natural number N; such that k"d(zg,z1)/(1 —k) € V
for all n > N7 which implies that k™d(zo,x1)/(1 — k) < ¢ for all n > N; and hence
d(xp, m) < c for all n,m > Nj. Therefore {z,} is a Cauchy sequence in X. Since
X is complete, there exists an element z* € X such that x,, — =* as n — oco. Let
0 < ¢ be given. Now for xg,, € Tj(z2,—1), there exists u,, € T;(z*) such that

d($2n7 un) S O[d((Eanl, .’E*) + ﬂd(x2n717 xQn) + ’yd(‘r*v Un),
which further gives
d(ﬂj*, un) < d(x*a xZn) + ad(an—la x*) + ﬂd(ZZn—lv x2n) + ’yd(l’*, un);

and so

1
d(z”, uy) < ﬁ[d(ﬂc*,xzn) + ad(2n—1,2") + Bd(T2n—1,T2n)] < ¢
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for a sufficiently large n which shows that u, — z* as n — oo. Since T;(z*) is
closed, z* € F(T;) and so F(T;) # ¢. Let 2* € X be a fixed point of T;. Then, by
hypothesis, there exists x € Tox™ such that
d(z”, ) < ad(a®, ") + fd(x”, 27) + yd(z, z7)
= vd(z,z7),
which by using Remarkl, implies that d(z*,z) = 0, and so «* = x. Thus, F(T}) C
F(T). Similarly, F(Ty) C F(TY).

Now we prove that F(T}) is closed. Let {z,} be a sequence in F/(T;) = F (T;) such
that ,, — = as n — oo. Since z, € T;(xy), there exists v,, € Tj(x) such that

d(-rnvvn) < ad(l‘vu 3'}) + 6d($n,l’n) + ’yd(x,vn),

and so
d(z,v,) < d(x,zn) + ad(z,, ) + vd(z, v,).
Thus,
d(z,v,) < Triad(x,:cn) <ec

for a sufficiently large n. Thus d(z,v,) — 0 as n — oo. Since v,, € Tj(z) for each
n € N and Tj(z) is closed, € T (x) . Hence, x € F(T}) = F(T3). O

Example 1. Let X = [0,1], E = R? and P = {(z,y) € E : z,y > 0}. Let
d: X x X — FE be defined by

d(z,y) = (lz —y|, hlz —yl),
where h > 0. Define Ty, To : X — Py (X) by

x x
Tyz = [0, Z] and Tex = [0, g]

Note that for v = y = 0, (2) is satisfied as uy = uy = 0. For x = y # 0 and
uy € Thz, take uy, = 0. Then

x x

d(ug, uy) = (ug, huy) < (Z,hz)
1 2 3x 3z 2
< = 202 pet z
<200+ 2302 4 2 )
1 2 2
< g(x—yah(l‘—y)) + 6(95—%,}1(35—%))4' g(l‘,hl‘)

and so (2) is satisfied with o = 1/6, 8 = v = 2/6. Now when z =0, y # 0, then (2)
is satisfied for uy = 0. If x # 0, y = 0, then since uy, = 0, for any u, € Tix we have

x T

17 hZ)
ad(x,y) + Bd(x, ug) + vd(y, uy).

d(“:cvuy) <

IA
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Since d(x,y) is symmetric in x and y and B = =, it is sufficient to consider
0< =< y, up € Thx. Take uy, =0. Then

T T
d(ug, uy) = (Ug, huy) < (Z’hi)

1 2 3x  3x 2

ad(z,y) + Bd(x, ug) + vd(y, uy).

IA

IN

Now we show that for x,y € X, u, € Thx, there exists u, € Tiy such that (2) is
satisfied. For x =y =0, (2) is satisfied as uy = uy, = 0. For x =y # 0, u, € Thz,
take uy = 0. Then we have

X X
1 2 2x  2x 2
< Z il Guiady Nt z
< 20,0+ 22 0% 1 20 hay

A

< ad(z,y) + fd(2, ue) + yd(y, uy)-

Now when x = 0, y # 0, then (2) is satisfied for u, = 0. If x # 0, y = 0, then for
any u, € Tox, we have u, =0, and

(g, uy) = d(ug, hug) < (g,hg)
< ad(z,y) + Bd(z, uz) + vd(y, uy).

A

For 0 <z <y, u, € Tox, take uy = 0. Then we have

T . x
At uy) = (z hty) < (5, 05%)
1 2 2x  2x 2
- —(—,h— —(y, h
5(0,0)+ & (5 h) + £ (v, hy)
Oéd(IL'7 y) + 6d(’£, uI) + ’}/d(y, Uy)7

IN

IN

with o + 6+~ = 5/6. Note that F(T1) = F(Ts) # ¢. Moreover, F(Ty) = F(T3) €
P, (X).

Now we present another example with a different topological vector space as a
range.

Example 2. Let E = Cg[0,00), P={f € E: f(z) >0,z € [0,00)}, X = [0, 1]
with a usual metric and with a cone metric d : X x X — E defined by d(x,y) = fa,y,
where fu4(t) =t|x —y| ([3]). Define Ty, T : X — Py(X) as

Tr X

r T
Tlx = [?, g] and TQ.’L’ = [g, g}

Now if x =y, then (2) is satisfied with u, = uy, « = = 4/10 and v = 1/10. Also
the following cases arise:
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Case (i): x =0,y > 0. Then uy =0 € Tz, choosing u, =y/6 € Toy we have

Atk 1) (1) = fun, (1) = tuy = £

4 4 1.5

< t5 ) + 150 + 756wl
S (= )+ 250 w) + 15— )]

= [ad(z,y) + Bd(x, uz) + vd(y, uy)] (1),

with « = 3 =4/10, v = 1/10 and for all t € [0, 0).
Case (i1): x > 0, y = 0. Then, for u, € Thz, choosing u, = 0 € Toy we have

Aty )] (6) = o, (8) = tus < t2
< (@) + () + 1

(0)]
< t[lio(z —y)+ E(I —Ug) + %O(y — uy)]

= [ad(z,y) + Bd(z, ug) + vd(y, uy)](t).
Case (ii): 0 <y < x. Then for u, € Tz, taking u, = y/6, we have

Atz )]t = Fuy, (1) 15 — %)

< tl55(0) + 25 () + 76 (ov)]
St[%(z—yHﬁ +%(y—uy)]
= [ad(z,y) + Bd(z, uz) + vd(y, uy)]t.

Case (): 0 <z <y. Then, for u, € Thx, taking uy, = y/5, yields

Yy
At )] (1) = fup () < 82 = T)
4 Ax 1 .4

<ty — )+ 15(5) + 15 (20)]

(x — ug)

< t[lio(y — )+ %(m —ug) + %O(y — uy)]

= lad(z,y) + Bd(x, uz) +vd(y, uy)](1)-

Now we show that for z,y € X, u, € Tox, there exists u, € Ty such that (2) is
satisfied. We consider the following cases.

Case (i): x =0, y > 0. Then with u, =0 € Torx, uy, =y/7 € T1y we have

Y

4 4 1.6

< t[TO(y) + TO(O) + 1*0(79)]
< t[%(y —o)+ 5@ - w) + %(y — uy)]

= [ad(z,y) + Bd(x, uz) 4+ vd(y, uy)|(t).
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Case (i): x >0, y = 0. Then, for u, € Tox, u, =0 € Ty we have

[d(uﬂi7uy>] (t) = fux,uy (t) =tu, < t%

4 4 2z 1
< t[ﬁ(x) + 170(?) + 1*0(0)}
< (e )+ (@~ ) 15 (0)]

= [ad(z,y) + Bd(x, uz) + vd(y, uy)](t).

8
Case (ii1): 0 <y < z. Then, for u, € Thx, take u, = 5—:3 to obtain

A, )] () = o, (1) = 10— 52) < (5 20)
<t =)+ 55 (5 + 15z
St (@ —y) 4 (e — ) + 75— )

= [ad(z, y) + Bd(x; uz) + vd(y, uy)] (D).

Case (w): 0 <z <y. Then, for u, € Thx, taking u, = y/6 yields

[d(uz, uy)] (t) = fupu, () <t ‘g — %
< tlyg =)+ 1550 + 1550

< ooy~ ) + 1@ — ) + 75 (0 — )
= [ad(z,y) + Bd(x, uz) +7d(y, uy)](t)-
Also note that F(T1) = F(TIz) # ¢. Moreover, F(T1) = F(Tz) € P,y (X).

Other examples in the support of Theorem 2 can be constructed by taking E = ¢
(p>0), P={{za}us1 € B | 2, > 0}, and d(a,y) = {(p(w,4)/2")"/" }n>1, where p
is a metric on any nonempty set X.

The following corollary extends Theorem 4.1 of [8] to the case of two mappings
on cone metric spaces.

Corollary 1. Let (X,d) be a complete cone metric space and P a non normal cone.
If T, 1o : X — Py(X) are two multivalued mappings such that fori,j € {1,2} with
i#j, z,y € X and u, € T;(x), there exists u, € T;j(y) such that

d(“ma Uy) < h[d(x, Ur) + d(y, Uy)]a

where a, B,y > 0 are fized constants with o + 8+~ < 1. Then F(T1) = F(Ts) # ¢
and F(Ty) = F(1Tz) € P, (X).

The following corollary extends Theorem 4.1 of [8] to cone metric spaces.
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Corollary 2. Let (X,d) be a complete cone metric space and P a non normal cone.
IfT : X — Py(X) is a multivalued mapping such that for each z,y € X and
ug € T'(x), there exists uy € T(y) such that

d(ug, uy) < hld(z,ug) + d(y, uy)],

1
where 0 < h < 7 Then F(T) # ¢ and F(T) € Py (X).

Corollary 3. Let (X,d) be a complete cone metric space and P a non normal cone.
IfT : X — Py(X) is a multivalued mapping such that for each z,y € X and
uy € T'(x), there exists uy € T(y) such that

d(ug,uy) < ad(z,y),
where 0 < o < 1. Then F(T) # ¢ and F(T) € Py (X).
Proof. Take 8 =~ =0, and T} =T» = T in Corollary 1.

Corollary 4. Let (X,d) be a complete cone metric space and P a non normal cone.
IfT : X — Py(X) is a multivalued mapping such that for each z,y € X and
uy € T(z), there exists u, € T(y) such that

d(ug,uy) < ad(z,y) + Bd(x, uz) + vd(y, uy),

where a, B,y > 0 are fixed constants with o + 8+ v < 1, then T has a fixed point.

The above corollary is an extension of Theorem 3.1 of [14] to cone metric spaces.
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