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ABSTRACT. In this paper, we investigate the Hyers-Ulam stability of
a generalized Hosszt functional equation, namely f(z+vy—azy)+g(zy) =
h(z) + k(y), where f, g, h, k are functions of a real variable with values in
a Banach space.

1. INTRODUCTION

Given an operator T and a solution class {u} with the property that
T(u) = 0, when does |[|[T'(v)|| < € for an € > 0 imply that |ju — v|| < d(¢)
for some u and for some 6 > 07 This problem is called the stability of the
functional transformation (ref. [12]). A great deal of work has been done
in connection with the ordinary and partial differential equations. If f is a
function from a normed vector space into a Banach space, and || f(z + y) —
f(x) = f(y)|l < e, Hyers [3] proved that there exists an additive function A
such that || f(z) — A(z)|| < e (cf. [11]). If f(x) is a real continuous function of
xzover R, and | f(z+y)— f(z)— f(y)| < e, it was shown by Hyers and Ulam [5]
that there exists a constant k such that |f(z) — kx| < 2e. Taking these results
into account, we say that the additive Cauchy equation f(z+y) = f(x)+ f(y)
is stable in the sense of Hyers and Ulam. The interested reader should refer
to the books by Hyers, Isac and Rassias [4] and by Jung [6] for an indepth
account on the subject of stability of functional equations.

Let Y be a Banach space and R be the set of real numbers. A function
f:R — Y is said to be additive if it satisfies

flz+y) = flz) + f(y)
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for all z,y € R.

In [10], Kannappan and Sahoo determined the general solution f, g, h, k :
R — R of the functional equation
(1.1) f@+y —oxy) + g(xy) = h(z) + k(y)

for all z,y € R (see also [1]). Here « is a priori chosen parameter. If o = 1,
then (1.1) is a pexiderized version of Hosszi functional equation, namely

f@+y—ay) + f(zy) = f(2) + f(y).
If & =0, then (1.1) reduces to

fx+y)+g(zy) = h(z) + k(y).

This functional equation was studied in [10] to characterize Cauchy differences
that depend on the product of arguments.

The following three results are needed to establish the main results of this
paper. The first result is due to Hyers [3].

THEOREM 1.1. Let f : E1 — E5 be a function between Banach spaces
such that

[f(z+y) = flz) - fll <e

for some € > 0 and for all x,y € Fy. Then there ezists a unique additive
function A : E1 — Es satisfying

1f(z) = A(2)| <€

for any x € E1. Moreover, if f(tx) is continuous in t for each fized x € F1,
then the function A is linear.

The next result was established by Gavruta [2] concerning the Hyers-Ulam
stability of Hosszi’s functional equation (cf. [9]).

THEOREM 1.2. Let Y be a Banach space and suppose that f : R — Y
satisfies the functional inequality

1f(z+y—ay) + flay) — f(2) = fly)] <e

for all z,y € R with ¢ > 0. Then there exist a unique additive function
A:R —Y and a constant b= f(1) — A(1) € Y such that

If(z) = A(z) = bl <9¢
for allz € R.
The following result was established by Jung and Sahoo [7] (see also [8]).

THEOREM 1.3. Let Y be a Banach space. If a function f : R — Y
satisfies the inequality

If(zy) + flx+y) = fley+2) = f(y)l| < e
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for some € > 0 and for all x,y € R, then there exists a unique additive
function A: R — Y such that

| f(z) — A(x) — f(O)| < 12¢
for all z € R.

In this paper, we prove the Hyers-Ulam stability of the equation (1.1) by
using Theorem 1.1 due to Hyers [3], Theorem 1.2 due to Gavruta [2], and
Theorem 1.3 due to Jung and Sahoo [7].

2. MAIN RESULT

In the following theorem we show the Hyers-Ulam stability of the func-
tional equation (1.1) for the case & = 0. For the sake of convenience, we shall
write the functional equation (1.1) as f(z +y) — g(ay) = h(z) + k(y).

THEOREM 2.1. LetY be a Banach space. If functions f,g,h,k: R —Y
satisfy the functional inequality

(2.1) 1f(x+y) = glay) — hz) —k(y)l| < e

for some € > 0 and for all x,y € R, then there exist unique additive functions
Ay, Az : R — Y such that for all x € R

g(x) — 241 (z) — &2 < 144e,

1£(2) = Ax(a?) — Ax(a) — 81] < S0,
() - A1) — Ax(a) — 8]l < e,
Ik(z) — Au(e) — Aa(e) = 0] < 20,

where 01,02, 03,04 are constants in'Y satisfying ||01 — 62 — 03 — daf| < 5.

PROOF. Letting =0 in (2.1), we get

(2.2) 1f(y) —k(y) —bal <€
where by = g(0) + h(0). Putting y = 0 in (2.1), we have
(2.3) 1f(z) = h(z) = bo|| <€

where by = g(0) + k(0). Finally, letting z =0 and y = 0 in (2.1), we obtain

(2.4) 1£(0) - 9(0) = h(0) — k(0)] < =.
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Using (2.1), (2.2) and (2.3), we see that

[f(z+y) —g(zy) — f(x) = f(y) + b1 + bzl
= | fz+y) —g(zy) — h(z) — k(y)
+ h(z) — f(z) +ba + k(y) — f(y) +bu ||
< [ f@+y) —glzy) — h(z) —k(y) |
+ | h(x) = f(x) + b2 || + | k(y) — f(y) + b ||

< 3e.
Hence we have
(2.5) 1f (@ +y) —g(zy) — f(x) = f(y) + b1+ ba2|| <3e
for all z,y € R. Defining
(2.6) o) = f(z) — by — by
and using (2.6) in inequality (2.5), we have
(2.7) 16z +) — g(ay) — () — S| < 3e
for all z,y € R. From (2.7), we see that
(2.8) [¢(z +y +2) — g(zz +y2) — d(z +y) — ¢(2)| < 3¢,
(2.9) (2 +y + 2) — g(zy + 22) — d(2) — oy + 2)|| < 3¢,
(2.10) l6(y + 2) — g(yz) — ¢(y) — ¢(2)|| < 3e.

Now using (2.7), (2.8), (2.9) and (2.10), we obtain
lg(xy + 22) + g(yz) — g(zy) — g(xz + y2)||
< oz +y) —g(zy) — o(z) — d(y)|l
+ llp(x +y+2) — glzz + yz) — d(x +y) — ¢(2) ||
+ l¢(z) + oy + 2) + g(zy + 22) — d(z +y + 2) ||

+ lo(y) + é(2) + g(yz) — d(y + 2) ||
< 12¢

which is
(2.11) lg(zy + 22) + g(y2) — g(zy) — g(@z + y2)[| < 12¢
for all z,y, 2z € R. Letting z =1 in (2.11), we have

lg(zy +x) + g(y) — g(zy) — g(x +y)|| < 12¢
for all z,y € R. From Theorem 1.3, we see that
(2.12) lg(z) — A(z) — 63]] < 144
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where A : R — Y is a unique additive map and d2 = ¢(0). Now writing
A =2A; in (2.12), where A; is an additive map and uniquely determined by
A, we have

(2.13) lg(e) - 241 (x) — 8| < 144
for all z € R.

Letting y = —z in (2.7), we have
(2.14) 16(0) = g(=2?) = é(x) — d(-)ll <3¢

for all x € R. Now using (2.13) and (2.14), we see that

|6(2) + d(—x) — 241 (2®) + g(0) — $(0)]|
< (@) + d(—) + g(—2%) — ¢(0) || + || 9(—2®) — 241 (=2*) — g(0) ||
< 147e.

Thus we have

(2.15) [¢(2) + d(—2) — 241 (2%) + g(0) — 6(0)[| < 147¢
for all x € R.

Replacing & by —z and y by —y in (2.7), we obtain
(2.16) [6(=(z +y)) — g(zy) — o(—z) — (—y)| <3¢

for all z,y € R. From (2.7) and (2.16), we observe that
[p(z +y) — ¢(=(z +y)) — ¢(x) + (—x) — ¢(y) + ¢(=v)|l

< oz +y) —glay) — o(z) — o) |
+ [ o(=2) + o(=y) + g(zy) — d(=(z +y)) |l
< 6¢
for all x,y € R. Defining F : R — Y by
(2.17) F(z) = ¢(z) — ¢(—x) Vz e R

and using this F' in the last inequality we have the functional inequality
[F(z+y)— F(z) - F(y)|| <6¢

for all z,y € R. By Theorem 1.1, there is a unique additive function Ag :
R — Y such that

(2.18) [F(z) — Ao(x)]| < 6

for all z € R. Writing Ag = 242 in (2.18), where As : R — Y is an additive
map and then using (2.17), we have

(2.19) [¢(z) — d(—z) — 2A2(z)|| < 6¢
for all z € R.
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Using (2.15) and (2.19), we see that
H2¢> - 2A1( 2) — 245(z) 4 g(0) — H

< Jlo(x) + ¢(—2) — 241 (2 )+9 O] + llp(x) = ¢(—2) — 24s(2) |
< 153¢
for all x € R. Hence
220 [ - i) - o) + 31000) - 000} < B2
Since ¢(x) = f(x) — by — by = f(x) — 2g(0) h(0) — k(0), from (2.20) we have
(2.21) 1£(2) — Ar(2?) — As(a) — 61 < 1—23

where 61 = 3 [f(0) + g(0) + h(0) + k(0)]. We can easily prove the uniqueness
of As satlsfylng the inequality (2.21).
Next, using (2.2) and (2.21), we see that

() — Ay (2®) — Ag(x) + b1 — 61|
< lk(z) = f(@) + b1 [ + || f(z) — Ar(2?) — Aa(z) — 6 ||
< 155

—c
2

for all z € R. Hence

155

|k(z) — A1(2®) — Ax(z) — 64| < - ¢
where 04 = 5 [£(0) — g(0) — 1(0) + k(0)].
Finally, using (2.3) and (2.21), we see that
Hh A1($2) ($)+b2—51H
< N h(z) = f@) + b2 || + (| f(2) = Ar(2?) = Az (@) — 61 ||
< @8
-2

for all z € R. Hence

155
|h(z) — Ar(a?) — Az(z) — 85| < - ¢

where 05 = 5 [f(0) — g(0) + 1(0) — k(0)].
In view of the inequality (2.4), it is easy to check that the constants

01,82, 83, 04 satisfy [|61 — 62 — 03 — daf| = 5 [ £(0) — g(0) — h(0) = k(0)]| < 5
Now the proof of the theorem is complete. O

REMARK 2.2. The above theorem gives a Hyers-Ulam stability as well as
the general solution of the original equation. We may put € = 0 in Theorem 2.1
to get the general solution of the functional equation (1.1) with & = 0: The
functions f, g, h, k : R — Y satisfy the functional equation f(z+y)—g(ay) =
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h(z) + k(y) if and only if there exist additive functions A;, A2 : R — Y and
constants 01, d2,93 € Y such that

flx) = Aj(x?) 4 Ag(x) + 61 + 52 + 03,
glz) = 2A1(:c) + 61,

h(z) = Ai(z?) + Ax(x) + 6o,

E(z) = Ai(2?) + Ax(z) + ds.

In the following theorem, we treat the stability of the functional equation
(1.1) when the parameter a # 0.

THEOREM 2.3. LetY be a Banach space. If functions f,g,h,k: R —Y
satisfy the functional inequality
(2.22) 1f (& +y —azy) + g(zy) — h(z) — k)| <e

for some € > 0 and for all x,y € R, then there exists unique additive function
A:R =Y such that for allz € R

1f(x) — A(ax) — af| < 54e,
Ih(z) — A(ax) —a —by|| < 55¢,
[k(z) — A(ax) —a = ba| < 55¢,
llg(z) — A(e’z) —a — by — ba|| < 57e,
where a = f (L) — A(1), by = g(0) — k(0), and by = g(0) — h(0).
PROOF. Letting y = 0 in (2.22), we get

(2.23) 1f(z) = h(z) + bal| <€
where by = g(0) — k£(0). Putting z = 0 in (2.22), we have
(2.24) 1 (w) = k(y) +baf <€

where by = g(0) — h(0). Using (2.22), (2.23) and (2.24), we see that
1f(z +y —azy) + g(zy) — f(x) = f(y) — b1 — bl
= [[f(@+y—azy) +g(zy) — h(z) — k(y)
+ h(z) = f(z) = b1+ k(y) — fly) — b2 |
< [ f(@+y—azy) + g(xy) — h(z) — k() ||
+ () = fl2) = b |+ [ k(y) — f(y) — b2 ||
< 3e.
Hence
(225)  F(@+y— o)+ glay) — F@) ~ f) b~ ball <3
for all z,y € R. Since a # 0, substituting y = é in (2.25), we obtain

(2.26) H ( )— ) — by —bo| < 3¢
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for all x € R. Now replacing by ax in (2.26), we have
(2.27) lg(z) — flaz) — b1 —ba| < 3¢
for all z € R. From (2.25) and (2.27), we have
If (& +y — azy) + flowxy) — f(z) = Fy)ll
= 1 f@+y—awy) +g(xy) = f(2) = fly) = b1 = bo
+ flazy) —g(zy) + b1+ be |
< | f(@+y—awy) +9(zy) — f(2) = fy) —br = b2 |
+ [ flaxy) — g(zy) + by + ba ||
< 6e.

Thus we have

(2.28) 1f(z+y — axy) + flazy) — f(x) = f(y
for all z,y € R. Replacing « by & and y by £ in (2.28

) (L) s () - s (2) -1 (2)] <o
Defining ¢ : R — Y by
(2.30) b(x) = f(a) vz eR
and using it in (2.29), we see that
(2 +y —zy) + ¢(zy) —P(x) —P(y)|| < 6e

for all z,y € R. Hence by Theorem 1.2, there exists a unique additive map
A:R — Y such that for all z € R

(2.31) l(z) — A(z) —a|| < B4e,
where a = 1)(1) — A(1). Thus from (2.30) and (2.31), we obtain
(2.32) () - Alaz) — all < 54e,

where a = f (1) — A(1).
From (2.23) and (2.32), we get
[h(z) — A(ax) —a = bi|
[h(z) = f(x) = br || + [[f(2) — Alaz) — o]
95¢
for all x € R. Similarly, from (2.24) and (2.32), we have
[k(z) — A(az) —a — bl
< k(@) = f(@) = b2 || + [ f(2) — Alazx) —al
< dbe.

<
<
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Finally, from (2.27) and (2.32), we get

|9(x) = A(e*z) —a — by — bs|
< lg(@) = flaz) = by = ba || + || f(az) — A(az) —al|
< b5H7e.

The proof of the theorem is now complete. O

REMARK 2.4. If we put € = 0 in Theorem 2.3, we can obtain the general

solution of the original functional equation of (2.22): The functions f, g, h, k :
R — Y satisfy the functional equation (1.1) with a # 0 if and only if there
exists an additive function A : R — Y and constants 1, d2,d3 € Y such that

(1]
(2]

[9]
[10]
[11]

[12]

f(x) = A(axz)— 61+ 62+ 63,
g(x) = A(a’z)+ 4,

h(z) = A(ax)+ 02,

k(z) = A(azx)+ d;.
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