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DELAY INTEGRO-DIFFERENTIAL EQUATIONS OF MIXED
TYPE IN BANACH SPACES

TADEUSZ JANKOWSKI
Technical University of Gdarisk, Poland

ABSTRACT. This paper contains sufficient conditions under which
there exist extremal solutions of initial value problems for delay integro—
differential equations of mixed type in Banach spaces. We use the mono-
tone iterative technique for proving existence results. Some comparison
results are also established.

1. Let B denote a real Banach space with a norm || - ||, and B be a cone
in B which defines a partial ordering in the space B by relation x < y iff
y —x € B. By 6 we denote the zero element in B. The cone B is said to
be regular if every nondecreasing and bounded in order sequence in B has a
limit, i.e., 21 <@g < -+ <z, <--- <y implies ||z, — x| — 0 as n — oo for
some z € B (for details, see for example [2, 7, 8, 10]).

In this paper we consider the following initial value problem

(1.1) 2'(t) = f(t, z(t), z(a(t)), Tx(t), Sz(t)), t € J = [0,b], b > 0, 2(0) = xq

where f € C(J x B4, B), a € C(J,J), 0 < a(t) <t, t e J, and the operators
T and S are defined by

B(t) b
Tx(t)z/o k(t, s)x(s)ds, Sac(t):/o I(t,s)x(s)ds, teJ

with 8 € C(J,J), 0< B(t) <t, teJ ke C(D1,Ry), L € C(Da,Ry), Dy =
{(t,s) e I xJ: t>s},Da=JxJ, Ry =][0,00).

Indeed, T,S : C(J,B) — C(J,B). The method of lower and upper so-
lutions is very useful for proving existence results to differential problems
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(for example, see for details [11]). In this paper we use this technique prov-
ing existence of extremal solutions to problem (1.1). In section 3, we study
a delay linear integro—differential equation of Volterra type giving sufficient
conditions under which such problem has a unique solution. To apply the
monotone method we need some comparison results from section 4. The
main result is given in section 5. We construct monotone sequences giving
sufficient conditions under which they are convergent to extremal solutions
of problem (1.1). Some existence and comparison results for corresponding
linear delay problems are needed but the method of this paper is similar to
that of [6]. If f(¢,u,v,w,2z) does not depend on v and z, and B(t) = ¢, t € J,
then we have the problem from [6], and if f does not depend on the last
three arguments, then we have problem considered in [3]; see also [1, 4, 9, 12].
This paper generalizes the results of [6]. Periodic boundary value problems
for second order integro—differential equations are considered, for example, in
[5, 13].

2. A function u € C'*(J, B) is said to be a lower solution of problem (1.1)
if
u'(t) < f(t,u(t), u(at)), Tu(t), Su(t)), te€J, u(0) <,
and an upper solution of (1.1) if the inequalities are reversed.

Let us introduce the following assumptions for later use:

) feC(JxBYB), l € C(Ds, Ry),

2) a, BEeC(JJ), 0<a(t)<t, 0<p(t) <t ted keC(Dy,Rs),
Hs) yo, 2o are lower and upper solutions of (1) and yo(t) < zo(¢) on J,
Hy) there exist nonnegative constants M, N, P such that

ft,a,9,w,2) — f(t,u,v,w,z) > —M(@—u) — N(©—v) — P(w —w)

for yo(t) < u < @ < 2zo(t), yola(t)) <v <o < zo(aft)), Tyo(t) <
w<w<Tz(t), Syo(t) <z < Sz(t), t €,
(Hs) function f is nondecreasing in the last argument,

Plob
(Hg) bNeMP 4 =202 (M —1) < 1if M > 0, and Nb+ Pkob® < 1if M =0,
where ko = max{k(t,s) : (¢,s) € D1}.

3. Now we consider a delay linear integro—differential problem.

LEMMA 3.1. Let Assumption Hy hold. Let M,N,P > 0, f; € C(J,B).
Then the problem

(3.1)  y'(t) = filt) = My(t) — Ny(a(t)) = PTy(t), t € J, y(0) = zo

has a unique solution.
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PRrROOF. Replace (3.1) by
y(t) =e” {xo —|—/ Ms [ (s) — Ny(a(s)) — PTy(s)] ds} = Ay(t), te J.

Let |ly|l« = r?a]x[|y(t)|e* ", where K > N + koPb. Then
€.

t
/ eMs
0

[—Ne—K“(S)eK“(S) [y(a(s)) —y(als))]

Ay — A7 _ —(K+M)t
Ay — Agl|. maxe

B(s)
_P/o k(s,m)[y(r) — y(r)]eKTeKTdr] ds

where
t B(s)
@ = maxe (K+]Vj)t/ eMs NeKO‘(S)+k0P/ eKrdr| ds,
ted o 0
ko = max k(t,s).
(t,s)eD1
Note that

¢
—(M+K)t (M+K)s —(M+K)b — 7
< 0 =Q.
Q<[N+ka]r{1a}<{e /e ds}<1—e =Q
€ 0

By the Banach fixed point theorem, problem (3.1) has a unique solution be-
cause

Ay — Agll. < Qlly - gll+ and Q<1
It ends the proof. O

4. To apply the monotone iterative technique we need some comparison
results.

LEMMA 4.1. Let Assumptions Ho and Hg hold. Assume that M, N, P > 0
and
(4.1) p'(t) < =Mp(t) = Np(a(t)) — PTp(t), p(0) < 0.

Then p(t) <0 on J.

PROOF. Let B* be the set of all continuous linear functionals g on B
such that g(z) > 0 for all z € B. For any g € B*, let m(t) = g(p(t)). Then
m € CHJ,R), and m/(t) = g(p'(t)), g(Tp(t)) = Tm(t), g(Spt)) = Sm(t).
By (4.1), we have

(4.2) m/(t) < —Mm(t) — Nm(a(t)) — PTm(t), t€ J, m(0)<O0.
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Let v(t) = eMim(t), t € J, so v(0) <0, and

B() B()
Tm(t) = / k(t,s)m(s)ds = / E(t, s)e M5u(s)ds.
0 0
Then, (4.2) yields

V() = MeMim(t) + M/ (t) < —eM [ Nm(a(t)) + PTm(t)]
(4.3)

B(t)
— NeMlt=a®ly(q(t)) — P/ kE*(t, s)v(s)ds
0

with k*(t,s) = eME=9)k(t, s).
We need to show that v(¢) < 0 on J. Assume that it is not true, so there

exists to € (0,b] such that v(tg) > 0. Let n[bin] =-A A>0.1f A =0,
t€|0,to

then v(t) > 0, t € [0,t0]. Hence, v/'(t) <0, t € [0,t0], by (4.3). It shows that
v(t) <0, t €0,%0], so v(tg) < 0. It is a contradiction. Let A > 0. Then there
exists t1 € [0,19) such that v(t;) = —A. Moreover, there exists t2 € (¢1,%0)
such that v(¢2) = 0. Now the mean value theorem gives

’U(tg) — ’U(tl) = ’U/(t3)(t2 — tl), t3 € (tl,tg),

SO
A
/
t3) = =,
Vi) =T > g
On the other hand we obtain
B(t3)
V' (t3) < —NeMits—altaly(a(ty)) — P / E*(t3, s)v(s)ds
0

IN

B(ts)
NAeM[tB—a(tg)] + pA/ k*(t3,s)d8
0

NAM 4 Pdko (oMY 1) if M >0,
NA+ PAkgb if M=0

showing that 1 < NbeMb + % (eMb — 1) if M >0, and 1 < Nb+ Pkgb? if
M =0. It is a contradiction because of Assumption Hg. Hence v(t) < 0 on J
and therefore m(t) < 0,t € J. Since g € B* is arbitrary, we get p(t) < 0, t € J.
It ends the proof. O

REMARK 4.2. If N = 0 and (t) = t, ¢t € J, then Lemma 4.1 becomes
Lemma 3.1 of [6].

LEMMA 4.3. Let Assumptions Hy to Hg hold. Assume that u,v are lower
and upper solutions of problem (1.1) and such that yo(t) < u(t) < v(t) <
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zo(t), t € J. Let

y'(t) = f(t,u(d), u(a(t)), Tu(t), Su(t)) + F(t,u(t), y(t)),
t e J, y(O) = Zo,

4.4
4 2'(t) = f(t,v(t), v(a(t)), To(t), Su(t)) + F(t,v(t), 2(t)),
te J, Z(O) = 2o,
where
F(t,u(t), y(t) = —Mly(t) — u(t)] = Ny(a(t)) — u(a(t))] — P[Ty(t) — Tu(t)].
Then

(1) u(t) <y(t) <z(t) <wv(t), tel,
(i) y and z are lower and upper solutions of (1.1), respectively.

PROOF. Lemma 3.1 shows that system (4.4) has a unique solution (y, z).
First, we show (i). Put p = u —y. Then p(0) < 0, and

prt) < ftut), u(a(t), Tu(t), Su(t)) — f(t,u(t), u(a(t)), Tu(t), Su(t))
—F(t,u(t),y(t))
= —Mp(t) — Np(a(t)) — PTp(t), teJ

since u is a lower solution of (1.1). This and Lemma 4.1 yield p(t) < 0 on J
showing that u(t) < y(¢t) on J. In the same way, we can show that z(t) < v(¢)
on J. Now, we put p = y — z. Then, using Assumptions H4 and Hs, we obtain

Pt = ftult),ula), Tut), Su(t)) - f(t,v(t),v(a(t)), Tv(t), Su(t))

HE(E u(t),y(t) — F(t,o(t), 2(1))

< Mlu(t) = u(t)] + Nv(a(t)) — w(a(t))] + P[To(t) — Tu(t)]
+E(t, u(t), y( ) = F(t,0(t), 2(t))

= —Mp(t) - Np(a(t)) — PTp(t), tcJ, p(0)=6.

Hence, by Lemma 4.1, y(t) < z(¢) on J showing that property (i) holds.
Now we need to show that y and z are lower and upper solutions of (1.1),
respectively. Using Assumptions Hy and Hs we get

y'(t) = f(tult),u(alt)), Tu(t), Su(t)) + F(t,u(t), y(t))
—f(t,y(t),y(a(t), Ty(t), Syt)) + f(t,yt), y(a(t))), Ty(t), Sy(t))
< flty(t), ylalt), Ty(t), Sy(t)) + My(t) — u(t)]
(t

S
+N[y(at)) —ula(®)] + P[Ty(t) — Tu(d)] + F(t, u(t), y(t))
S

= f(ty®),y(a), Ty(t), Sy(t), teJ,
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) = ftvt),v(at)), To(t), Sv(t)) + F(t,v(t), 2(t))
—f(t,2(t), 2(a(t), T=(t), Sz(t)) + f(t, 2(¢), 2(a(t)), T'2(t), S2(t))
> f(t,2(t), z(at), Tz(t), Sz(t), teJ

showing that (ii) holds.
It ends the proof. O

5. The next section gives sufficient conditions on existence of extremal
solutions for problems of type (1.1).

THEOREM 5.1. Let cone B be reqular. Assume that Assumptions Hy to
Hs are satisfied. Then there exist monotone sequences {yn}, {zn} such that
Yn — Y, Zn — 2 as n — oo uniformly and monotonically on J and y,z are
minimal and mazimal solutions of problem (1.1) on [yo, z0], respectively.

PROOF. Let y5,41(0) = 2,41(0) = z0, and

{ Yn1 () = F (& yn(t), yn(a(t)), Tyn (1), Syn(t)) + F(t, yn(t), yns1(1)), t € J,
Z;z-i-l (t) = f(t, zn(t), Zn(a(t))7Tzn(t)7 Szn(t)) + F(t7 zn(t); Znt1 (t))7 tedJ

for n = 0,1,..., where F' is defined as in Lemma 4.3. Note that y;, 2, are
well defined, by Lemma 3.1. Using Lemma 4.3, we obtain

Yo(t) < yi(t) < z1(t) < 20(t), t €,

and moreover y1, 21 are lower and upper solutions of (1.1).
Let us assume that

yo(t) < () < - < yea () < ) < 2a(t) < s (t) < - < 21(0) < 20(0),

for ¢t € J and let yi, 2z be lower and upper solutions of problem (1.1) for
some k > 1. Then, by Lemma 3.1, the elements yp41, 2x+1 are well defined.
Lemma 4.3 yields

Yr(t) < yrpr(t) < zu4a(t) < 2i(t), te
Hence, by induction, we have
Yolt) < yi(H) < -+ < yalt) < 2at) < oo < 2a(t) < 20o(t), te ]
for all n. The regularity of B and continuity of f imply that the sequences
{yn}, {zn} converge uniformly to the limit functions y, z, s0 ¥y, — Y, 2, — 2,
and y(t) < z(t) on J. Indeed, y, z are solutions of problem (1.1).
To prove that y,z are minimal and maximal solutions of (1.1) on the

segment [yo, 2], we need to show that if w is any solution of (1.1) such that
Yyo(t) < w(t) < zo(t) on J, then

yo(t) < y(t) <w(t) < z(t) < 2(t), te
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To do this, suppose that for some k, yi(t) < w(t) < zx(t) on J, and put
D =Yp+1 — W, ¢=w — Zk4+1. Then, Assumptions H, and Hj yield

Pt) = [t ye(t), y(a(t), Tyr(t), Syr(t))
—F(t,w(t), w(a(t), Tw(t), Sw(t)) + F(t,ye(t), ye+1(t))
Mw(t) = yr(t)] + Nw(e(t)) — yr(a(t)] + PTw(t) — Tyk(t)]
+F(t, y(t ) Yrt1(t))

< —Mp(t) - Np(a(t)) — PTp(t), t € J, p(0)=0,
q(t) = F(twt),w(e(t)), Tw(t), Sw(t))
(
(t

IN

Pl 5 (0) (000, To0, S(0) = P 20, 201
< —Mq(t) = Ng(a(t)) — PTq(t), teJ, q(0)=0.
By Lemma 4.1, we obtain p(t) < 6, ¢(t) < 6 on J showing that yr41(t) <
w(t) < zp41(t), t € J. Since yo(t) < w(t) < z9(t) it proves, by induction, that
Yn(t) < w(t) < zp(t) on J for all n. Taking the limit as n — oo, we conclude
that y(t) < w(t) < z(t), teJ.
The proof is complete. O

REMARK b5.2. Note that Assumption H, holds if we assume that
f(t,u,v,w, z) is nondecreasing in w,v,w for fixed ¢ and z. Indeed, in this
case, we have

ft,a,0,w,2) — f(t,u,v,w,2z) >0>—-M(u—
for some nonnegative M, N, P and 4 > u, v > v, W > w

REMARK 5.3. f N =0, 8(t) = ¢, t € J and f does not depend on the
last argument, then Theorem 5.1 becomes Theorem 2 of [6].

EXAMPLE 5.4. Consider the initial value problem of an infinite system
for scalar delay integro—differential equations of type

2L (t) = 12 [5er — @a(t) — g (30)] — W U‘O%t Ty (s)ds}2
(5.1) + [fol Top(5) cos(t — s)ds}3 , te J=1][0,1],
z,(0) = 0

2(nr1)3

forn=1,2,.... Let B={u: (ug,...,un,...): u, € R, Z|un|<oo} with

n=1
the norm |ju|| = Z|un| and B={u€ B:u, >0, n=1,2,...}. Then B
n=1

is a normal cone in B. Since B is weakly complete, we know from Remarks
4.3.1 and 1.2.4 of [8] that B is regular. In this case f = (f1,..., fn,...) with

fit L1 PR B
n\L,T,Y,2,W) = —F |55 —Tn —Yn T 5 a\2%n 57 1\3 Wap-
4 in? | 2n2 Yl T St 12T T o 1)8 2
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Indeed, f € C(J x B4, B), a = 4t, a € C(J,J), 0 < aft) < t, B(t) = it,
C

BeC(J,J),0<B(t) <t k(t,s)=1for (t,s) € JxJ and l(t,s) = cos*(t—s
for (¢,s) € J x J. Let

Indeed, yo(t) < z0(t), t € J. We see that

fn(tayO(t)7y0(a(t))ﬂTy0(t)uSyO(t)) = % >Ou te‘]’ n= 1727“‘7

and

fu(t; 20(8), 20(c(t)), T20(t), S0 (1)) = # [Q_iz - iz - ﬁ]

n
1 2 3
1 st 1 L |
. — — d S — cos*(t — s)d
2(n + 1) /0 (n+1)2 S] Ty 1)y [/0 2 s (=) s}
3n2 +2n 12

<0, ted, n=12....

= 8ni(n+1)2 18(n+1)°

It proves that yo, 20 are lower and upper solutions of problem (5.1) respec-
tively, so assumption Hs holds.

Let go(t) < u < @ < 20(t), yo(a(t) < v < 5 < z0(alt)), Tyo(t) < w <
W < Tzo(t), Syo(t) <z < Sz(t) for all t € J. Then

1 1 N 1 9

— 7 5 |55  Un — Un o W,
+1 2(n+1)2w +1
1 1

= ——[Un - Un] - W[’Un+1 — Un+1]
1
2(n+1)2
1 1 1
> ——[tp — Un] — = [Ont1 — Vnt1] — g[wn — Wp].

4

It yields M = N = %, P = % and therefore

wn-{-l + wn-l—l][wn-l—l - wn-i—l]

Pkob
DNeM 4 == (M 1) 2 0.6997 < 1.

It proves that assumption Hg holds. Hence, problem (5.1) has extremal solu-
tions in the segment [yo, 20, by Theorem 5.1.
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ExampPLE 5.5. Consider the following infinite problem of scalar equations

(1) = bk~ 2al®)] + dyrnin (30) + [ 2asa(s)ds]
(5.2) +t {fol Ton(s)sin®(t — s)ds} ! ,teJ=][0,1],
z,(0) = 0

for n =1,2,.... Indeed, a(t) = 3t, B(t) = ;t. Let B and B be defined as in
Example 1. Note that

1 t 1
In(t 2,0y, 2,w) = 1 [ﬁ - mn] + ToYntt + 27 o F tws,.

Let

It yields

ltsy0(t). 9ol (8)). Ty (1), Syo(0) = 5 =0, tE T n=12...,

and

Falta(0) 20(a0). Tonlt) Saalt) = § | 505 = ] + 30772

it g : s, !
+ /0 mds +t {/0 7,2 5t (t—s)ds}
t t 1 N Lot
S8 T2 Tty /0 SdS] +W[/O SdS}
t t t t

Bz T 20(n + 1)2 * 1024(n + 2)4 * 30960
<0< z),@), ted, n=1,2,...

It proves that yo,zo are lower and upper solutions of problem (5.2) respec-

tively, so assumption Hj3 holds.
Let yo(t) < u <4 < 2p(t), yola(t)) <v <7 < zo(aft)), Tyo(t) <w <
W < Tzo(t), Syo(t) <z < Sz(t) for all t € J. Then

fu(t,u,0,w,2) — frn(t,u,v,w,2) =
1

_ 1 _
=1 [~ + un] + E[Un-i-l — Upt1] + w721+2 - w721+2 Z _Z[un = Up),
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so M =1 N = P =0. Assumption Hg is satisfied and problem (5.2) has

1>

extremal solutions in the segment [y, zo], by Theorem 5.1.
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