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ON A CHERN-TYPE PROBLEM FOR SPACE-LIKE
KAEHLER SUBMANIFOLDS

YouNc JIN Sun
Kyungpook National University, Korea

ABSTRACT. The purpose of this paper is to investigate a Chern
type problem for space-like Kaehler submanifolds M in indefinite complex
hyperbolic space C’Hg+p (¢), ¢ < 0. Accordingly, we give better estimations
of the squared norm of the second fundamental form of M in CHZ,H“D (o),
c< 0.

1. INTRODUCTION

Let M be an n-dimensional complex submanifold of (n + p)-dimensional
complex space form M™ P (c). Then in this family of submanifolds Chern [4],
Chern, do Carmo and Kobayashi [5] pointed out that it is of interest to study
the distribution of the value of squared norm ||z of the second fundamental
form o of M as follows:

Problem. Let M be an n-dimensional complete Kaehler submani-
fold of an (n+p)-dimensional complex space form M™P(c) of constant
holomorphic curvature ¢(< 0). Then does there exist a constant h in
such a way that if it satisfies ha > h, then M is totally geodesic ?

It is known that a complete space-like complex submanifold of an indef-
inite complex space form M;,H‘p(c),cZO, p>1, is totally geodesic in [1] and
[2]. However, in the case ¢ < 0, it was known that there exist many complete
Einstein Kaehler space-like submanifolds in the indefinite complex hyperbolic
space CH)*?(c), ¢ < 0, p>1, which are not totally geodesic (See [1, 8, 11]).
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From this point of view, for the case where ¢ < 0 we have studied in [1] the
classification problem of space-like complex submanifolds of CH;‘“’ (¢) with
bounded scalar curvature.

On the other hand, Goldberg and Kobayashi [6] and Houh [7] (resp.
Barros and Romero [3], and Montiel and Romero [9]) introduced the notion
of totally real bisectional curvature on Kaehler (resp. indefinite Kaehler)
manifolds. Such a curvature is so much closely related to the scalar curvature
given in section 3. Then naturally, motivated by the result in [1] concerned
with the scalar curvature, we also have investigated the classification problem
with bounded totally real bisectional curvature in [6]. That is, we proved the
following

THEOREM A. Let M be an n(>3)-dimensional complete complex sub-
manifold of CHZ’)H‘p(c), p > 0, with totally real bisectional curvature >b. Then
the following holds

1) b is smaller than or equal to §.

2) Ifb= g, then M is a complex space form CH"(5), pzw.
) If b = %, then M is a complex space form CH"(%),
— n(n+1)
bp=—7—".
On the other hand, it is seen in Aiyama, Nakagawa and the present author
an 1 and the present author that the squared norm
1] and Ki and th hor [8] that th d

hy = lal2 = _Zijhfjﬁfj

of the second fundamental form a of M in CH}*P(c) satisfies

(1.1) 0> |als > n(n+ 1)2

the latter equality arising only when M is a complex space form of constant
(&

holomorphic sectional curvature 5. However, by estimating the Laplacian of
ho, that is, Ahy, we have obtained the same result as in Theorem A with
bounded scalar curvature or with bounded totally real bisectional curvature,
respectively.

Now in this paper let us investigate the above estimations of hy = |a|s,
that is, a Chern type problem for space-like complex submanifolds M in
CHI?“’ (¢); more explicitly, for this we will estimate the Laplacian of the
squared norm hyg, hy = j u?, where 11; denotes an eigenvalue of the Hermit-
ian matrix H = (h%), which is given by h% ==k hfkﬁﬁj. Here we are
able to give better estimations than (1.1).

Now let us denote by a(M) the infimum of totally real bisectional curva-

tures of M in CH}'"P(c). Then we assert the following
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THEOREM 1.1. Let M be an n = 3 or n = 4-dimensional complete
space-like complex submanifold of an (n + p)-dimensional indefinite com-
plex hyperbolic space CH;H_Z)(C) of constant holomorphic sectional curvature
c¢(> 0) and of index 2p(> 0). Then there are constants a = a(n,p,c)
and h = h(n,p,a(M),c), ¢ < 0, so that if a(M)>a and the squared norm
lafa = —nyiﬁjhfjﬁfj of the second fundamental form o of M satisfies |a|a>h,
then M 1is totally geodesic.

THEOREM 1.2. Let M be an n>5-dimensional complete space-like complex
submanifold of an (n + p)-dimensional indefinite complex hyperbolic space
CH}*P(c) of constant holomorphc sectional curvature ¢(< 0) and of index

2p(> 0) and pS%. Then there exists a constant a = a(n,p,c) and a
negative constant h = h(n,p,a(M),c) so that if a(M)>a and |a|a>h, then M

is totally geodesic.

2. LOCAL FORMULAS

This section is concerned with recalling basic formulas on semi-definite
Kaehler manifolds. Let M be a complex m(> 2)-dimensional semi-definite
Kaehler manifold equipped with semi-definite Kaehler metric tensor g and
almost complex structure J. For the semi-definite Kaehler structure {g, J},
it follows that J is integrable and the index of g is even, say 2t (0 <t < m).
In the case where ¢ is contained in the range 0 < t < m, M is called an
indefinite Kaehler manifold and the structure {g, J} is called an indefinite
Kaehler structure and in particular, in the case where ¢ = 0 or m, M is only
called a Kaehler manifold, and then the structure {g, J} is called a Kaehler
structure.

Now we choose a local field

{Ea} ={Ea,Ea} ={E1, ..., Em,Er, ..., En}

of orthonormal frames on a neighborhood of M, where F4« = JE4 and
A* =m+ A. Here the indices A, B,... run from 1 to m and the indices
a,fB,... tun from 1 to 2m = m*. We set Uy = (Es — iFEa~)/v/2 and
Ua = (Ea +iE4-)/V/2, where i denotes the imaginary unit. Then {U4} con-
stitutes a local field of unitary frames on the neighborhood of M. This is a
complex linear frame which is orthonormal with respect to the semi-definite
Kaehler metric, that is, g(Ua,Up) = €4dap, where

ea=1lor —1, accordingas 1 < A<m—-torm—t+1<A<m.

Let {6a} = {04,04-}, {003} and {©.p} be the canonical form, the con-
nection form and the curvature form on M respectively, with respect to the
local field {E,} = {Fa,FEa~} of orthonormal frames. Then we have the
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structure equations

o+ €alap N5 =0, Oag —Oa-p- =0,
5
(21) barp+bap- =0, bap+0pa =0, bapr —0Opar =0,

1
A0op+ Y 400y Ay = Oug, Oap = -5 > evesKapyaty Abs,
v Y0
where K,3,5 denotes the components the Riemannian curvature tensor R of
M.
Now, let {wa} be the dual coframe field with respect to the local field
{U4} of unitary frames on the neighborhood of M given by

wa = (04 +1i04-)/V2.

Then {wa} = {w1,...,wn} consists of complex-valued 1-forms of type (1,0)
on M such that wa(Ug) = €4dap and {wa,0a} = {w1,. ., Wm, @1, ,@0m }
are linearly independent. The semi-definite Kaehler metric g of M can be
expressed as ¢ = 2) ,cawa ® wa. Associated with the frame field {Ua},
there exist complex-valued forms w4 p given by

wap =0aB +104+B,

which are usually called connection forms on M such that they satisfy the
structure equations of M ;

dwy + ZEBWAB ANwp =0, wap+wpa=0,
B

(2.2) dwap+ Y ecwac Awep = Qas,
c

Qup = ZECEDRABCDWC ANwp,
C,D
where Q = (Qap), Qap = Oap+iO4-p (resp. Ripcp) denotes the curvature

form (resp. the components of the semi-definite Riemannian curvature tensor
R) of M. So, by (2.1) and (2.2) we obtain

(2.3) Rigep = —{(Kapcp + Ka+pc+p) + i(Kapcp — Kapc+p)}-

Let M be an m-dimensional semi-definite Kaehler manifold of index 2t¢
(0 <t <m). A plane section P of the tangent space T, M of M at any point
x is said to be non-degenerate provided that g.|p is non-degenerate. It is
easily seen that P is non-degenerate if and only if it has a basis {X, Y} such
that

g(XvX)g(K Y) _g(X’ Y)2 7£ 0.

If the non-degenerate plane P is invariant by the complex structure J, it is
said to be holomorphic. It is also trivial that the plane P is holomorphic
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if and only if it contains a vector X in P such that g(X,X) # 0. For the
non-degenerate plane P spanned by X and Y in P, the sectional curvature
K (P) is usually defined by

g(R(X, Y)Y, X)
g(X7X)g(Y, Y) - g(X, Y)2 '

The holomorphic plane spanned by a space-like or time-like vector X and
JX is said to be space-like or time-like, respectively. The sectional curvature
K (P) of the holomorphic plane P is called the holomorphic sectional curva-
ture, which is denoted by H(P). The semi-definite Kaehler manifold M is said
to be of constant holomorphic sectional curvature if its holomorphic sectional
curvatures H(P) are constant for all holomorphic planes at all points of M.
Then M is called a semi-definite complex space form, which is denoted by
M]"(c) provided that it is of constant holomorphic sectional curvature ¢, of
complex dimension m and of index 2¢(> 0). It is seen in Wolf [12] that the
standard models of semi-definite complex space forms are the following three
kinds : the semi-definite complex projective space C'P/™(c), the semi-definite
complex Euclidean space C/™ or the semi-definite complex hyperbolic space
CHJ™(c), according as ¢ > 0, ¢ = 0 or ¢ < 0. For any integer ¢ (0 <¢ < m) it
is also seen by [12] that they are complete simply connected semi-definite com-
plex space forms of dimension m and of index 2¢. The Riemannian curvature
tensor Rzp0p of M™(c) is given by

K(P)=K(X,Y) =

C
(2.4) Rigep = 55350(6A860D +d4céBD).

Now, let M be an m-dimensional semi-definite Kaehler manifold of an in-
dex 2t equipped with semi-definite Kaehler structure {g, J}. We can choose a
local field of {Ey} = {F4, Ea+} of orthonormal frames on the neighborhood
of M such that g(Ea, Eg) = cadap. Let {Ua} be a local field of unitary
frames associated with the orthonormal frames {E4, F4+} on the neighbor-
hood of M stated above in the first of this section. This is a complex linear
frame, which is orthonormal with respect to the semi-definite Kaehler metric,
that is, g(Ua,Up) = €4645.

Given two holomorphic planes P and @ in T, M at any point x in M, the
holomorphic bisectional curvature H(P, Q) determined by the two planes P
and @ of M is defined by

- g(R(X,JX)JY,Y)
B g(X,X)g(Y7 Y) —g(X, Y)2,

where X (resp. Y) is a non-zero vector in P (resp. Q). In particular, the
holomorphic bisectional curvature H (P, Q) is said to be space-like or time-like
if P and @ are both space-like or either P or @ is time-like. It is a simple
matter to verify that the right hand side in (2.5) depends only on P and Q
and so it is well defined. It may be denoted by H(P,Q) = H(X,Y). It is

(2.5) H(P,Q)
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easily seen that H(P,P) = H(P) = H(X,X) =: H(X) is the holomorphic
sectional curvature determined by the holomorphic plane P, where X is a
non-zero vector in P.

We denote by P4 the holomorphic plane [E4, JE ] spanned by E4 and
JEA = E4+. We set

H(Pa,Pp)=Hap (A# B), H(Pa,Pa)=H(Pa)=Hua = Hgy.

When two holomorphic planes P4 and Pp are orthogonal to each other, nat-
urally we are able to define the totally real bisectional curvature Bap =
H(Pa, Pg)(A # B) in such a way that (See also [3, 6, 7, 11])

g(R(Ea,JEA)JER, EB)
9(Ea,Ea)9(Ep, EB)

Moreover, when two holomorphic planes P4 and Pp coincide with each other,
the holomorphic sectional curvature is defined by

HA _ g(R(EA,JEA)JEA,EA) _ —KAA A
9(Ea, Ea)g(Ea, Ea) '

Then by (2.3) it can be respectively given by

= —caepKaa-pp- (A # B).

Bap =

(2.6) BABZEAEBRAABB (A#B), and HA:RAAAA-

3. SPACE-LIKE KAEHLER SUBMANIFOLDS

This section is concerned with space-like complex submanifolds of an in-
definite Kaehler manifold. First of all, the basic formulas for the theory of
space-like complex submanifolds are prepared.

Let M’ be an (n+p)-dimensional connected indefinite Kaehler manifold of
index 2p with indefinite Kaehler structure (¢’, J'). Let M be an n-dimensional
connected space-like complex submanifold of M’ and let g be the induced
Kaehler metric tensor of index 2p on M from g’. We can choose a local field
{Ua} ={U;,Uz} = {Ui,...,Unyp} of unitary frames on a neighborhood of
M’ in such a way that, restricted to M, Us,...,U, are tangent to M and the
others are normal to M. Here and in the sequel, the following convention on
the range of indices is used throughout this paper, unless otherwise stated :

ABC,...=1,....n,n+1,....,n+p;
5k...=1....n; x,y,z,...=n+1,...,n+p.

With respect to the frame field, let {wa} = {wj;,wy} be its dual frame
fields. Then the indefinite Kaehler metric tensor ¢’ of M’ is given by
g = 2> ,cawa ® wa, where {ea} = {ej,e,}. The connection forms on
M’ are denoted by {wap}. Then by virtue of (2.2) the canonical forms w4
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and the connection forms w4p of the ambient space M’ satisfy the structure
equations

dwa + Z epwap ANwp =0, wap+wpa =0,
B
(3.1) dwap + Z ecwac ANwep = Uyp,
c
B = Z ecepRypeopwo A wp,
C,D
where ), p (resp. R';p.5) denotes the curvature form (resp. the components
of the indefinite Riemannian curvature tensor R') of M’.
Since we assume M is a space-like complex submanifold in an indefinite
Kaehler manifold M’, hereafter it will be denoted by ¢; = 1 and ¢, = —1.
Restricting the above forms to the submanifold M, we have

we =0,

and the induced Kaehler metric g of M is given by g = 2YXw;®w;. Then {E;}
is a local unitary frame field with respect to this metric and {w;} is a local
dual field of {E;}, which consists of complex-valued 1-forms of type (1,0) on
M. Moreover wy, ...,wp, w1, ..., 0, are lineary independent, and they are said
to be cannonical 1-forms on M. It follows from the above formula and the
Cartan lemma that the exterior derivatives of w, = 0 give rise to

The quadratic form ) Jhf;w;®w;®E, with values in the normal bundle is called
the second fundamental form of the submanifold M. Similarly, from the struc-

ture equation of M’ it follows that the structure equations for M are given
by

(32) dw; + Zwij/\wj =0, wij + Wi = 0,
dwij + Y wirAwjr = Qij,

Qi = Zjok[wk/\@l,
where we have put ¢; = e, = ¢ = 1 and Q;j(resp. Rj;;;) denotes the Rie-
mannian curvature form (resp. the components of the Riemannian curvature
tensor R) on M. Moreover, the following relationships are defined:

dwyy — szz/\wzy =y, Qzy = ZRiyk[kawl,

where we also have put ¢, = —1 and ¢, = ¢; = 1.
For the Riemannian curvature tensors R and R’ of M and M’ in (3.3)
and (2.2) respectively, the equation of Gauss gives rise to

(3.4) Rijr = R%jk[ + Zhﬁkifz,

(3.3)
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where we have put ¢, = —1. The components of the Ricci tensor S and the
scalar curvature r of M are given by
(3.5) Sij = > Riyg + Y hihi.

(3.6) r=2% 8;;=2% R:,.—2h,

where h% = =Y hifhi; and hy = Yohi; = =3 hihi,.
Now the components A}, and hfj i of the covariant derivative of the second
fundamental form of M are given by

Z(hfjkwk + hijiwr) = dhi; — Z(hglgjwki + hipwk;) + Zh?jwwy'

Then substituting dhf; into the exterior derivative of w,; and using (3.2) and
(3.3), we have

(3'7) zmgk = hiik = fkja hfj’ = _R/jijE'

x

Similarly the components h;,

can be defined by
> (Wfjwr + B ) =dhfy, =Y (hdwi + hijwi + hijpwi)

Y
- E :hijkwﬂﬂw

and the simple calculation gives rise to

, and hfjkl— of the covariant derivative of h;jx

h?'kl = h’im'l]w
(3.8) ! ’

Wit — Mijie :Z(Rz’kﬁhfj + Rijrhiy) + ZR:Eykfhzij
where we have put €, =1 and ¢, = —1.

Now we consider a space-like complex submanifold M in an indefinite
complex space form M;”‘p (c) of constant holomorphic sectional curvature c.
Then from (2.4),(3.4),(3.5),(3.6), (3.7) and (3.8) it follows that

C —
(3.9) Rijur = 5(5ij5kl + Gikdji) + thk il
&
(3.10) Si=(n+ 1)§5ij — s,
(3.11) r=n(n+ 1)c — 2hs,

xr c xr xT xr
hl.]k[ :i(hmékl + hjkéil + hkzéjl)

(3.12) )
+ Y (WERY + W R+ B kYR,

J

where we have put ¢; = 1 and €, = —1, because its tangent (resp. normal)
space of M in M'*P(c) is space-like (resp. time-like).
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In order to prove our theorems, we introduce a generalized maximum
principal due to Omori [10] and Yau [13], which has been widely used in the
proof of geometric problems in complete Riemannian manifolds.

THEOREM 3.1. Let M be an n-dimensional complete Riemannian manifold
whose Ricci curvature is bounded from below on M. Let F be a C?-function
bounded from below on M, then for any € > 0, there exists a point p such that

[VE(p)| <e, AF(p)>—c and infF +e> F(p).

4. PROOFS OF THEOREMS 1.1 AND 1.2

Let M be an n(>3)-dimensional space-like complex submanifold of an
indefinite complex hyperbolic space M' = CH, P (c), ¢ < 0, p>1.

Since M is space-like, the normal space at any point of M can be regarded
as a time-like space. So hereafter unless otherwise stated, let us put the sign
of the codimension index by €, = —1.

Now let us denote by

hy =Y hE:h% and Ay = Y A7 AY,

17 Jt
where Ay = thjﬁlyj. Then the matrix (h?k) given above is a negative semi-
definite Hermitian one, whose eigenvalues p; are non-positive real valued func-
tions on M. The matrix A = (A}) is also by definition positive semi-definite
Hermitian one and its eigenvalues i, are non-negative real valued functions.
Then it can be easily seen that

_Zw/m =-TrA=hy, ho= Zjuj = Zjh%, and hg = Zju?.

Then it follows that

R L
2= i
2 L

h22A2 = Zmﬂngu

where the first equality in the first inequalities above holds if and only if the

rank of the matrices H and A is at most one, respectively and the second

equality in the second inequalities above, which are derived from the Cauchy-

Schwarz inequality, holds if and only if p; = p; for any indices ¢ and j and

Hz = fiy for any indices  and y. Moreover, we have

(4.2) hoha/n>he>hohy,

(4.1)

where the first equality holds if and only if y; = p; for any indices ¢ and j.
In fact, it is easily seen that in the second inequality, equality holds if and
only if the rank of the matrix is at most one. Concerning the first equality,
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we have
0= ey =3 - 3
= Zj<k(“ﬂ' — ) (g + ) <0,

because eigenvalues p; are non-positive for any j. From this we have our
assertion.

Firstly, let us take a differentiation to hy = —Ehw_fj and use the fact
hij— = 0. Then it follows

(h2)ki = - Zz Z]h’ljk ijl
(4.3) - Z“ {e(hi0r + hjda + hi;041)/2
+ ZU (Riihfy, + By + R W i Y15,

where we have put €, = ¢, = —1, because the normal space is time-like.

Next the Laplacian of the squared norm h, of the Hermitian matrix
H= (h%), which is given by hy = Eh%h?z, is estimated. By using (3.12)
and also the fact hij =0, we have

Ahy = — 2296 ; [{(n+2)chi; /2

Tz 12 T 2 AN T 1,2
(44) - Zk Lm hmzhjm + hgmhzm Z Ayhzjj)}hkjhk;
2
+ Z zgm ]kmhlm Zy,k,l, hz]m ]kthhzml]
where we also have put €, = ¢, = —1.

Since the matrix H = (h2 ) and the matrix A = (Aj) are negative semi-
definite Hermitian ones with elgenvalues w; and p, respectively, we choose
a local field {ea} = {ej,e;} of unitary frames such that h% = pidi; and
A} = j1z04y. The third term of the right side of (4.4) is given by

x 2
_Zz,i,j,k,mh”mhﬂ“mh
_ _E : T px )
B am‘,J;Icm“kh”mhﬂ’“mékZ
— T T
- _Zw,z',j,kukhij’“h“’“zo’

because of €, = —1, since the normal space is time-like and p; <0, where the
equality holds if and only if the second fundamental form is parallel. That is,
hi;, = 0 for any indices 4, j, k and .

In fact, in this case the equality holds of the above formula if and only if

Nkhfjkhfjk =0
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for any indices i, j, k and . Suppose that there is a point p at which uq(p) = 0.
We denote by My the non-empty subset of points p on M at which uq(p) = 0.
Then on My we have u; = Z hfjhfj 0 which means that hf] =0,
because of €; = 1. On the subset M — My it is trivial that hjj, vanishes
identically for any indices j,k and x. Suppose that the interior IntMy of
the set My is not empty. Then hj; vanishes identically on IntMy. So this
implies hj;, vanishes identically for any indices j,k and z on IntMy. Then
Int MoU(M — Mpy) is a dense subset of M. So by the continuity it vanishes
identically on the whole M.

On the other hand, in the case where the interior of the set Mj is empty,
again by the continuity it vanishes identically on the whole M. Thus the
second fundamental form « of M is parallel.

Next the last term means that the squared norm of the tensor -3 ,hf; ijk

is non-negative. Then by using this frame to (4.4) we have

Ah4>(n+2)ch4—2h6+2z ity e

ij'Yj
_2Zx7y7iﬁjuzuy5 h”hw,

where we have put €, = ¢, = —1. Because of ¢, = —1, it turns out to be
Ahy>(n + 2)chy — 2he + 22 it b

— 22 uz,uJ(; h”hu

From the equation of Gauss (3.4) we have

x c -
(4.6) Ry = +Z WphS> 5, gk

where we have used the fact that €, = —1, because the normal space of M is
time-like. Thus from (4.6) we see that for any totally real bisectional plane
section [u, v] satisfies B(u,v)>%.

Let a(M) be the infimum of the set B of totally real bisectional curvatures
of M. As in Theorem A 1) we have proved that a(M)<$¢ and the equality

1
holds if and only if M is a complex hyperbolic space CH"(5), p>n(n +1)/2.

(4.5)

LEMMA 4.1. Let M be an n(>3)-dimensional complete space-like complex
submanifold of an (n + p)-dimensional indefinite complex hyperbolic space
CH}*P(c) of constant holomorphic sectional curvature ¢ and of index 2p(> 0).
If M is not totally geodesic, then the squared norm |a|2 = ha of the second
fundamental form o of M satisfies

: vn
(4.7) infhe <5 2)
—2{(n®* +2n—2)p+n*—1)}a(M)].

[{3np+2(n* —1)}c
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REMARK 4.2. We denote by h(n,p,a(M), ¢) the right side of the inequal-
ity (4.7). In [1], Aiyama, Nakagawa and the present author proved that under
the same situation as in Lemma 4.1 we have
(4.8) 0>ho>n(n+1)c/4, ¢<O0,

where the second equality holds if and only if M is a complex space form
M"™(5) and p = n(n +1)/2 (See [1], Theorem 3.2 (2)). It can be easily seen
by the simple calculation that

(4.9) h(n,p,a(M),c) > n(n + 1)2
PROOF OF LEMMA 4.1. First of all, the third term of the right side of
(4.5) will be estimated. It is seen that

the third term = 22 ,ullujh h¥

1'%

= 2(2 hfjhfj Z Mzﬂ]hzghzwj)

Since a(M) is the infimum of the set B of totally real bisectional cur-

vatures, we have Rj;;;>a(M) for any distinct indices 7 and j, from which

together with (4.1) it follows that
(4.10) - hfjhfj<— — a(M) for any 4, j(i#]),

where we have put €, = —1.
On the other hand, the scalar curvature » on M satisfies

r= 22]5 i; — 22 Rllj] = Z Ruu Z Rllj]
> 2Z,Ri + 2n(n — 1)a(M),

where R, = Ry;. Since we have R; + R;>4a(M) for any i, j(i#j) from [6],
we have

(n—2)R; + ZiRiZZL(n —1)a(M),
2na(M)§ZjRj§g —n(n—1)a(M),

from which it follows that

(n =D R;24(n — Da(M) = 3 R;2(n—1)(n+4)a(M) -
and hence we have

(4.11) Z hihi; = c— Ry<{(n —1)(n +4)(c — 2a(M)) — 2ha}/2(n — 2).
By using (4.10) and (4.11), the estimation of the third term is given by

the third term> — Zjuf{(n —1Dn+4)(c—2a(M)) —2ha}/2(n —2)

- Zi#mﬂjs —a(M)).
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From this together with the property >, puip; = 32 pi(he — pi) = h3 — hy
it follows

the third term>[{(n® + 2n — 2)hy + (n — 2)h3 }(2a(M) — ¢)
+ 2hohy4) /2(n — 2).

Next, we will estimate the last term of (4.5) from below. First the eigen-
value p; of the matrix H is estimated. We have

ti == G = —hhs = 30 h
from which together with (4.10) and (4.11) it follows that
1, <{(n —1)(n+4)(c — 2a(M)) — 2h}/2(n — 2) + Z (¢ —2a(M))/2
={(n—=1)(n +1)(c — 2a(M)) — h2}/(n —2).

On the other hand, since the eigenvalue p, of the matrix A is non-

negative, we see > pahi; hfj>0 and hence we have

(4.12)

the fourth term> — 2{(n — 1)(n + 1)(c — 2a(M hQ}Z pzhEhE /(n —2)

iihis/
=2{(n—1)(n + 1)(2a(M) — ¢) + hz}zzuz/l’ n—2),
where we have used (4.1) and the property a(M)>§. Therefore we have
(4.13)  the fourth term>2{(n — 1)(n + 1)(2a(M) — ¢) + ha}h3/p(n — 2).
By (4.5), (4.12) and (4.13) we obtain
(n —2)Ahy>{(n* — 4)c+ (n® + 2n — 2)(2a(M) — ¢)}hy — 2(n — 2)hg
+ 2hohy + {(n — 2) +2(n® — 1)/p}(2a(M) — c)h3 + 2h3 /p.
From this it follows
(n —2)Ahy>2{(n?® +2n — 2)a(M) — (n + 1)c}hy
(4.14) — 2(n — 2)hg + 2hahs
+{(n—2) +2(n* = 1)/p}(2a(M) — c)h3 + 2h3/p.
Since it is seen that hg<hohs/n and h3>hs>h3/n by (4.1) and (4.2), the
inequality (4.14) is reestimated as
(n —2)Ahsa>hg [2{(n* +2n — 2) + 2(n* — 1)/p}a(M

(4.15) —{3n+2(n*—-1)/p}c—2(n" +2 )\/\;%}

We denote by f the function h4. Then the right side of the above inequality
can be regarded as the function of f, say F'. So we have the following Liouville-
type inequality

(4.16) AfZF(f)/(n—2).
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Now, let b(M) be the supremum of the set B of totally real bisectional
curvatures on M. Since M is a complete space-like complex submanifold of
CH}*P(c), ¢ <0, by (4.1) and (4.8) it follows that

ho>n(n + 1)2,
which implies that the function ho is bounded. It shows that the function f
is also bounded, because it satisfies 0< f<h2.

On the other hand, the Ricci tensor S is given by

C
Si; ={(n+ 1)5 — 11i }0i;

from (3.10). Since the eigenvalue p; is non-positive, the Ricci curvature is
bounded from below by a constant (n + 1)§. Accordingly, we can apply
Theorem 3.1 to the function f, so for any sequence {¢,,} which converges to
zero as m tends to infinity, there exists a point sequence {p,,} on M such
that

(4'17) |Vf(pm)| < €m, Af(pm) < €m, SUp f —€p < f(pm)'
From (4.16) and (4.17) we have
em > Of(pm) = F(f(pm))/(n —2),

which implies, taking into account (4.17), that we have lim,, oo f(pm) =
sup f, and hence we get

0>F(sup f).
That is, we have
(4.18) supf =0
or
—Vn 2
vsup f>2——=———|13np+2(n° —1)tc
(4.19) PIZgrm gy 3w+ 20" — 1)}

—2{(n*+2n —2)p+n*—1}a(M)].

Let us denote by —h = —h(n,p, ¢,a(M)) the right side of the above inequality.
Suppose that (4.18) holds. Then f=0, because f is non-negative, and
therefore M is totally geodesic.
Suppose that M is not totally geodesic. Then the inequality (4.19) holds.
Since sup hy<sup (—hz)? = (—inf hy)?, we have

(4.20) inf ho< h = h(n,p,c,a(M)).

Now suppose that the equality of (4.20) holds. Then from the proof of
(4.15) and (4.20) we have nhg = hahg and hy = h3. The first equation holds
if and only if the eigenvalues p; of the matrix H = (h%) are all equal and the
second one holds if and only if the rank of H is at most one. Then both of
these implies that H is the zero matrix. Namely, M must be totally geodesic,
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a contradiction. Then finally we have the inequality (4.7). It completes the
proof of Lemma 4.1. O

From the above definition (4.7) of the constant h and a simple calculation
we assert the following

LEMMA 4.3. Under the same situation as in Lemma 4.1 we have

1

%C_

We define a constant a = a(n, p, ¢) depending on n, p and ¢ by

{3np+2(n? —1)}c

4.22 = = .
( ) a a’(n7p7c) 2{(n2+2n_2)p+n2_1}
By (4.19) and (4.22) the following property is trivial.

(4.21) h(n,p,a(M),c) >

LEMMA 4.4. Under the same situation as in Lemma 4.1, if a(M)>a (resp.
> a), then we have h = h(n,p,a(M),c)<0 (resp. < 0).

REMARK 4.5. Let M be fully immersed in CH,'*?(c), i.e. there is no inte-
ger q (0 < ¢ < p) such that M is immersed in CH}'*9(c). If M is totally geo-

desic, then p = 1. In this case we see a(n,1,¢) = 22”2+3”*2

c
mc < 5 for any n.

On the other hand, we have already remarked that Ki and the present
author [8] have proved that the infimum a(M) of the set of totally real bi-
sectional curvature of space-like submanifolds M in CH,}'*?(c) is not greater
than ¢, that is a(M)<%. So under our assumptions we shoud have a<{.
Moreover

LEMMA 4.6. Under the same situation as in Lemma 4.1 we have
1) Ifp=1, thena < 3,
2) If p>2 and n =3 or 4, then §<a

3) If n>5 and p§§’<n2_l) then a<

"2 —dn_2’

<,
.

PrOOF. From Remark 4.5 we know 1). By putting n = 3 or n = 4 in
(4.22) it can be easily seen that 2) holds for any p>2. Now let us prove the
assertion 3). As we have explained above, the constant a = a(n,p, ¢) in (4.22)
can not be greater than £. From this we should have

T
3np +2(n? — 1) >l
(n2+2n—2)p+n2—-1-2"

So, we conclude 3), which ends the proof of Lemma 4.6. O

Now we are in a position to prove our main theorems in the introduction.
Suppose that M is not totally geodesic. By the assumption of dimension and
the assertions 1) and 2) in Lemma 4.6 there is a constant a = a(n, p, ¢) depend-
ing on n, p and ¢ such that a = a(n, p,c)<§. By (4.21) there exists a constant
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h = h(n,p,a(M),c) depending on n,p,a(M) and ¢ such that h > n(n + 1)
By Lemma 4.4, we know that if a(M)>a, then h = h(n,p,a(M), ¢)<0.

On the other hand, by (4.20) and Lemma 4.1 we have inf hy < h<0 since
we have supposed that M is not totally geodesic. But from the assumption of
Theorem 1.1 we know hs = |a|2>h, which makes a contradiction. It completes
the proof of Theorem 1.1.

In the case where n>5, the condition of the codimension implies

S%. Accordingly, by Lemma 4.1 and Lemma 4.6 we also complete
the proof of Theorem 1.2.
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