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APPROXIMATION BY TRIGONOMETRIC POLYNOMIALS
IN WEIGHTED REARRANGEMENT INVARIANT SPACES

ALI GUVEN AND DANIYAL M. ISRAFILOV

Balikesir University, Turkey

ABSTRACT. We investigate the approximation properties of trigono-
metric polynomials and prove some direct and inverse theorems for poly-
nomial approximation in weighted rearrangement invariant spaces.

1. INTRODUCTION AND THE MAIN RESULTS

Let (R, 1) be a nonatomic o—finite measure space, i.e., a measure space
with nonatomic o—finite measure p given on a o—algebra of subsets of R.
Denote by M the set of all y—measurable complex valued functions on R,
and let M™ be the subset of functions from M whose values lie in [0, 00].
The characteristic function of a u—measurable set £ C R will be denoted by
XE-

Let a function p : Mt — [0,00] be given. The function p is called a
function norm if it satisfies the following properties for all functions f, g, f, €
M (n € N), for all constants a > 0 and for all u—measurable subsets £ C R:

(1) p(f) =0 & f=0pu—aeplaf)=ap(f),p(f+g)<p(f)+plg),
) 0<g< fu—ae = plg) <p(f),
;0<fanN7aeép(fn)Tp(f)
)

2
3
4) u(E) < oo = p(xg) < oo,
H(E)

(
(
(
5 <o = /Efduchp(f),

where C'g is a constant depending on E and p but independent of f.
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If p is a function norm, its associate function norm p’ is defined by
(1.1) o(9) =swp s [ fodus fe M p(7) <1
R

for g € M. If p is a function norm, then p’ is also a function norm [3, pp.
8-9].

Let p be a function norm. We denote by X = X (p) the linear space of
all functions f € M for which p (|f|) < co. The space X is called a Banach
function space. If we define the norm of f € X by

1fllx == p (£

X will be a Banach space [3, pp. 6-7]. By the property (5), it follows that if
the measure space (R, p) is finite, i.e., if u(R) < oo, then X C Ly (R, ).
Let p be a function norm and p’ be its associate function norm. The
Banach function space determined by p’ is called the associate space of X
and denoted by X’. EverleanaCh function space coincides with its second

associate space X” = (X') and || f||x = || fllx for all f € X [3, pp. 10-12].
So we have by (1.1)

(1.2) 171 = s [ Ifgldus g€ X' gl <1
R

and

(13) lall =sup< [ Ifgldn: £ € Xl <1
R

For every f € X and g € X’ the Holder inequality

(1.4) [ 15sldi <171 gl

R
holds [3, p. 9].

Let Mo and M be the classes of i — a.e. finite functions from M and
M respectively. The distribution function uf of f € My is defined by

pr(N) = p{r € R:[f (z)| > A}

for A > 0. Two functions f,g € My are said to be equimeasurable if py () =
g (A) for all A > 0.

DerFINITION 1.1 ([3, p. 59)). If p(f) = p(g) for every pair of equimea-
surable functions f,g € MO+, the function morm p is called a rearrangement
invariant function norm. In this case, the Banach function space generated
by p is called a rearrangement invariant space.
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Let f € Mg. The function f* defined by
ff@)=inf{x:pup(N)<t}, t>0

is called the decreasing rearrangement of the function f.

Let X be a rearrangement-invariant space over a nonatomic finite measure
space (R, ) . By the Luxemburg representation theorem [3, pp. 62-64], there
is a (not necessarily unique) rearrangement invariant function norm p over
R4 = [0, 00) with the Lebesgue measure m such that

p(f)=p(f")

for every f € M.

The rearrangement invariant space over (R, m) generated by p is denoted
by X.

Let’s consider the operator E,, > 0 defined on Mg (R4, m) by

(Eef)(2) :{ g,(xt)’ ii;gzgg} , t>0.

It is known that [3, pp. 165] E,/, € B (7) for each = > 0, where B (7)
is the Banach algebra of bounded linear operators on X. Let hx () be the

operator norm of Ey/,, i.e., hx (z) := HEl/:CHB(?) .
The numbers ax and Bx defined by
log h logh
ax = sup 08 Rx L) (m), Ox = 08 hx\T) (z)
o<z<1 logx i<z<oco logx

are called the lower and upper Boyd indices of X, respectively. It is known
that [3, p. 149] the Boyd indices satisfy

0<ax <px <1,

The Boyd indices are said to be nontrivial if 0 < ax < 8x < 1.

Let T be the unit circle {e” : § € [—m, 7]}, or the interval [—, 7], C be the
complex plane and Ly, (T),1 < p < oo, be the Lebesgue space of measurable
functions on T. Further, any rearrangement invariant space over T will be
denoted by X (T).

A measurable function w : T — [0, 00] is called a weight function if the
set w1 ({0,00}) has Lebesgue measure zero.

Let X (T) be a rearrangement invariant space over T and w be a weight
function. We denote by X (T,w) the class of all measurable functions f such
that fw € X (T), which is equipped with the norm

(1.5) 1l xerwy = I @llxer) -

The space X (T,w) is called a weighted rearrangement invariant space.
From the Holder inequality it follows that if w € X (T) and 1/w € X’ (T)
then Lo (T) C X (T,w) C Ly (T).
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Let 1 <p<ooand 1/p+1/¢ = 1. A weight function w belongs to the
Muckenhoupt class A, (T) if

1/p 1/q
ﬁ/wp(x)d:c ﬁ/wq(m)da: <C
J J

with a finite constant C' independent of J, where J is any subinterval of T
and |J| denotes the length of J.

Let X (T) be a reflexive rearrangement invariant space with nontrivial
Boyd indices ax and Bx, and w be a weight function such that w € Ay /4 (TN
Aq/sx (T). For a given function f € X (T,w) we define the shift operator oy,

h
(onf) (z) == %/f(m—i—t)dt, O<h<mzeT,
~h

and later the k—modulus of smoothness Q];(,w () (k=1,2,...)
k

H(Iﬁghi)f

i=1

k

QX’w 0.) = 0 S}lzlp<5
<h;<
1<i<k

, 0>0,
X(T,w)

where [ is the identity operator. This modulus of smoothness is well defined,
because we will prove (Lemma 2.2) that the operator oy, is a bounded linear
operator in X (T,w).

We define the shift operator o5, and the modulus of smoothness Q’)“(,w in
such way since the space X (T,w) is noninvariant, in general, under the usual
shift f (z) — f(z+h).

In the case of £ = 0 we assume Q())(,w (0,f) = [lfllx(r) and if k& =1
we write Qx ., (6, f) := Q% , (6, f) . The modulus of smoothness Q% , (-, f) is
nondecreasing, nonnegative, continuous function and

(1.6) Q% (6, f+9) <&, (6, )+ %, (6,9)

for f,g € X (T,w).
We denote by E, (f)X o (mn=0,1,2,...) the best approximation of f €
X (T,w) by trigonometric polynomials of degree not exceeding n, i. e.,

Bu (£ xe =0 {If = Tallxray : T € Mo }

where II,, denotes the class of trigonometric polynomials of degree at most n.
Note that the existence of the trigonometric polynomial T}r € II,, such that

E, (f)X7w = ||f - T;:“X(']I‘,w) )

follows, for example, from Theorem 1.1 in [8, p. 59].
In the literature there are sufficiently many results, where investigated the
approximation problems and obtained, in particular, the direct and inverse
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theorems of approximation theory by trigonometric polynomials in weighted
and nonweighted Lebesgue spaces. The elegant representation of the corre-
sponding result in the nonweighted Lebesgue spaces LP (T), 1 < p < oo,
can be found in [8,34,35]. The best approximation problem by trigono-
metric polynomials in weighted spaces with weights satisfying the so-called
A, (T) —condition was investigated in [15,26,27]. In particular, using the
L? (Tw) version of the k—modulus of smoothness Q’)“(,w (), k=1,2,..,
some direct and inverse theorems in the weighted Lebesgue spaces were ob-
tained in [15,27]. The generalizations of the last results for the weighted
Lebesgue spaces, defined on the curves of the complex plane were proved in
[18-20]. The similar results in the nonweighted Lebesgue spaces were obtained
in [1,7,25].

For the more general doubling weights, approximation by trigonometric
polynomials in the periodic case and other related problems were studied in
[4,29-31]. The direct and converse results in case of the exponential weights
given on the real line were obtained in [13,14]. Some interesting results con-
cerning to the best polynomial approximation in weighted Lebesgue spaces
were also proved in [9,10]. The detailed information on the weighted polyno-
mial approximation can be found in the books: [11,32]. In the non-weighted
rearrangement invariant spaces the direct theorems can be found in [8]. Some
other aspects of the approximation theory in the more general spaces were
investigated by many authors (see, for example: [28]).

To the best of the authors’ knowledge there are no results, where studied
the approximation problems by trigonometric polynomials in the weighted
rearrangement invariant spaces. These spaces are sufficiently wide; the
Lebesgue, Orlicz, Lorentz spaces are examples of rearrangement invariant
spaces. In this work we prove some direct and inverse theorems of approx-
imation theory in the weighted rearrangement invariant spaces X (T,w). In
particular, we obtain a result on the constructive characteristic of the gener-
alized Lipschitz classes defined in these spaces.

Let = 1,2,... . If we denote the space of functions f € X (T,w) for
which f"=1) is absolutely continuous and f(") € X (T,w) by W% (T,w), it
become a normed space with respect to the norm

(1.7) 1l oy = I xmy + ||

Our main results are the following.

X(T,w)

THEOREM 1.2. Let X (T) be a reflexive rearrangement invariant space
with nontrivial Boyd indices ax and Bx, and w be a weight function such
that w € Ay /oy (T)N Ay g, (T). Then for every f € Wi (T,w) (r=1,2,...),
the inequality

_ ¢ (r) _
(1.8) En(f)x < Gy o (1 )XM, n=1.2,...
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holds with a constant ¢ > 0 independent of n.

THEOREM 1.3. Let X (T) be a reflexive rearrangement invariant space
with nontrivial Boyd indices ax and Bx, and w be a weight function such that
w € Aijay (T)N Ayygy (T). Then for every f € X (T,w) and k = 1,2,...,
the estimate

(1.9 B (1) < S (574

holds with a positive constant ¢ = c (k) independent of n.

In weighted Lebesgue spaces L, (T,w) similar results were proved in [15]
and [27].

Let D be the unit disk in the complex plane and H; (D) be the Hardy space
of analytic functions in D. It is known that every function f € H; (D) admits
nontangential boundary limits a. e. on T and the limit function belongs to
L, (T) [12, p. 23].

Let X (T, w) be a weighted rearrangement invariant space on T and let
Hx (D,w) be the class of analytic functions in D defined as:

Hx (Dyw):={feH D): fe X(T,w)}.
Then from Theorem 1.3 we obtain the following result.

THEOREM 1.4. Let X (T) be a reflexive rearrangement invariant space
with nontrivial Boyd indices ax and Bx, w be a weight function such that
o0

w € Aijay (T)YN Ay (T), and f € Hx (D,w). If Y a; (f) 27 is the Taylor
=0

series of f at the origin, then

110 16 -Yane| st (i) k=t
X(T,w)

with a constant ¢ = ¢ (k) > 0, which is independent of n.

THEOREM 1.5. Let X (T) be a reflexive rearrangement invariant space
with nontrivial Boyd indices ax, Bx, and let the w be a weight function such
that w € Ay/ay (T)N Ay, (T). Then for f € X (T,w) and k =1,2,..., the
estimate

1 c S ok
) 0 (57) < i B (P P B D
j=1
holds with some positive constant ¢ = ¢ (k) independent of n.

From Theorem 1.5 we obtain the following result.
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COROLLARY 1.6. If
Ey(flx,=0@m"), a>0,n=12,...,

for f € X (T,w), then for any natural number k and § > 0

O (67), k> a/2
Q% (6, ) =14 O0(6%log(1/0)), k=a/2
O (52+) k< a/2.

Hence if we define the generalized Lipschitz class Lip*a (X,w) for a > 0
and k:=[a/2] +1 as

Lip*a (X,w) = {f € X (T,w) : Q% , (3, ) < c6*,6 > 0},
then by virtue of Corollary 1.6 we obtain the following
COROLLARY 1.7. If
En(f)X,w :O(n*a), a>0,n=12...,
for f € X (T,w), then f € Lip*a (X,w).

Combining this with Direct Theorem we get the following constructive
description of classes Lip*a (X, w).

THEOREM 1.8. For a > 0 the following assertions are equivalent:

(i) f € Lip*a(X w);
(i) En(f)x,=0(®"?) foralln=1,2,...

We use ¢, ¢1, ¢a,... to denote constants (which may, in general, differ in

different relations) depending only on numbers that are not important for the
questions of interest.

2. AUXILIARY RESULTS

The following interpolation theorem was proved in [5].

THEOREM 2.1. Let 1 < g < p < 0. If a linear operator is bounded in the
Lebesgue spaces Ly, (T) and Ly (T), then it is bounded in every rearrangement
invariant space X (T) whose Boyd indices satisfy 1/p < ax < Bx < 1/q.

In the proof of the following lemma, we will use the method used by A.
Yu. Karlovich in [23].

LEMMA 2.2. Let X (T) be a rearrangement invariant space with nontrivial
Boyd indices ax and Bx, and w be a weight function. If w € Ay/q, (T) N
Aysx (T), then the operator oy, is bounded in the space X (T,w).
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PROOF. Since 0 < ax < 8x < 1, we can find the numbers ¢ and p such

that
1<g<1/Bx <1l/ax <p<

and w € A, (T) N Ay (T) [6, p. 58]. As follows from the continuity of the
maximal operator in weighted Lebesgue spaces (see [33]), the operator oj
is bounded in the spaces L, (T,w) and L, (T,w). In that case the operator
Ap, = wopw™ ' is bounded in the Lebesgue spaces L, (T) and L, (T). Hence
by Theorem 2.1, the operator Aj is bounded in the rearrangement invariant
space X (T). This implies the boundedness of the operator o} in the space
X (T,w). O

From this Lemma and the density of the continuous functions in X (T, w)
(see [22]) we obtain the following result.
COROLLARY 2.3. For f € X (T,w) we have

1. - =
Lim [lf = onfllxerw =0

and hence
;ir%ﬂlj(,w (6,/))=0,k=1,2,...

Moreover
QI;(,w (67 f) <c ||f||X(T,w)
holds with some constant c independent of f.

Let S, (-, f) (n=1,2,...) be the nth partial sums of the Fourier series of
the function f € Ly (T), i. e.

n
ao .
S (z, f) = 5 + Zak cos kx + by sin kz,
k=1
where
f(z) ~ % + kz_:lak coskx + by sin kx.
Then [2, Vol. 1, pp. 95-96]

1
S @)= 10 Dala~tya
T
with the Dirichlet kernel
1 n
D, (t) == 3 + ;cos kt

of order n. Consider the sequence {K,, (-, f)} of the Fejer means defined by

Ky (z,f) = SO(I’f)+51(I7;J2;r"'+5"($’f), n=01,2,...
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with Ko (z, f) = So (z, f) 1= ao/2.
It is known [2, Vol. 1, p. 133] that

1
Kn(xaf):_ f(t)Fn(I_t)dtv
2

where the expression
1 n
F, (t) := > Dy (t)

n+1k:0

is the Fejer kernel of order n (for more information see: [2, vol. 1, pp. 133-
137)).

LEMMA 2.4. Let X (T) be a rearrangement invariant space with nontrivial
Boyd indices ax, fx, and w be a weight function such that w € Ay, (T)N
Aiypx (T). Then the sequence {K,} of the Fejer means is uniformly bounded
in the space X (T,w), i. e.

(2.1) 1K G ey S lfllxmey: f€X(Tw)
with a constant c, independent of n.

The proof of Lemma 2.4 is similar to proof of Lemma 2.2.
Now we can state and prove Bernstein’s inequality for weighted rearrange-
ment invariant spaces.

LEMMA 2.5. Let X (T) be a rearrangement invariant space with non-
trivial Boyd indices ax, Bx. If w € Ayjay (T) N Ayygy (T), then for every
trigonometric polynomial T;, of degree n, the inequality

(22) ITallx 7wy < e 1Tl x(r,0)
holds with a constant c, independent of n.

PROOF. We use Zygmund’s method (see [2, Vol 2, pp. 458-460]). Since

T, (2) = S, (2.T) = 7 [T (u) Do (1~ 2)du

T
by differentiation we get
1 1
T! (r) = ——/Tn(u)D;(u—x)du: ——/Tn(u—i—x)D;(u)du
7r T
T T

l/Tn (u+x) <E ksinkzu) du
™
k=1

T
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and since T;, is a trigonometric polynomial of degree n,

n n—1
T () = E/Tn (u+ ) {stinkqu stin(Qn - k)u} du
T
k=1 k=1

T
n—1
1 1 -k
= ;/Tn(u+m)2nsinnu{§+znn cosku}du
- k=1
2n

= — | Ty (u+z)sinnuF,_; (u)du.
T
T
Since F,,_1 is non-negative, we obtain

Lo < 2 [ [t o) s () du =22 [ 1, @] B (0 - 2)d
T T

= 2nK,_1(z,|Tw]),
and Lemma 2.4 yields (2.2). O

Let S, (-, f) and f be the nth partial sums of the Fourier series and
the conjugate function of f € X (T,w), respectively. Since the linear opera-
tors f — S, (-, f) and f — fare bounded in the weighted Lebesgue spaces
L, (T,w) [16,17], by using the method of proof of Lemma 2.2, one can show
that

@3) 18 CDlxre Slflxeay [Ty, <M lxea

and as a corollary of these we obtain

@4) 1 =50 Dllxpar < BaDxs Fa(F) < eBa(fx

LEMMA 2.6. Let X (T) be a reflexive rearrangement invariant space with
nontrivial Boyd indices ax and Bx. If w € Ay/q, (T)N Ay, (T), then the
class of trigonometric polynomials is dense in X (T,w).

PRrROOF. From the method of proof of Theorem 4.5 in [23] and Lemma
4.2 in [21], can be deduced that the condition w € Ay/q, (T)N € A5, (T)
implies the conditions w € X (T) and 1/w € X' (T). Then the space X (T,w)
is also reflexive [24, Corollary 2.8] and by Lemmas 1.2 and 1.3 in [22] the class
of continuous functions C (T) is dense in X (T,w).

Let f € X (T,w) and € > 0. Since C'(T) is dense in X (T,w), there is a
continuous function fy such that

(2.5) 1f = foll x(rw) <&

By the Weierstrass theorem, there exists a trigonometric polynomial T
such that
[fo () =To ()| <&, zeT.



APPROXIMATION BY TRIGONOMETRIC POLYNOMIALS 433
Using this and formulas (1.2), (1.5) and Hoélder inequality we get

HfO_TOHX('Jr,w) = H(fO_TO)WHX(T)

= sup /|f0 () = To (z)|w () g ()| dz = [|gll xr(py <1
T

< cswd [w@lg@]de gl <1
T
< esup {Jlxqn 19l : 195y < 1} << lwllxen

which by (2.5) yields

1 = Tollxray < IF = oll oy + 1o = Tollceray < (1+ lllxery ) &

and the assertion is proved. O

COROLLARY 2.7. Under the assumptions of Lemma 2.6, the Fourier series
of f € X (T,w) converges to f in the norm of X (T,w).

Proor. By Lemma 2.6 we have E, (f)y, — 0 (n — oco) and then the
proof follows from (2.4). O

LEMMA 2.8. Let X (T) be a rearrangement invariant space with nontrivial
Boyd indices ax and Bx. Ifw € Ay, (T)N A5, (T), and f € W3 (T,w),
then the inequality

0%, (6, ) <6, "), k=12,...
holds with some constant ¢ independent of 6.
PROOF. Let’s consider the function
k
g(x) =10 —=on)f ().
i=2

Then g € W% (T,w) and

—

k
(I —on)g(@)=I—on) < (I—Uhi)f($)> =[[d—on)f(@).

2 i=1

2
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Hence

—

@
I
A

(I —on,) f(x)

A. GUVEN AND D. M. ISRAFILOV

h1
= g(x) —ong(r)=g(z) - 2%1/9(30“)6#
h1 "
1
— o [ i@ g+
—h1
1 h1
:—@;/w@+w—wwwg@fma

u

= Shl/// (x + s) dsdudt.

Now, according to (1.2), (1.5) and Fubini’s theorem and getting the supremum
under the integral sign we have

k

i=1

IN

IN

H(I_Uhi)f

X

8h1 /// -+ 8) dsdudt

(T,w) X (T,w)

8—hlsup/ /// (z + s) dsdudt| w (x) |l (x)| dzx

u

S—hlsup/ h/] /g” (z+ s)ds|dudt | w(2) |l (2)| dz
00

—Uu

u

@fwy]m//¢@+ﬁ@w@W@WMth
0

hy t

]|

)

hy t

] [

—Uu

sup// (x4 s)ds|w (x) |l (x)] dx | dudt
T [—u

/g” (- +s)ds dudt

—u X (T,w)

/ -+ s)ds dudt,

X(T,w)
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where the suprema above are taken over all functions ! € X'(T) with
[l x+(py < 1. Taking into account the boundedness of o, we see that

k 1 hy t
H (I —on,) f < S—M//?U loug” |l x (7w dudt
i=1 X(T,w) 00
hy t
<

1
S //2u 19" | x (7,0 dudt = ch? 19" 1 (7 ) -
00

On the other hand, by the definitions of ¢ and op, we have g¢”

k
[T (I —on,) f”. Then from the last inequality we conclude that
i=2

k

Ql)c(,w (5a f) = 0 S}Llp<5 H (I - Uhi) f S 0 Sup<66h% ||g//||X(']I‘,w)
<h;< . <h;<
1<i<k =t X(Tw) i<k
k
= 6% sup H (I—on,)f" = 052Q]§(_7$ 8, f
O<hi<d|fi=y X(T,w)
2<i<k ;

and this finished the proof.

COROLLARY 2.9. If f € W2k (T,w) (k=1,2,...), then

SOHETI Tl

with some constant ¢ independent of 6.

For an f € X (T,w) the K —functional is defined as

K (5, f; X (T % (T,w)):= inf - 8 (|
(0,1 X (Tw), WE (L)) o= b~ bl +6 0

X (T,w)
for § > 0.

THEOREM 2.10. Let X (T) be a rearrangement invariant space with non-
trivial Boyd indices ax and Bx, and w € Ay/q, (T) N Ay/g, (T). Then for
feX(T,w) and k =1,2,..., the equivalence
(2.6) K (0%, f; X (T,w), W (T, w)) ~ %, (6, f)

holds, where the constants in this relation are independent of 9.
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PROOF. Let ¥ be an arbitrary function in W2¥ (T,w). By (1.6), Corol-
laries 3 and 5 we obtain

Ko f) = Ko f—v+9)
< Ql)c(,w (6a f - w) + Q];(,w (65 ¢)
< alf—Ylxew + 6% Hiﬁ(%) H

X(T,w)

Taking the infimum over all t» € W2¥ (T, w) , by definition of the K —functional
we get
Q% o, (0,f) <K (0%, f1 X (T,w) ,WR* (T,w)) .

For the proof of the reverse estimation consider an operator Ls on X (T,w),

(Lsf) (z) := 5%77]f (x + s)dsdtdu, =z €T.
0

0 —t
Then )
d c
@(Léf)z 5—2(1—05)f
and hence
2k
(2.7) C ko T —e)t, k=1,2,... .

dr2k 0 T 52k

The operator L; is bounded in X (T,w). Indeed, using (1.5), (1.2) and the
boundedness of o; in X (T,w) we get

%ZZ ]tf (-+s)ds dtdu

X(T,w)

5 u
3
00

5 u
3
< el [ [ 2tdtdu=clfll e
00

IN

L5 f 1l x(r )

Consider the operator
A =T (1-LF)".
Then we have A%f € W2k (T,w) for f € X (T,w) and furthermore by (2.7)
the inequality

2k
d k

d2k

dank

c

< -

Lif

X(T,w)

’X(’H‘,w) ‘X(’H‘,w)
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holds. This inequality and the definition of Q’)f(’w (0, f) yield
d2
(2.8) 52 <% 6, f).
d B
X(T,w)
Since
k—
I—LF=(I-Ls) Z
§=0
and L; is bounded in X (T, w), we have
H(IfL’g)gHX(T’w) = H ZLJ (I—-Ls)g <cll(I = Ls) 9ll x (7,09
X(T,w)
= ¢ 53///g g (- + s)] dsdtdu
0 -t X (T,w)
se o]
c
< = - —ql(
< 53//215 275/[g g(-+s)]ds dtdu
—t X (T,w)
= / / 2 (1~ 02) 0 i
5 u
< 5 0 =) glyr [ [
00
= CSUP (1 *Ut)QHX(T,w)
0<t<
for every g € X (T,w). Applying this inequality k—times in
k _ _rk\k _ 7k  rk\k-l
1 = A8 o =[O0 1| =[O =20
we obtain
— Ak < HI— -kt H
Hf éfH)(('Jr,w) = 6102126 (I —on) ( 5) f X(T,w)
k—2
< ¢y sup sup H —oy,) otQ)(Ileg) fH
0<t1<80<to <8 X(T,w)
k
< .<c¢ sup I — oy,
0<t; <5 1;[ ( u)f
1<j<k X (T,w)

S (0, 6).
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Since Ak f € W2k (T,w), from the last inequality, the inequality (2.8) and the
definition of the K —functional, we conclude that

d2k
K (0%, f; X (T,w) WR (T,w) < |[f = A5l r ) + 0% || ar A5 ‘m )
S CQ§(7QJ (67 f) ’
which gives the reverse estimation and hence the proof is completed. O

3. PROOFS OF THE MAIN RESULTS

PROOF OF THEOREM 1.2. Let Y (aj coskz + by sinkx) be the Fourier
k=0
series of f and S, (z, f) be its nth partial sum i.e.,
n
Sy (z, f) = Z (ay cos kx + by sin kzx) .
k=0

It is known that the conjugate function fhas the Fourier expansion
)
(ay sin kx — by, cos kx) .
k=1
If we denote
Ay (z, f) := ay cos kx + by sin kzx,

then by Corollary 2.7 we have
fla)=> Ay (. f)
k=0
in the norm of X (T,w).
Since for k =1,2,...,

Ak (z, f) = apcoskx + by sinkz
roe T rorw

= akcosk(erﬁ*%)+bksmk<x+ﬂiﬁ)

T orT . rmoorm
= akcos(k:ﬂJr?—?)+bksm<kx+7,?)
- o ) s ) ]
= q |cos | kx 5 cos 5 sin ( kx 5 sin 5
+b [in(k +E) o (k +E> inﬂ}

k |S X 5 COS2 cos | Kx 5 S 5

T T . T

= 0057[akcosk:(ac—l—ﬁ)—i—bksmk(x—i—%)}
Lrm . T T
+81n7[aksmk($+%)—bkcosk:<x—|—%)]
T rT T LT

= Ak(:ch%,f)cos?JrAk(:ch%,f)sm?
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and
Ak (1'7f(r)) = kTAk (1'+ ;_Zaf) )
we get
kZZOAk ($ f) = AO ($,f) + cos %;Ak ($ + %7f)
+sin%r;Ak (ach;—Z,f)
= A (x,f)Jrcosr—ﬂ 3 irkTA :E+T—7r,f
0 2 ;k ’“( 2k )
+sinr—wzkik’rj4k (ac—i— T—W,f)
= Ao(z, f) —l—cos—z Ak(x fr )>
k=1
+sm—zk Ak( )
Then

f@)=Su(@, )= Az, f)

k=n-+1
T oe= 1 T | ~
= cos — Z ﬁAk (x,f(r)) +sin7 Z ﬁAk (ac,f(7')) .
k=n+1 k=n+1

Take into account that

kﬂ“
k=n+1 k=n+1
= Y {[5 (0) - 1O @) - [Si (50) - 0 @)}
k=n+1
B i (ki_ (kil)") [Sk (I I )> -/ )(I)}
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and
Sl - 8 (Egky) s e5) -
k=n+1 k=n+1

1
(n+1)"

by (2.4) we have
Hf — S ('a f)”X(’]I‘,w)

3 (ki) I () -,

s L CEA) B A I

5 () I ()

. <f<>> f<>uw

{k ~ E’“ (s ))X,ﬁ<n+11)TE"<f(T))X,w}
of 3 (% - <ki iy ) 5 () 4 B (), -

Since the sequence {En ( f (7')) x w} is decreasing, we finally conclude that

Hf —Sn (-a f)”X(’]I‘,w)

< 0n(0) A S (- win) i)
(), 5 (i) )
1
k

IN

IN

k=n+1
%)

< om (), {2 (3

k=n+1

203
= E, (f™ .
(TL+].)T " (f )X,w
This by the relation

En (f)X,w < ”f - Sn (~7 f)HX(T,w)
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gives (1.8) and completes the proof of Theorem 1.2. O
COROLLARY 3.1. For f € W% (T,w) the inequality

En(f)xp < m—r |[ £

(n+1)

X(T,w)
holds with a constant ¢ independent of n.

PROOF OF THEOREM 1.3. Let 1 € W2k (T,w). Then by subadditivity
of the best approximation and Corollary 3.1 we have

E, (f)X,w = E, (f—¢+¢)x,w < E, (f_w)xyw"f'En (w)X,w

1
¢ i — o]
{” lxcre) (n+1)* X(Tw)

Since this inequality holds for every 1 € W#¥ (T, w), by the definition of the
K —functional we get

A

m;f%X(Taw)aW)%k (Taw)> .

According to Theorem 2.10 this implies

E, (f)wa < cK(

which completes the proof. O

0 ..
PROOF OF THEOREM 1.4. Let > «; (f)e“® be the exponential Fourier
j=—o00
series of the boundary function of f and S, (z, f) be its nth partial sum, i.e.,

Sn (xaf) = Z Vi (f)el]m

j=—n

Then for f € H; (D), by Theorem 3.4 in [12] we have

win={ g 120

Let T, (z) be the polynomial of the best approximation to f from the class
I1,, in the space X (T,w). Then the relation (2.3) and Theorem 1.3 for every
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natural number n yield

F2) =Y a;(H) =|[£ (™) =D (e
J=0 X (T,w) X (T,w)
= 1f =S xrw =1 =T +T5 = Su (5 Ol xrw)

< Nf =Tl xrw + 152 (T = HOllxrw
. 1
< CHf - TnHX(’]I‘,w) = chy (f)X,w < CQ];(W-’ <n—+1’f>
and the theorem is proved. O

Proor oF THEOREM 1.5. Let f € X (T,w) and T,, (n =0,1,2,...) be
the polynomials of best approximation to f in the class IT,,.
Let n=1,2,...and 6 :=1/n. For any m =1,2,...

(3.1) Q% (0, 1) Q% (6, f = Tomer) + Q , (8, Tom1) .

We have

(32)  u(.f — o) < c1lf — Tomslxgpny = 1Bt (f) o
On the other hand, using (2.2) and (2.3) we obtain

———

X (T,w)
ok J {[(@8) () (| r(2) T
R (el W ol Bt

< 035% ||T1 TOHX('Jr w) + 22 2k ||T2 +1— T

(Tyw)}
=0

< 502" B (f Xw 1+ By (f)X,w + 22(i+1)2k (E2i+1 (f)wa + Eyi (f)X,w>}
i=0

i=0

= C452k

< 467 {Eo Xw T Z2<i+1>2kE2i (f)X,w}

m
Eo (f Xw + 9%k, (f)X,w + ZQ(H-I)%ET_ (f)X,w} ,

i=1
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because the sequence of best approximations {En (f) X’w} is monotone de-

creasing. By monotonicity of {En (f)wa} ,

2! 2!
S PE(Nx., =Y, PPEx(fy,
1=2i—-141 [=21—141
2i
i1\ 2k—1
> E2i (f)X,w Z (2 1)

[=2i-141
= By (f)x, 2" 1%,
and hence

20

(3-3) 2By (fxw <2% > P*TE(f)x.,
1=2i—141

holds for ¢ > 1. So, we get the estimate

o
(3-4) Ok o (8, Tymr) < c56%F {Eo (Fxw+ Y 1B (f)X,w} :

=1
If we select m such that 2™ < n < 2™*1 then by (3.3)
2(m+1)2kE2m+1 (F)x w o o(m+1)2k g, (f)x

Eom+ (f)X,w = o(m+1)2k = n2k ’
24k < 2k—1
n2k Z B (f)X,w :
1=2m—141

Combining (3.1), (3.2), (3.4) and using the last inequality completes the proof
of Theorem 1.5. O

PROOF OF COROLLARY 1.6. Let
En(f)x,w :O(n_a), a>0,n=1,2...,

for f € X (T,w).
Let 6 > 0. If we choose the natural number n as the integral part of 1/4,
we get by Theorem 1.5

oG < (7S < W{E (Nt D™ B <f>X,w}

m=1

025219 {EO (f)X,w + Zkala} ’
m=1

IN

since
n<l/d<n+1.
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Hence, if 2k > «, then simple calculations yield Q’)f(’w (0, f) = O(6%). If
a = 2k, then

n n
Zm%*l*a = mel <1+1log(1/9),
m=1

m=1

and from this inequality we obtain

k., (6, f) = 0 (5 log (1/4)) .

Finally if o > 2k, then the series

0
E m2k717a
m=1

is convergent, hence the estimate

oo

0o (0.1) <™ S Eo (f)x, + Ym0 = 0(6%)

m=1

holds. O
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