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ABSTRACT. Given a metric continuum X, F,(X) denotes the hyper-
space of nonempty subsets of X with at most n elements. In this paper we
show the following result. Suppose that X is a metric compactification of
[0,00), Y is a continuum and Fp(X) is homemorphic to F,(Y). Then: (a)
if n # 3, then X is homeomorphic to Y, (b) if n = 3 and the remainder of
X is an ANR, then X is homeomorphic to Y. The question if the result
in (a) is valid for n = 3 remains open.

1. INTRODUCTION

A continuum is a compact connected metric space with more than one
point. Given a continuum X, we consider the following hyperspaces of X:

2%X = {AC X:Ais closed and nonempty},
C(X) = {Ac2¥:Aisconnected}, and for each n € N,
Co(X) = {Ae€2%:Ahasat most n components},
F.(X) = {A€2": Ahasat most n points}.

All these hyperspaces are considered with the Hausdorff metric H ([9, Theo-
rem 2.2, p. 11]).

The continuum X is said to have unique hyperspace F, (X) provided that
the following implication holds: if Y is a continuum and F,,(X) is homeomor-
phic to F,,(Y), then X is homeomorphic to Y.
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It is known that if X is either a finite graph or a dendrite (locally con-
nected continuum containing no simple closed curves) with closed set of end
points, then X has unique hyperspace F,,(X) (see [1] and [7]).

A lot of work has been done on determining continua X for which some
of the hyperspaces 2%, C,,(X) and C(X) is unique (see, for example [3] and
8)).

The subspace of the real line [0,00) is called the ray. In this paper we
prove:

THEOREMS 3.1 AND 4.1 If X is a metric compactification of the ray and
n # 3, then X has unique hyperspace F,(X).

THEOREM 5.6. If X is a metric compactification of the ray and the
remainder of X is an ANR, then X has unique hyperspace F5(X).

We do not know if in Theorem 5.6 the hypothesis that the remainder of
X is an ANR can be removed.

2. AUXILIARY RESULTS

An n-cell is a space homeomorphic to [0,1]". The manifold boundary of
an n-cell M is denoted by O(M). A map is a continuous function. A simple
triod is a continuum 7T which is the union of three arcs oy, as and a3z and T
contains a point p, called the vertex of T, such that p is an end point of each
a; and a; Ny = {p}, if ¢ # j. Given a continuum X and a subset C of X, let

F.(C)={AeF,(X):AcCcC}
and
En(C) ={A € F,(C) : A has a neighborhood in F,,(X) which is an n-cell}.

For each p € X and ¢ > 0, let B(e,p) be the open e-neighborhood in X
around p and let N(e,C) = |J{B(e,z) : « € C}. Given subsets A;,..., A,
of X let (A1,....,An), ={A € F(X): AC A U---UA, and ANA; #0
for each i € {1,...,m}}. It is easy to prove that if the sets Aj,..., A,
are closed (resp., open) in X, then (Ay,...,Ay,), is closed (resp., open) in
F,.(X). If the sets Ay,..., A, are closed (or open) and pairwise disjoint,
then A; x --- x A, is homeomorphic to (A1,...,A,), by the map that sends
(a1,...,an) to {a1,...,an}.

Given a topological space Z and n € N, define

A, (Z) ={z € Z : z has a neighborhood M in Z such that M is an n-cell

and z € O(M)}.

Given a metric compactification X, of the ray [0, 00), we denote by Sx C
X the topological copy of [0,00), we call Ox to the end point of Sx and we
denote the remainder X — Sy of X by Rx.

The proof of the following lemma can be made with similar arguments as
those in Lemmas 4.2, 4.3 and 4.5 of [3].
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LEMMA 2.1. Let X be a metric compactification of the ray and n € N.
Then:

(a) Fn(Sx) — Fn—l(SX) C En(Sx)

(b) If A€ F,,_1(Sx) and n > 4, then no neighborhood of A in F,(X) can
be embedded in [0,1]™.

(c) If A€ F,(Sx) and n > 4, then A € F1(X) if and only if A ¢ E,(Sx)
and A has a basis of neighborhoods B in F,,(X) such that U N E,(Sx)
is arcwise connected for each U € B.

THEOREM 2.2. Suppose that X is a metric compactification of the ray
and F,,(X) is homeomorphic to F,(Y), where Y is a continuum. ThenY is
a metric compactification of the ray.

PROOF. Defineld = F,,(Sx)—F,—1(Sx). By Lemma 2.1(a), U C &,(Sx).
We prove some properties of U.

A. U is alocally arcwise connected open subset of F),(X).

Let A = {x1,...,2o,} € U and let V be an open subset of F,(X)
such that A € V. Since A C Sx, we can choose pairwise disjoint arcs
J1,y ...y Jn in Sx such that x; € intx(J;), for each i € {1,...,n}, and A €
(intx (J1),...,intx(Jn)), C V. Notice that A € (intx(J1),...,intx(Jn)), C

U. Thus U is open in F,,(X). Now we prove that (intx(J1),...,intx(J,)),, is
pathwise connected. Take B = {y1,...,yn} € (intx(J1),...,intx(Jp)),. We
may assume that y; € intx(J;), for each ¢ € {1,...,n}. Giveni € {1,...,n},
since intx(J;) is homeomorphic to an interval of the real line, there ex-
ists a map «; : [0,1] — intx(J;) such that ;(0) = z; and (1) = y;.
So, the function a : [0,1] — (intx(Ji),...,intx(Jn)), given by a(t) =
{a1(t),...,an(t)} is continuous, a(0) = A and a(1) = B. We have shown that
(intx (J1),...,intx(Jn)),, is pathwise connected. This completes the proof of
property A.

B. U is a connected and dense subset of F,(X).

It is easy to show that any two elements of U can be joined by an arc inside
U. In order to show that I/ is dense in F;,(X), take a nonempty open set V in
F,(X). Then there exists m < n and nonempty open subsets U, ..., U,, of X
such that (Uy,...,Up), C V. Since Sx is dense in X, for each i € {1,...,m}
we can choose a point x; € U; N Sx. Choose points 41, ,...,2Ty in Uy, NSx
such that the points z1,...,z, are pairwise different. Thus {z1,...,2,} €
(Ut,...,Un), NU. Hence U is dense in F,,(X).

Let h: F,(X) — F,(Y) be a homeomorphism. Define W = h(U). So, W
is a connected, locally arcwise connected, dense open subset of F,,(Y). Define
W = [JW. We prove some properties of W.

C. W is a connected, locally arcwise connected, dense open subset of Y.

It is easy to prove that W is open. By [4, Theorem 6.3], W is locally
arcwise connected. In order to show that W is dense, let V be a nonempty
subset of Y. Then (V) is a nonempty open subset of F,(Y). By the density
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of W, there exists an element A € (V), NW. Take z € A. Thus z €
V N W. Therefore W is dense in Y. We show that W is connected. By
([4, Lemma 2.1]), W has at most n components. Since W is open in ¥ and
it has a finite number of components, each component of W is open in Y.
Let C' be a component of W. Then D = W — C' is open in Y. Note that
W c (C), U(D,W),, the sets (C), and (D, W), are disjoint open subsets
of F,(Y). Since (C),, is a nonempty open subset of F,,(Y) and W is dense
in F,(Y), (C),, "W # (. The connectedness of W implies that W C (C),,.
This implies that W C C. Thus W = C. Therefore, W is connected. This
completes the proof of property C.

D. W contains no simple triods.

Suppose, to the contrary, that W contains a simple triod 7', with vertex
p. Then there exists an element B € W such that p € B. Let A € U be
such that h(A) = B. Suppose that B = {p1,...,pm}, where p1,...,p, are
pairwise different, p; = p and m < n. Since U is open in F, (X), there exists
e > 0 such that, if C € F,,(Y) and H(B,C) < ¢, then C € W. Let dy be a
metric for Y. Since W is connected, dense in Y and locally arcwise connected,
we can construct pairwise disjoint arcs (o, . .., 8y, in W such that p; € 3;, for
each i € {1,...,m}. Shortening T if it were necessary, we can assume that
TN (BaU---UpBp) =0 and each one of the sets T, Ba, ..., By, is of diameter
less than €. Choose pairwise different points py,41,...,pn in T — {p}. Let
Ty C T be a simple triod such that p1 € T4 C T — {pm+1,-..,Pn}. Choose
pairwise disjoint arcs Bm+1,...,0n in T — T1 such that p; € G;, for each
i€ {m+1,....,n}. Thus A= '({p1,....pn}) € K ({(T1,52,...,5n),) C U.
Notice that each neighborhood of {pi,...,p,} in F,(Y) contains a copy of
the space Ty x B2 X -+ X 3, and the same happens for h=1({p1,...,pn}) (in
F,.(X)). Using the Invariance Domain Theorem ([11, Theorem 16, Sec. 7,
Ch. 4]), it can be shown that T} x 82 x --- x (3, cannot be embedded in
[0,1]™. This implies that A= *({p1,...,pn}) & U, a contradiction. Therefore,
W contains no simple triods.

E. Y is a compactification of the ray.

First we show that each element p in W has a basis of neighborhoods D
in W such that each element of D is an arc. Let V' be an open subset of W
such that p € V. By property C there exists an arc o in W such that p € a.
In the case that there exists an arc § C V, with end points a and b such that
p € B—{a,b}, by property C, there exists an arcwise connected neighborhood
Z of pin W such that p € Z C V — {a,b}. Given a point z € Z — {p}, by
property D, each arc in Z connecting z and p is contained in 3. Thus Z C (.
Thus, 3 is a neighborhood of p. Now, suppose that there are no arcs g C V,
with end points a and b such that p € 5 — {a,b}. We may assume that « C V.
In this case p is an end point of a. Let ¢ be the other end point of . By
property C, there exists an arcwise connected neighborhood R of p in W such
that p € R C V — {q}. Given a point r € R — {p}, by property D, each arc in
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R connecting r and p is contained in a. Thus R C «. This ends the proof of
the claim. So, we have proved that W is a connected 1-dimensional manifold.
By the Theorem of Classification of 1-dimensional manifolds ([6, Appendix 2,
p. 208]), W is homeomorphic to one of the following spaces: [0, 1], the unitary
circle S in R?, [0, 00) or R.

In the case that W is compact, we obtain W =Y. If W is homeomorphic
to S1, by [3, Corollary 5.8], X is also homeomorphic to S*, a contradiction.
If W is homeomorphic to [0, 1], then Y = W is a compactification of the ray
and we are done. If W is homemorphic to [0, 00), then Y is a compactification
of the ray and we are done. Thus we suppose that W is homeomorphic to
R. We identify W with the interval (—oo, 00). Let R = cly ([0, 0)) — [0, 00)
and L = cly ((—o0,0]) — (—00,0]. Then R and L are nonempty and compact
and Y = L U (—o00,00) U R. In the case that L is degenerate and L N R = 0,
we have that L U (—o00,00) is open in Y, Y is a compactification of this set
and this set is homeomorphic to [0, 00). Thus, in this case, we are done. In
the case that both sets R and L are degenerate, Y is homeomorphic either to
[0,1] or to St. Therefore, we may assume that either both sets L and R are
nondegenerate or one of them is nondegenerate and LN R # (). In both cases
W coincides with the set of points of local connectedness of Y. We are going
to obtain a contradiction. We analyze three cases.

CASE 1. n > 4.

Fix an element A € F,,(Sx) such that A contains exactly n elements and
Ox € A. Let A= {p1,...,pn}, where p; = 0x. Choose pairwise disjoint sub-
arcs o, . . ., ap of Sx such that p; € intx(a;) C Sx, for each i € {1,...,n}.
Notice that p; is an end point of ay, (ai,...,a,), is a neighborhood of A
in F(X), (a1,...,an), is an n-cell (it is homeomorphic to oy X -+ x ay)
and A € 0((a1,...,an),). Since A e U C £,(X) and h is a homeomorphism,
h(A) € £,(Y). By definition h(A) C W.

Then there exists an arc 8 in W such that h(A) C inty(8) ¢ W. If
h(A) € F,_1(Y), by the arguments given in [3, Lemma 4.3], no neighborhood
of h(A) in F,,(Y) can be embedded in R™, this is a contradiction with the fact
that h(A) € &,(Y). Therefore, h(A) contains exactly n elements g1, ..., gn.
Since W is open in Y and h is a homeomorphism, there are pairwise disjoint
arcs vi,...,7n in W such that, for each ¢ € {1,...,n}, ¢; € inty(y;) C W
and (y1,...,M), C h({a1,...,ay),). Notice that g; is not an end point of
v, for each i € {1,...,n}, (71,...,7n), is an n-cell containing h(A) and
B(A) ¢ O, a))- Thus A € B (s 3a) = (a1 90),) C
(a1,...,0p),. This contradicts the Invariance Domain Theorem ([11, Theo-
rem 16, Sec. 7, Ch. 4]) and completes the analysis for this case.

CASE 2. n = 3.

It is known (see [2, pp. 264 and 265]) that F5([0,1]) is a 3-cell and
IO(F5([0,1])) = {A € F5([0,1]) : An{0,1} # 0}. Given an element B € F5(W),
there exists an arc 8 in W such that B C inty (8) C W and B does not contain
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any of the end points of 5. Then F3(3) is a 3-cell, F53(() is a neighborhood
of B in F3(Y) and B € F5(8) — O(F3(0)). This implies that B has a basis
of neighborhoods B in F3(Y') such that, for each R € B, R is a 3-cell and
B ¢ 9(R). Proceeding as in the first paragraph of the previous case, there
exists an element A € U such that there exists a 3-cell S that is a neighborhood
of Ain F3(X) and A € 9(S). Making B = h(A) we obtain a contradiction
with the Invariance Domain Theorem ([11, Theorem 16, Sec. 7, Ch. 4]).

CASE 3. n=2.

First we show that h(F2(Sx)) = Fo(W). By [4, Theorem 6.3], the set of el-
ements of local connectedness of F5(X) is F5(Sx) and the set of elements of lo-
cal connectedness of F5(Y') is Fo(W). Thus Fo(W) = h(F2(Sx)). It is easy to
see that Ao (F5(Sx)) = F1(Sx)U({0x}, Sx), and Ag(Fo(W)) = F1(W). Note
that Ag(Fa(W)) = h(A2(F2(Sx))). Hence, we may assume that h({0x}) =
{0}, h(F1(Sx)) = Fi((—00,0)) and h({{0x}, Sx),) = Fi([0,5)). Note that
clpyx)(({0x}, Sx)s) — {0x}, Sx)y = ({0x}, Rx),. Then h(Fi(Rx)) =
Bl o) (F1 (Sx)) — F1(Sx)) = el (Fi((—00,0])) — Fi((—00,0)) = Fi(L)
and A(({0x }, Rx)3) = hlclrygy({0x b Sx)a)— ({0x ], Sx)5) = Fi(R). Since
Fi(Rx) and ({Ox}, Rx), are disjoint and homeomorphic, L and R are disjoint
and homeomorphic (and nondegenerate).

Fix a point p € Rx and a sequence of different points {p;}7°, in Sx such
that lim pr, = p and p; = 0x. For each k € N, let L; be the unique arc in Sx
that joins Ox and py.

We claim that, for each k € N, h({p,pr}) C R. In order to do this, it is
enough to show that, for each x € Ly, h({p,z}) C R. Note that h({p,0x}) €
h({{0x}, Rx)y) C Fi(R). Let h({p,0x}) = {yo}. Consider the arc in F»(Y),
L = {h({p,z}) : x € Li}. By [5, Lemma 2.2] and [4, Lemma 2.1], the
set G = J{K : K € L} is a locally connected subcontinuum of Y. Since
Yo € GN R and G is arcwise connected, we obtain that G C R. Thus
h({p,px}) C R.

Hence h({p}) = limh({p,pr}) C R. On the other hand h({p}) € Fi(L).
This is a contradiction since three paragraphs above we obtained that LNR =
0.

With this, we finish the proof of property E. So the theorem is proved.

O

3. THE CASE n =2

THEOREM 3.1. If X is a metric compactification of the ray, then X has
unique hyperspace Fa(X).

PRrROOF. Let X = Rx U Sx be a compactification of the ray and let Y
be a continuum such that F»(X) is homeomorphic to F»(Y). By Theorem
2.2, Y is a compactification of the ray. Since [0, 1] has unique hyperspace
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F5([0,1]), we suppose that X (and Y) is not an arc. Thus Rx and Ry are
nondegenerate continua.

The following facts are easy to show.

A. The set of points of local connectedness of X is Sx.

B. The set of elements of local connectedness of F»(X) is F5(Sx) (see [4,
Lemma 6.3]).

C. Aa(F3(X)) = F1(Sx) U ({0x ), Sx)s.

D. C1F2(X)(A2(F2(X))) - AQ(FQ(X)) = Fl(Rx) @] <{0x},Rx>2, the sets
Fi(Rx) and ({Ox}, Rx), are disjoint and they are homeomorphic to Rx.

E. clp,(x)(F1(Sx)) = F1(Sx) U F1(Rx) is homeomorphic to X.

F. clp,x)(({0x},Sx),) = ({0x}, Sx), U ({0x}, Rx), is homeomorphic
to X.

G. clp,x)(A2(F2(X))) is a compactification of the real line (—oo, 00) and,
if we identify A (F»(X)) with the line (—o0, 00), then each one of the spaces
clp, (x)((—00,0]) and clp,(x)([0,00)) is homeomorphic to X.

Let h: F5(X) — F>(Y) be a homeomorphism. Then

h(clp,(x)(B2(F2(X)))) = clm vy (B2 (F2(Y))).

Since Y and A (F5(Y)) satisfy the corresponding properties A-G, we conclude
that X and Y are homeomorphic. O

4. THE CASE n > 4

THEOREM 4.1. If X is a metric compactification of the ray and n > 4,
then X has unique hyperspace F,, (X).

PROOF. Let X = Rx USx be a compactification of the ray and let Y be
a continuum such that F,, (X) is homeomorphic to F,,(Y). By Theorem 2.2, Y
is a compactification of the ray. Since [0, 1] has unique hyperspace F,, ([0, 1])
([3, Corollary 5.8]), we suppose that Rx and Ry are nondegenerate continua.

Let h: F,,(X) — F,(Y) be a homeomorphism. Since the set of elements
of local connectedness of F,,(X) (resp., F,(Y)) is F,(Sx) (resp., F,.(Sy)),
we have that h(F,(Sx)) = F,(Sy). This implies that h(&,(F,(Sx))) =
En(Fn(Sy)). By Lemma 2.1(c), h(Fi(Sx)) = Fi(Sy). So, Fi(X) =
clp, (x)(F1(Sx)) is homeomorphic to Fi(Y) = clp, (v)(F1(Sy)) and X is
homeomorphic to Y. O

5. THE CASEn =3
Given a topological space Z, define

LC(Z)={z € Z: Z is locally connected at z}

and
N(Z) = Clp,(2)(A3(F3(2))) — Az(F3(Z)).
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Given a subset A of Z and p € Z, we say that p is arcwise accessible from
A provided that p ¢ A and there exists an arc « in Z such that p € a and
a—{p} C A

A subcontinuum A of a continuum Z is said to be terminal provided that
for each subcontinuum B of Z satisfying BN A # () we have that A C B or
B C A. Tt is easy to prove that, if Z = Rz U Sy is a compactification of the
ray, then Rz is a terminal subcontinuum of Z.

In [2, pp. 264 and 265] it is shown that [0,1]® is a model for F3([0,1])
([0, 1] is homeomorphic to F3([0,1])). In the following lemma we show models
for some subsets of F3([0,1]).

LEMMA 5.1.  (a) F3([0,1)) is homeomorphic to [0,1) x [0,1]2.
(b) A3(F3([0,1))) = {A € F3([0,1)) : 0 € A} = ({0},[0,1)); and
A3(F3([0,1))) is homeomorphic to an open disc in the Fuclidean plane.

PROOF. Let R be the solid triangle in R3 with vertices (0,0,0), (1,0,0)
and (1,1,0). Let S be R — (convex segment in R® joining the points
(1,0,0) and (3,0,0)). Let T (convex segment in R? joining (0,0,0)
and (3,1,0)) — {(%,1,0 }. Define g : F5([0,1]) — R be given by g(A) =
(w max(A) — min(A4),0). It is easy to prove that g is continu-
ous, g({A € F3([0,1]) : 0 € Aand 1 ¢ A}) = T and g({A € F3([0,1)) :
1 §é A}) = S. Let R and S be the solids of revolution obtained by
rotating the triangles R and S, respectively, around the z-axis. Define
f: F5([0,1]) — R as follows, given A = {p, q,7r} € F5([0,1]), with p < g <,
define f(4) = (”JQ”U(T *p)COS(QW(fiﬁ)) (r = p)sin@r(=0))), if p < 1,
and f(A) = (p,0,0), if p = r. It is easy to prove that f is a homeomor-
phism and f(F3([0, ))) S. So F3([0,1)) is homeomorphic to [0,1) x [0, 1]2.
Moreover, f(As(Fs([O, 1)))) = As3(S). Notice that As(S) is the surface of
revolution in R3 obtained by rotating the set 7' around the z-axis. Thus
A3(F5(]0,1))) is homeomorphic to an open disc in the Euclidean plane and
Ay(F5([0,1))) = {A € Fy([0, 1)) : 0 € A} = ({0},[0, 1)), i

LEMMA 5.2. Let Z = Sz U Rz be a compactification of the ray with
nondegenerate remainder. Then

(a) LO(F5(Z )) = F3(Sz),
(b) A3(F3(Z)) = ({02}, 52)s,
(c) ClFs(z>(F3(SZ)) = F3(2),
(d) N(Z2) =({0z},Rz,2Z);.

PROOF. Since LC(Z) = Sz, by [4, Lemma 6.3], we obtain that
LC(F5(Z)) = F5(Sz). Let A € F3(Z) be such that AN Rz # 0. Notice
that each small neighborhood of A in F3(Z) is disconnected. This implies
A3(F3(Z)) C F3(Sz) Thus A3(F3(Z)) = A3(F3(Sz)) By Lemma 51(b),
A3(F3(Sz)) = ({0z},S52)5. Therefore, Az(F3(Z)) = ({02}, Sz);. Property
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(c) is immediate from the density of Sz in Z and property (d) follows from
(b). a

LEMMA 5.3. Let Z = Sz U Rz be a compactification of the ray where Rz
is nondegenerate. Then

(a) LC(N(Z)) ={{p,q,02} € F5(Z) : q € Sz — {0z}, p € Rz and Rz is
locally connected at p}.

(b) An element A € F3(Z) is in the set of elements in N(Z) that are
arcwise accessible from LC(N(Z)) if and only if A is of one of the
following two forms: (1) A = {p,0z}, where p € Rz and either Rz
is locally connected at p or p is arcwise accessible from LC(Rz) or
(2) A ={p,q,0z}, where p € Rz, ¢ € Sz — {0z} and p is arcwise
accessible from LC(Rz).

(¢) N(Z) is arcwise connected if and only if Rz is arcwise connected.

PRrROOF. (a) Let A € LC(N(Z)) C ({02}, Rz, Z); (Lemma 5.2(d)). Let
A={p,q,0z}, where p € Rz and q # 0z could be equal to p. First we show
that ¢ ¢ Rz. Suppose to the contrary that ¢ € Ry.

Let 0 < e < dia%er(RZ) be such that B(2¢,0z)N Rz = () and, in the case
that p # q, B(e,p) N B(e,q) = 0. Let U be a connected open subset of N(Z)
such that A € U and H(A,B) < § for each B € U. Let C = | J{B : B €
clp,(z)(U)}. Since A € U, by [4, Lemma 2.1] C is compact and it has at most
three components (C has at most two components when p = ¢). For each B
€ clpyz)U), H(A,B) <e. Thus C C N(g,A) = B(e,p) UB(g,q) U B(g,0z).
Since B(e,p) U B(e,q) and B(e,0z) are disjoint, we have that the sets Cy =
C N B(g,p), C = CNB(e,q) and C3 = C N B(e,0z) are the components of
C and they are subcontinua of Z (C7 = Cs, if p = q). Notice that p € C; and
diameter(C1) < 2e, so Rz ¢ Cy. Since U is open in N(Z), there exists § > 0
such that § < € and, if B € N(Z) and H(A,B) < ¢, then B € U. By the
density of Sz in Z, we can take an element x € B(d,p) N Sz. Then the set
B={qz,0;} eU,soxcCy. ThusCiNRz #0, Rz ¢ C1 and C; € Ry.
This contradicts the fact that Rz is terminal in Z and proves that ¢ ¢ Ry.
Thus ¢ € Sz —{0z}.

Now we check that Rz is locally connected at p. Let ¢ > 0 be such
that the sets B(e,p), B(e,q) and B(e,0z) are pairwise disjoint and Rz N
(B(g,q) U B(g,0z)) = 0. Let U be a connected open subset of N(Z) such
that A € U and H(A,B) < ¢ for each B e U. Let U = J{D : D € U}. By
[4, Lemma 2.1], U has at most three components, so the components of U
are U N B(e,p), UN B(e,q) and UN B(e,0z). Let z € UN B(e,p). Let D €
UCN(Z)=({0z},Rz,Z), be such that z € D. Then 0z € D. Notice that
U C (B(e,p),B(e,q), B(e,07)),. Thus there exists a point w € DN B(e, q) C
D — (RzU{0z}). Since D € ({02}, Rz, Z),, we have that z € Rz. Since U
is open in N(Z), there exists § > 0 such that 6 < e, B(d,2) C B(e,p) and, if
B e N(Z) and H(D,B) < ¢, then B € U. Given a point © € Rz N B(d, z),
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the set B = {z,w,0z} belongs to N(Z) and H(B,D) < §, so B € U and
x € UN B(g,p). This shows that Rz N B(d,z) C UN B(e,p). We have shown
that U N B(e, p) is a connected open subset of Rz containing p. This proves
that Ry is locally connected at p.

In order to prove the opposite inclusion in (a), let A = {p,q,0z}, where
qg € Sz — {0z}, p € Rz and Ry is locally connected at p. Let € > 0 be
such that B(e,p), B(e,q) and B(e,0z) are pairwise disjoint. Let U and V
be open connected subsets of Rz and Sz — {0z}, respectively, such that
peUC B(e,p)and ¢ € V C B(e,q). Let U = (U,V,{0z});. Clearly, U is a
connected subset of N(Z), A € U and H(A, B) < ¢ for each B € Y. In order
to show that U is open in N(Z). Let B = {z,y,0z} € U, where x € U and
y € V. Let 6 > 0 be such that § < e, B(d,z) C B(e,p), B(d,y) C Blg,q),
B(6,x)N Rz CU and B(d,y) CV (Sz — {0z} isopen in Z). Let C' € N(Z)
be such that H(B,C) < §. Then 0z € C and there exist points u,v € C such
that u € B(d,z) and v € B(d,y). Since C € N(Z), C N Rz # (). Notice that
veE Sy —{0z},s0u € Rz and u € U. Hence C € Y. This completes the
proof that I is open in N(Z). Therefore N(Z) is locally connected at A. We
have proved (a).

(b) Let A € N(Z) be such that A is arcwise accessible from LC(N(Z)) C
({02}, Rz,S82z —{0z}); € ({02}, Rz, Z),. Since ({02}, Rz, Z), is closed in
F3(Z), Ae ({0z},Rz,Z),;. Let a: [0,1] — F3(Z) be a one-to-one map such
that «(1) = A and «([0,1)) € LC(N(Z)). First, we show that AN Ry is
a one-point set. Suppose to the contrary that A = {0z, z,y}, where x # y
and xz,y € Rz. Let U,V be open subsets of Z such that z € U, y € V,
clz(U) Nclg(V) = 0 and 0z ¢ clz(U) U clz(V). Since a(l) = A, there
exists t; < 1 such that a([t:,1)) C (U,V,Sz); N LC(N(Z)) C (U,V,{0z}),.
Since a(t;) € LC(N(Z)), we may assume that «(t1) = {0z,p1,q1}, where
p1 € RzNU and ¢1 € (Sz —{0z})NV. Let E =J{a(s) : s € [t1,1]}. Then
E € (U,V,{0z}); and, by [4, Lemma 2.1], F is closed and it has at most three
components. Thus the components of E are ENU, ENYV and {0z}. So,
ENYV is a subcontinuum of Z with the following properties: ENV N Rz # 0,
ENVNSz #0and Ry Q ENV. This contradicts the fact that Rz is terminal
in Z. Therefore, AN Rz is a one-point set. Suppose that AN Rz = {p}. We
analyze two cases.

Case 1. A= {p,0z}.

Let € > 0 be such that (B(e,p) URz) N B(e,0z) = 0 and Rz € B(2¢,p).
Let to € [0,1) be such that H(A, a(t)) < e for each t € [tg,1]. Let G =
U{a(s) : s € [to,1]}. Notice that G C B(e,p) U B(g,0z). Since A = (1), by
[4, Lemma 2.1], G is a compact subset of Z and it has at most two components.
Therefore, the components of G are the sets G; = G N B(e,p) and Gy =
G N B(e,0z). Hence Gy is a subcontinuum of Z such that G N Rz # 0
and Rz ¢ G;. Since Ry is terminal in Z, we obtain that G; C Rz. Given
t € [to, 1], by (a), a(t) = {pt,qt,02}, where ps € Rz, ¢: € Sz — {0z} and Rz
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is locally connected at p;. Since G1 C Rz, ¢ € B(e,0z). Now it is easy to
show that the function 8 : [tg, 1] — Rz be given by B(t) = p: is continuous.
Thus, if Rz is not locally connected at p, then p is arcwise accessible from
LC(Rz). This proves that A is of the form described in (1).

Case 2. A={p,q,0z}, where ¢ ¢ {p,0z}.

In this case ¢ € Sz — {0z}. Since A ¢ LC(N(Z)), by (a), Rz is not
locally connected at p. Thus, proceeding as in Case 1, it is possible to prove
that p is arcwise accessible from LC(Rz).

This completes the proof that, if A € N(Z) and A is arcwise accessible
from LC(N(Z)), then A is of one of the forms described in (1) and (2).

Now take an element A = {p,0z}, where p € Rz and either Ry is
locally connected at p or p is arcwise accessible from LC(Rz). By (a),
A ¢ LC(N(Z)). Fix a point ¢ € Sz — {0z} and take a one-to-one map
a : [0,1] — Sz such that «(0) = ¢ and a(l) = 0z. In the case that Rz
is locally connected at p. Define v : [0,1] — N(Z) = ({0z},Rz,Z); by
~v(t) = {p,0z,a(t)}. Then v is continuous, Im~ is an arc, y(1) = A and, by
(a), v([0,1)) € LC(N(Z)). Hence A is arcwise accessible from LC(N(Z)).
In the case that p is arcwise accessible from LC(Rz), let 5 :[0,1] — Rz be
a one-to-one map such that §(1) = p and 5([0,1)) C LC(Rz). In this case
define A : [0,1] — N(Z) by A(t) = {B(t), a(t),0z}. Then A is continuous, Im A
is an arc, A(1) = A and, by (a), A([0,1)) C LC(N(Z)). Thus A is arcwise
accessible from LC(N(Z)).

Finally, let A = {p,q,0z}, where p € Rz, ¢ € Sz — {0z} and p is arcwise
accessible from LC(Rz). Since Rz is not locally connected at p, by (a), A ¢
LC(N(Z)). Let 8:]0,1] — Rz be a one-to-one map such that §(1) = p and
B3([0,1)) € LC(Rz). Define o : [0,1] — N(Z) by o(t) = {3(t),q,0z}. Then
o is continuous, Im o is an arc, o(1) = A and, by (a), 0([0,1)) C LC(N(Z)).
This proves that A is arcwise accessible from LC(N(Z)) and ends the proof
of (b).

(c) By Lemma 5.2(d), N(Z) = ({02}, Rz, Z),. First, suppose that Rz
is arcwise connected. Fix a point pg € Rz. Let Ag = {0z,po}. Let A =
{0z,p,q4} € ({02}, Rz, Z),, where p € Rz and it could be that p = ¢q. Let
a : [0,1] — Rz be a map such that a(0) = py and a(l) = p. We show
that there exists a map v : [0,1] — ({0z}, Rz, Z); such that v(0) = Ay and
v(1) = A. We consider two cases. If ¢ € Sz, then let 8 : [0,1] — Sz be a
map such that 3(0) = 0z and (1) = ¢. Then define v(t) = {0z, a(t), B(¢)}.
If ¢ € Rz, let A :[0,1] — Rz be such that A(0) = pp and A(1) = ¢. In this
case, define y(t) = {0z, a(t), A(t)}. Hence, N(Z) is arcwise connected.

Now suppose that ({0z}, Rz, Z), is arcwise connected. Fix a point
po € Rz and let p € Rz. By hypothesis there exists a map v : [0,1] —
({02}, Rz, Z)4 such that v(0) = {po,0z} and (1) = {p,0z}. By [5, Lemma
2.2] and [4, Lemma 2.1], the set B = |J{v(¢¥) : t € [0,1]} is a compact, locally
connected subspace of Z, with at most two components C; and Cs. Then Cy
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and C5 are locally connected subcontinua of Z. Suppose that 0z € Cs, since
(5 is an arcwise connected subset of Z and Ry is terminal in Z, pg,p € Cj.
Thus there exists a map o : [0, 1] — C; C Z such that 0(0) = pg and o(1) = p.
Since Rz is terminal in Z, Imo C Rz. Therefore, Rz is arcwise connected.
O

THEOREM 5.4. Let X = Rx U Sx be a metric compactification of the
ray such that Rx is a locally connected nondegenerate continuum. Let'Y be
a continuum such that there exists a homeomorphism h : F3(X) — F3(Y).
Then:

(a) The set of elements A € N(X) that are arcwise accessible from
LCO(N(X)) is {{0z,p} : p € Rx}, so this set is homeomorphic to
Rx and it is compact.

(b) Y is a compactification of the ray, h({{0z,p} :p € Rx}) = {{0z,q}:
q € Ry} and the function that assigns, to each p € Rx, the unique
point in Ry satisfying h({0z,p}) = {0y, q}, is a homeomorphism. In
particular, Rx and Ry are homeomorphic.

PROOF. By Theorem 2.2, Y is a compactification of the ray. By |[3,
Corollary 5.9], Ry is nondegenerate. Given a continuum Z, the definition of
A3(Z) involves only topological properties, so h(N (X)) = N(Y). By Lemma
5.3(c), Ry is arcwise connected. Since Rx is locally connected, the set of
points in Rx that are arcwise accessible from LC(Rx) is empty, so Lemma
5.3(b), implies that (a) holds.

(b) Since h is a homeomorphism, h(LC(N(X))) = LC(N(Y)). Let
AX) = {A € N(X) : A is arcwise accessible from LC(N(X))} and
AY) = {B € N(Y) : B is arcwise accessible from LC(N(Y))}. Notice
that h(A(X)) = A(Y). By (a), A(Y) is compact. Now we show that there is
no point ¢ in Ry such that ¢ is arcwise accessible from LC(Ry ). Suppose to
the contrary that there exists ¢ € Ry such that g is arcwise accessible from
LC(Ry). By Lemma 5.3(b), for each y € Sy — {0y}, the set A, = {q,y,02}
belongs to A(Y"). Fix a point ¢o € Ry — {¢} and choose a sequence {y,}>2 ;
in Sy — {0y} such that limy,, = go. Then lim A,,, = {¢, ¢0,0z}. By the com-
pactness of A(Y), {q,q0,0z} € A(Y). This contradicts Lemma 5.3(b) and
completes the proof that no point in Ry is arcwise accessible from LC(Ry).
By Lemma 5.3(b), we conclude that A(Y) = {{q,0y} : ¢ € Ry and Ry is
locally connected at g}.

We check that LC(Ry) is open in Ry. Let ¢ € LC(Ry). Fix a point
go € Sy — {0y}. By Lemma 5.3(a), the set B = {q,qo,0y} belongs to
LC(N(Y)). Since h(LC(N(X))) = LC(N(Y)), there exist p € LC(Rx)
and po € Sx — {0x} such that, if A = {p,po,0x}, then h(A) = B.
Let & > 0 be such that the sets B(p,e), B(po,e) and B(0x,e) are pair-
wise disjoint and (B(po,e) U B(0x,e)) N Rx = 0. Since the set G =
h({B(p,e), B(po,€), B(0x,€))) is an open subset of F3(Y') containing h(A) =
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B, there exists § > 0 such that, if D € F3(Y) and H(D, B) < 4, then D € G.
Given a point y € Ry N B(d,q), H({y, q0,0y }, B) < § and {y,qo,0y} € N(Y)
(Lemma 5.2(d)), so there exist € B(p,¢), ¢1 € B(po,¢) and v € B(0x,¢)
such that h({z,q1,u}) = {vy,q0,0v} and {z, ¢, u} € N(X). This implies (see
Lemma 5.2(d)) that + € Rx and v = Ox. Since Rx is locally connected,
by Lemma 5.3(a), {z,¢q1,u} € LC(N(X)). Thus {y,q0,0y} € LC(N(Y)).
Applying again Lemma 5.3(a), we obtain that Ry is locally connected at y.
We have shown that Ry N B(d,q) C LC(Ry). Therefore, LC(Ry) is open in
Ry .

Now, we show that Ry is locally connected. Since A(X) is nonempty,
A(Y) is nonempty. This implies that LC(Ry) is nonempty. If Ry is not
locally connected, choose points ¢,y € Ry such that ¢ € LC(Ry) and y ¢
LC(Ry). Since Ry is arcwise connected, there exists a one-to-one map « :
[0,1] — Ry such that «(0) = ¢ and (1) = y. Let to = mina"*(Ry —
LC(Ry)). Then 0 < tg and a(to) is arcwise accessible from LC(Ry ). This is
a contradiction since we proved before that no point in Ry is arcwise accessible
from LC(Ry). Therefore, Ry is locally connected.

Hence A(Y) = {{q¢,0v} : ¢ € Ry} and A(X) = {{p,0x} : p € Rx}.
Thus h({{0x,p} : p € Rx}) = {{Oy,q} : ¢ € Ry}. For each p € Rx, define
f(p) as the unique point in Ry such that h({0x,p}) = {Oy, f(p)}. Clearly, f
is a homeomorphism from Rx onto Ry. O

LEMMA 5.5. Let f : [0,00) — [0,00) be a map such that f(0) = 0 and
lim, oo f(x) = o0 and let t = {t,}22, be a sequence in [0,00) such that
0=1t; <ty <--- andlimt, = co. Define, recursively,

my = min(f7(t2)), M = max(f~(t2)),

M1 = min([Mn,00) N f 7 (tnt2)) and Myp1 = max(f = (ta2))-

Then there exists a continuous function k(t, f) : [0,00) — [0,00) with the
following properties:

(a) k(t, £)(0) =0 and lim,_.o k(t, f)(z) = oo.
(b) For each n € N, (k(t, f)) " (tns1) = [mn, My], (k(t, £))71([0,tne1)) =
[0,m0) and (k(t, )~ ((tnt1,00)) = (M, 00).

PROOF. Note that 0 < m1 < M1 < ma < My < m3 < Mz < ---.
We show that lim M,, = oo = limm,,. Take K € R. Then there exists
N € N such that, for each n > N, t, > max(f([0,K])). Given n > N,
f(Mp41) = tnye > max(f([0,K])). Hence, M,41 > K for each n > N.
Therefore, lim M,, = oo and limm,, = oo.

Define k(t, f) : [0,00) — [0, 00) as follows

| tpy1, ifx € [my, M,] for some n € N,
k(¢ f)(=) = { f(x), if x ¢ [my, M,)] for every n € N.
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Note that, for each n € N, f(m,) = k(t, f)(m,) and f(My,) = k(t, f)(M,).
Since lim M,, = co = limm,, and 0 < my < My < mg < My < m3z < M3z <
-+« the family {[m,, M,] : n € N} is locally finite and the boundary of the
set J{[mn, My] : n € N} is the set {m,, : n € NyU{M,, : n € N}. This implies
that k(¢, f) is continuous.

We show property (a). Note that k(¢, f)(0) = 0. Given K € R, let
L € N and R € R be such that, if R < z and L < n, then K < f(z) and
K <t,. Given z € [0,00) such that max{R, M} < z, we have that either
x € [my, M), for some n > L or x ¢ | J{[mn, M,] : n € N}. In the first case,
K < t,y1 = k(t, f)(x) and, in the second case, K < f(z) = k(t, f)(x). We
have shown that lim,_,« k(t, f)(x) = co. Therefore, property (a) holds.

Now, we show property (b). Take n € N. If x € (M,,00) and z ¢
U{[ms, M;] : 7 € N}, then k(¢, f)(z) = f(z). If f(z) < tpt1, then by the In-
termediate Value Theorem, there would be u € [z, 00) such that f(u) = tp41;
which is impossible given the fact that max(f~!(¢,4+1)) = M, < u. Hence
k(t, f)(x) = f(z) > tpy1. We have proved that (M, 00) — (U{[mr, M,] : 17 €
N} c (k@ )" ((tng1,00)). If z € (M, 00) N (U{[m, M,] : r € N}), then
there is r > n such that « € [m,, M,]. Hence, k(¢t, f)(x) = t,+1 > tp41. This
completes the proof that (M,,,o0) C (k(t, f)) ™ ((tnt1,0)).

Let € [0,m,). Put My = 0. Then there exists 1 < r < n such that
x € [My_1,M,]. If x € [M,_1,m,), since m,, = min([M,_1,00) N f~1(t,11))
and f(M,_1) = t, < ty41, by the Intermediate Value Theorem, f(z) <
tr41. Since k(t, f)(xz) = f(x), we obtain that k(¢, f)(z) < try1 < tpia.
If z € [my,M,], then k(t, f)(z) = tr41. Since x & [my, My], 7 < n, so
tr41 < tp+1. In any case, k(t, f)(z) < tp+1. We have shown that [0,m,) C
(k(t, 1)) (10, tas1)).

Finally, since [m,, M,] C (k(t, f))"*(tn+1), we conclude that property
(b) holds. O

THEOREM 5.6. Let X = Rx U Sx be a compactification of the ray such
that Rx is an ANR. If Y is a continuum such that F5(X) is homeomorphic
to F5(Y), then X is homeomorphic to Y.

ProoF. By Theorem 2.2, Y is a compactification of the ray. By [3,
Corollary 5.9] we may assume that Rx and Ry are nondegenerate. Let
h: F3(X) — F3(Y) be a homeomorphism. We identify Sx (resp., Sy) with
the interval [0x, 00) (resp., [0y, 00)). First we show that Rx is a retract of X.
Since Rx is an AN R, there exist an open subset U of X, with Rx C U, and a
retraction 71 : U — Rx. Then there exists a € [0x, c0) such that [a,00) C U.
To obtain the desired retraction, define r : X — Rx by

_ Tl(p)a lpr [a,OO)UR 5
r(p){ ri(a), if p€[0x,al. *
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We are going to define a map f : X — Y which will be the base to define a
homeomorphism from X onto Y.

By Theorem 5.4(b), h({{0z,p} : p € Rx}) = {{0z,¢} : ¢ € Ry} and the
function f; : Rx — Ry that assigns, to each p € Rx, the unique point fi(p)
in Ry satisfying h({0z,p}) = {0y, fi(p)}, is a homeomorphlsm

Since h is a homeomorphism, h(LC(N (X ))) LC(N(Y)). Thus, Lemma
5.3(a) implies that h({{p,x 0z} € F5(X) : p € (0x,00) and = € Rx}) =
{{Qayv()Y} € FS(Y) (0Y7 ) and Yy € RY} SO glven p e (Ox,OO),
define f(p) € (0y,00) and fo( ) € Ry to be the unique points that satisfy
that A({p,7(p), 0x ) = {f(p), fo(p), Oy }.

We show that the function f : (0x,00) — (0y,00) is continuous. Take
a sequence {p,}°; in (0x,00) such that limp, = p € (0x,00). Since r
is continuous, limr(p,) = r(p). Since h is continuous, {f(p), fo(p),0y} =
h({p,7(p),0x}) = limh({pn,r(pn),0x}) = lim{f(pn), fo(pn),0y}. Since
each fo(pn) belongs to Ry and Ry is closed, we conclude that lim f(p,) =
f(p). Therefore, f is continuous.

Extend the function f by defining f(0x) = Oy. We show that f is
continuous at Ox. Let € > 0 be such that B(e,0y) N B(e, f1(r(0x))) = 0 and
Ry ¢ B(e, f1(r(0x))). Since h is a homeomorphism, there exists § > 0 such
that H(A, B) < ¢ implies H(h(A),h(B)) < €. Fix an element p € (0x,00)
such that diameter([0x,p]) < ¢ and, for each z € [0x,p], 7(z) € B(4,7(0x)).
Given = € [0x,p|, we have that H({z,r(z),0x},{r(0x),0x}) < 8. This
implies that H(h({z,r(z),0x}),h({r(0x),0x})) < e. So,

H(h({z,r(x),0x}),{f1(r(0x)),0v}) <e.
Thus h({l‘, T(:C)a OX}) € <B(€7 OY)v B(Ea fi (T(OX)))>3 . Let

G = U{h {z,r(x),0x}): 2 € [0x,p]}
Then G € (B(e,0y), B(e, f1(r(0x))))5. Since
h({0x,7(0x),0x}) = {f1(r(0x)),0v},

by [4, Lemma 2.1], G has at most two components. Therefore, the components
of G are the sets G; = GN B(e, f1(r(0x))) and G2 = G N B(e, 0y ). Hence,
G is a subcontinuum of Y such that G; N Ry # 0 and Ry Q (1. Since
Ry is terminal in Y, G; C Ry. Given z € (0x,p], {f(x), fo(z),0v} =
h({z,r(x),0x}) € Gy UGsy. Since f(z) € Sy, f(xr) ¢ G1. Thus f(x) €
G2 C B(e,0y). Hence, f(z) € B(e,0y) for each z € (0x,p|. Therefore, f is
continuous at Ox.

We have defined a homeomorphism f; : Rx — Ry C Y and a map
f:[0x,00) — [0y,00) C Y. Since Rx and [0x,00) are disjoint, there exists
a well defined common extension of the functions f; and f. This common
extension will be denoted by f: X — Y.
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In order to complete the proof that f is continuous, take a sequence
{pn}2, in [0x,00) such that limp, = p, for some p € Rx. Note that
lim{py, 7(pn), 0x} = {p,7(p),0x} = {p,0x}. Thus, im{0y, f(pn), fo(pn)} =
im h({pn,7(pn), 0x}) = h({p,O0x}) = {0y, f1(p)} = {Oy, f(p)}. This implies
that the only limit points that the sequences {f(p.)}52; and {fo(pn)}s2,
can have are Oy and f(p). Since fo(p,) € Ry for each n € N, we have that
lim fo(prn) = f(p). We need to prove that lim f(p,) = f(p). Suppose to the
contrary that Oy is an accumulation point of this sequence. We may assume
that lim f(p,) = Oy. Let € > 0 be such that B(e,0x)NB(e,p) = 0 and Rx ¢
B(g,p). Let § > 0 be such that H(A, B) < 6 implies H(h~*(A),h~*(B)) < e.
By Theorem 5.4(b), Ry is locally connected. Let S be a connected and
compact neighborhood of f(p) in the space Ry such that diameter(S) < §. Fix
m € N such that diameter ([Oy, f(pm)]) < I, pm € B(e,p) and fo(pm) € S.
Given points z € S and w € [0y, f(pm)], H{z w,0v},{f(p),0v}) < 6, so
H(Mh™ 1({z,w,0y}),{p,0x}) < e. Let K = J{h '({z,w,0y}) : 2 € S and
w € [0y, f(pm)]}- Then K is a compact subset of X. Since h=*({f(p), 0y }) =
{p,0x} has two elements, by [4, Lemma 2.1], K has at most two components.
Note that K C B(e,0x) U B(e,p). Thus the components of K are the sets
K1 =KnNB(e,0x) and Ky = KN B(e,p). Since Rx is terminal in X and K»
is a continuum containing p € Rx and Rx g K5, we obtain that Ky C Rx.
Note that {pmar(pm);OX} = hil({OYaf(pm)a fO(pm)}) C K. So, pm € Ks.
Thus p,, € Rx. This contradicts the choice of the sequence {p,}5>; and
proves that lim f,,(p) = f(p). Therefore, f is continuous.

Now we prove an important property of the function f which will help us
to ”straighten it out” to obtain a homeomorphism from X onto Y.

CrLamM 1. Let {z,}52, and {p,}32, be sequences in [0x,00). Suppose
that limx, = co = limp,, (as sequences in [0x,00)) and, for each n € N,
Ox < zp < pp and f(x,) = f(pn). Then lim(diameter([z,,ps])) = 0 and
lim(diameter(f([n,pn]))) = 0, where the diameters are taken in the spaces
X and Y, respectively.

To prove Claim 1. Suppose to the contrary that {diameter([z,,pn])}52
does not converge to 0. Then there exists 9 > 0 such that B(4ep,0x)NRx =
0, diameter(Rx) > 2g¢ and 2y < diameter([z,,py]), for infinitely many
numbers n. Thus, we may assume that 2¢9 < diameter([z,,p,]) for every
n € N. By the compactness of X, we also may assume that limz,, = = and
lim p,, = p, for some z,p € Rx. Since f(z,) = f(pn), for each n € N, we have
that f(z) = f(p). Since {0y, f(pn), fo(pn)} = limh({pn, r(pn), 0x}) =
h({p,0x}) = {f(p), 0y} and each point fo(py) belongs to Ry, we obtain that
lim fo(pn) = £(p). Similarly, lim fo(zn) = f(x).

Let p: C(Y) — [0, 1] be a Whitney map, where u(Y) = 1 (see [9, Theorem
13.4]). For each n € N, let A, B, € C(Ry) be such that f(p), fo(pn) € An,
F®)s folwn) € Buy p(An) = minfu(4) s A€ C(Ry) and f(p), folpn) € A}
and p(Bp) = min{u(B) : B € C(Ry) and f(p), fo(xz,) € B}. By Theorem
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5.4(b), Ry is locally connected. This implies that lim A, = lim B,, = {f(p)}
(in C(Ry)). Thus lim (A, U By, {f(pn)},{0v })3 = {{f(p),0y}} (in the space
C(F3(Y))). So, we have that {h™ ({4, U By, {f(pn)}, {0y })3)}5, is a se-
quence of subcontinua of F3(X) that converges to {{p,0x}} (in C(F3(X))).
Then there exists m € N such that z,, € B(eo,x), pm € B(eo,p) and, if
Con = W™ (A U B, { f(pn) }, {0y })5), then the set C,, = J{C : C € C,} is
contained in N(go,{p,0x}) = B(eo,p) U B(go,0x). By [4, Lemma 2.1], Cy,
has at most three components. Note that the set (A, U By, {f(pm)}, {0v})5
is contained in N(Y) (Lemma 5.2(d)). Thus C,, C N(X). Also note that
{fo(@m), f(zm),0v} € (Am U B, { f(pm)}; {0y })5- Hence {@p,r(xm),0x} €
Cnm and x,,,0x € Cp,. Similarly, p,, € Cp,.

Since Xy, pm ¢ B(eo,0x), we have that ., p., € B(eo,p). Let A and
B be the components of C,, such that z,, € A and p,, € B. Then AU
B C B(ep,p). Let C be the component of Cy, such that 0x € C. The
connectedness of C' implies that C' C B(gg,0x). This implies that CNRx =
and Zp,,pm ¢ C. Since C,, C N(X), Cp, N Rx # 0. Hence there exists a
component D of C,, such that D N Rx # (). Since Rx is terminal in X,
D C Rx or Rx C D. If Rx C D, then 2¢g < diameter(Ryx) < diameter(D).
Since D is connected, we have that D C B(eg,p), so diameter(D) < 2eg,
a contradiction. Thus D C Rx. Hence py,, 2z, ¢ D. Thus C and D are
different components of Cy,, and {z,,pm} N (C U D) = (. Since C,, has at
most three components, A = B.

We have that A is a connected subset of X containing both x,, and
Pm. Hence [Tm,pm] C A C B(eg,p). So, 2¢9 < diameter([zm,pm]) <
diameter(A) < 2ey. This contradiction establishes the proof that

lim(diameter([z,, pn])) = 0.

Since f is uniformly continuous, lim(diameter(f([zy,pn]))) = 0.

We define a sequence {g.,}5°_, of maps from [0x,o0) onto [0y, o0). For
(m) _ i—1
#m) = i=1

each m € NU{0}, consider the sequence t(™) = {tz(-m) 2, given by TR

Define, recursively, go = f and, for each m > 0,

Im+1 = k(t(m)a gm)a

where k(t(™, g,,) is the map defined in Lemma 5.5.
For each m € N, define 9(0,m — 1) = 0x and, for each n € N, define

M(n,m — 1) = max(g;,L, (£777))

and
m(n,m — 1) = min([M(n — 1,m — 1),00) N g1 (557 ).
That is, m(n, m — 1) and M(n,m — 1) are the numbers used in Lemma 5.5 to
define g, = k(t" "V g, 1).
CLAM 2. For each m,n € N, M(n,m — 1) = M(2n, m) and m(n,m) =
m(2n,m + 1).
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We prove Claim 2. Let m,n € N. By Lemma 5.5(b), we have
M(n,m — 1) = max(gy,' (t11")- So Mn,m — 1) = max(gy! (1717")) =

max (g, (7)) = max(gy(3%)) = max(gy (t5,)1) = M(2n,m). So,
M(n,m — 1) = M(2n, m). We prove the other equality, by Lemma 5.5(b),
we have that g} (£ = (k(t0™), g,,)) "1t = [m(n, m), M(n, m)], we
have shown that g, ;(2%) = [m(n,m),M(n,m)]. Also, by Lemma 5.5(b),

2m,
g1 ([0y, 92%)) = gk 1[0y, £71))) = [0x, m(n,m)). Since

2n —1 n
— m+1 — —
g () = 00 () € k(0w 530)).

we have that 9M(2n — 1,m + 1) < m(n,m). Since g;ﬁrl(té:?:ll)) =

I (3255) = gy () = gy (t00) = (0™, ,,) (1)), By Lemma

5.5(b), gt ) = [m(n, m), M(n, m)). Since M(2n—1,m+1) < m(n,m),
[m(n,m),Mn,m)] C M(2n — 1,m + 1),00). Hence, m(2n,m + 1) =
min([m(n, m), M(n, m)]) = m(n, m). This completes the proof of Claim 2.
CLAIM 3. |gm (%) = gms1(2)| < 5 for every x € [0x,00) and m € N.
We prove Claim 3. Let © € [0x,00) and m € N. Let n € N be
such that x € Mn — 1,m — 1),M(n,m — 1)]. By Claim 2, [M(n —
1,m—1),Mn,m —1)] = M(2(n — 1),m),M(2n,m)]. By Lemma 5.5(b),
we have that gp,(z) = Kt g 1)(2) € ("0 60 V] = [k, 5]

and gni1(z) € [tor)y ton),] = [2222 28] = [2ol ono

|gm () = gm41(2)] < 5=t and Claim 3 has been proved.

By Claim 3, we have that the sequence {g,,}2°_, is uniformly Cauchy.
Thus this sequence converges uniformly to a (hence, continuous) function
g :[0x,00) — [0y, 00). Note that g(0x) = Oy.

CLAIM 4. g is increasing.

Take u,x € [0x,00) such that v < x. In the case that there exist n,m € N
such that u < 9(n,m) < 2, by Lemma 5.5(b), gmy1(u) = k(™) g)(u) <
tfﬁ)l < k"), g,)(2) = gmy1(2). Similarly, since by Claim 2, u < 90%(2n, m+

1) < x, we have that g,,y2(u) < tézlill) < gm+2(x). Following this process,

we obtain that g, (u) < g,.(z) for each r > m + 1. Therefore, g(u) < g(x).
Now, suppose that there are no n,m € N such that u < M(n,m) < x.
Given m € N, let n,, € N be such that z € [M(n,, — 1, m), M(ny,, m)]. Our
assumption gives us that M(n,, — 1,m) < u < z < M(ny,, m). By Lemma
5.5(b), both numbers g, +1(u) = k(t™), g,,)(u) and gm41(z) = k(™) g ()

are in the interval [tSZZ), t%ﬁll] = [2z=L 2m] Hence [gmi1(u) — gm1(z)| <
5= for each m € N. Therefore, g(u) = g(x). This finishes the proof of Claim

4.

Therefore,
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Define G: X — Y by

_ J g(z), ifze(0x,00),
G(I)—{ Ho) ifre Ry

In order to prove that G is continuous, we first prove the following claim.

CLAM 5. g.(M(n,m)) = f(M(n,m)) and g.(m(n,m)) = f(m(n,m)), for
every n,m,r € N.

Let n,m,r € N. To prove Claim 5, we only prove that g,.(9(n,m
f(OR(n,m)), the proof of the other equality is similar. Since go(M(n,m)) =
f(M(n,m)), we only need to show that g.(9M(n,m)) = g.—1(M n,m))
By the definition of k(t"~1), g, 1), in the proof of Lemma 5.5, g,(z) =
k(=Y g,_1)(x) = gr—1(z) for each x € cljpy o0)([0x,00) — U{[m(s, —
1),M(s,r — 1)] : s € N}). Hence, it is enough to show that D(n,m)
¢ intjoy o) (U{[m(s,7 — 1),M(s,7 — 1)] : s € N}). Since 0 < m(1l,r —
1) < 9)?(1 r—1) < m@2,r—1) < M2,r —1) < ---, we obtain that
into o0y (U{[m(s,7 —1),M(s,r—1)] : s € N}) = [J{(m(s,r—1),M(s,7—1)) :
s € N}. Suppose, by the way of contradiction, that there is s € N such that
M(n,m) € (m(s,r —1),M(s,r —1)). We consider two cases.

CASE 1. r—1<m.

By Claim 2, MM(n,m) € (m(s,r —1),M(s,r—1)) = (m(2s,r),M(2s,7)) =
(m(2%s,7 + 1), M(2%s, 7 + 1)) = --- = (M(2™ " Hs,m), M(2m " F1s,m)). But
this is impossible since M (n ,m) §Z U{(m(i, m),M(i,m)) : i € N}.

CASE 2. m<r —1.

In this case, by Claim 2, M(n,m) = M(2n,m + 1) = M(2%n,m + 2) =
oM (27~ - — 1), Thus M7~ "0 r — 1) € (m(s,r — 1), M(s,r — 1)),
again a contradiction.

This completes the proof of Claim 5.

CLAIM 6. G is continuous.

Since ¢ is continuous and [0x,c0) is open in X, we have that G is con-
tinuous at every point of [0x,00). Since G|g, is continuous, we only have
to prove that, if we take a sequence {pn,}2>_; in [0x,00) converging to an
element p € Rx, then there exists a subsequence {pm, }2; of {pm}_; such
that lim G(pm,) = G(p). We consider two cases.

CAsgt 1. For infinitely many numbers m, we have

pm € |_H{[m( Jj)] 14,5 € N}

Here, we can suppose that our assumption holds for all m € N.
Given m € N, let i,5 € N, be such that p,, € [m(4,J),M(,75)] =
2

(k(t01,g,-0)) 1 (t97Y). Then gj(pm) = 97" = Hix. By Claim
Pm € [m(2i,j + 1),M2i,j + D] = (D, 9,) 7 (t54); s0 gjs1(pm) =
t(2jzzr1 = g-} = 21%1 Repeating this process we obtain that g,(pm) = 7=

Using the same argument, we can

for each r > j. Hence, g(pm) = 21%1
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conclude that g,«( (i, )) = gr(M(4,5)) = g7=r for each r > j. By Claim
5, g-(9M(i, 75 fOM(i,5)) and g-(m(4,5)) = f(m(é,j)), for each r € N.
Thus f(m ( )) Fom(, )) = g(pm). For each m € N, let z,, = m(¢,7)
and ym, = MM(i,7) (recall that ¢ and j depend on m). Then 0 < z,,
f(@m) = f(ym) and, since limp,, = p € Rx, we have that limy,, = co (as
a sequence in [0, oo)) We may assume that limy,, = y, for some y € Rx.
Then lim f(ym,) = f(y) € Ry. Thus lim f(z,,) = f(y). We may also as-
sume that limz,, = z for some z € X. Since f(z) = lim f(zm) = f(y),
we conclude that f(z) € Ry, so * € Rx. This implies that limz, = oo
(as a sequence in [0x,00)). Thus, we may apply Claim 1 and obtain that
lim(diameter(f ([2n,yn]))) = 0. Since f(pm) € f([Tm,Ym]), for each m € N,
J(p) = Tim f(pm) = lim f(2) = f(z). Recall that f(rm) = f(m(i,5)) =
g(pm). Thus limg(p,,) = f(p). Since p € Rx, G(p) = f(p). Thus
lim G(py,) = G(p). This finishes the proof of Case 1.
CASE 2. For infinitely many numbers m, we have

pm & (J{m(i, 5), M, )] : 4.5 € N}.

Again, we suppose that our assumption for this case holds for every m €
N. Let m € N. Given r € N, p,, ¢ U{[m(é,r),M(,r)] : ¢ € N}. By
definition, ¢g,+1(pm) = gr(Pm). This implies that g(p,n) = f(pm). Therefore,
lim G(py,) = limg(pm) = lim f(pm) = f(p) = G(p). This finishes the proof
for the Case 2 and then Claim 6 is proved.

Now, we modify the map g to obtain a continuous function e : [0x, 00) —
[0y, 00) that will be not only increasing but strictly increasing, and, also, will
have an extension to X that will be a homeomorphism.

Let dy be a metric for Y. Given n € N, since the metric of the absolute
value induces the same topology that dy on [0y, o), there exists d,, € (0,1)
such that, if v,y € [0y,n] and |v —y| < 26,, then dy(v,y) < +. From
Lemma 5.5(a) and Claim 3, it follows that lim,_ .. g(x) = oo (as a sequence
in [0y, 00)). Let ro = 0 and, for each n € N, choose r, € [0x,00) such that
g(rn) = n. By Claim 4, r, < rp41 for each n € N and limr,, = co. Define
e :[0x,00) — [0y, 00) by

e(x) =n—1+ (g(x) — (n — D)1 = 6n) + 0 (=21 if 2 € [rn_1, ).

Tn — Tn-1

It is easy to show that e is well defined, continuous and e(r,) = n, for each
n e NU{0}.
Given n € N and u,x € [r,_1,7,] such that u < z, since g is increasing,

(g(u) = (n = 1))(I = 0n) < (g(z) — (n = 1))(1 = dn). Also dp(7 =) <

O (;-==-). Hence e(u) < e(z). It follows easily that e is strictly increasing.
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Given n € Nand z € [rp_1,mn], n — 1 = g(rn—1) < g(z) < g(rn) = n.
Then

e(r) = g()

L — Tn-1

n—1+(g(x) = (n = 1)1 = bn) + n( ) —g(x)

Tn — Thn-1
L — Tn-1

= 0n(n—1—g(x)) + dn( )-

Tn — Tn-1

Hence, |e(z) — g(z)| < 205,.
Define E: X — Y by
[ e(x), ifxe(0x,0),

E(x) = { f(z), ifx € Ry.
Clearly, E is continuous at every point in [0x,c0) and F is one-to-one. To see
that F is continuous at a point p € Ry, take a sequence of points {p,}52
in [0x,00) such that limp, = p. We show that there exists a subsequence
{pn; }321 of {pn}52, such that lim E(p,,) = E(p).

Since limp, = p € Rx, we can take a subsequence {pn,}32; of {pn}5,
such that r; < p,, for each ¢« € N. Given ¢ € N, let j; € N be such that
i< ji and DPn; € [TjiarjiJrl]' Hencev |e(pni) - g(pni) < 25ji+1' By the choice
of 6j,41, we have that dy (e(pn,),9(Pn;)) < ﬁ < 1. Hence lime(p,,) =
limg(pn,) = lim G(pn,) = G(p) = f(p) = E(p).

We have shown that F is continuous. Since E(0x) = e(rg) = Oy, the
image of F/ is Y. Therefore X and Y are homeomorphic. O

QUESTION 5.1. Is Theorem 5.6 still true if we remove the assumption
that Rx is an ANR?
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