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SPANS OF VARIOUS TWO CELLS, SURFACES, AND
SIMPLE CLOSED CURVES

THELMA WEST

University of Louisiana - Lafayette, USA

ABSTRACT. We define various classes of spaces in this paper. We
define a class of surfaces which are formed by the rotation of a particular
type of arc through the y-axis. We define a corresponding class of solids,
two cells, and related simple closed curves. We determine all the spans of
objects in these classes of spaces. We also determine bounds for spans of
objects related to spaces in these classes.

1. INTRODUCTION

The concept of the span, which can be thought of as a continuous type
analogue of the diameter, was introduced in [2]. Later variations of the span of
a space, were introduced (cf. [3] and [4]). Generally, it is difficult to calculate
the spans of even simple geometric objects. Nor is it easy to determine the
relationships of the various spans of a given space.

Our main interest is in continua, that is metric spaces which are compact
and connected. We define various classes of continua and we calculate all of
the spans of the continua in these classes. We also find bounds for spans of
continua which are related to continua in these classes. In particular, for the
class of simple closed curves, we show that if X is an element of this class and
Y is a plane separating continuum contained in the closure of the unbounded
component of R?2— X, then o (Y) > o (X). So the question in [1, problem 173,
p. 391] is answered in the affirmative for this class of simple closed curves.
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2. PRELIMINARIES

If X is a non-empty metric space, we define the span of X, o (X), to be
the least upper bound of the set of real numbers « which satisfy the following
condition: there exists a connected space C' and continuous mappings g, f :
C — X such that

(o) 9(C) = £(C)
and a < dist [g (¢), f (¢)] for c € C.

The definition does not require X to be connected, but to simplify our
discussion we will now consider X to be connected. The surjective span
o* (X), the semispan o (X), and the surjective semispan o (X) are defined
as above, except we change conditions (o) to the following:

(@) 9(C) = f(C) = X,
(00) 9(C) € f(O),
(@5) 9(C) € f(C) = X,

Equivalently (see [2], p. 209), the span o (X) is the least upper bound of
numbers « for which there exist connected subsets C\, of the product X x X
such that

(o) P1(Ca) = p2(Ca)

and « < dist (z,y) for (x,y) € Cq, where p; and ps denote the projections of
X xX onto X, i.e., p1 (z,y) =x and p2 (z,y) =y for z, y € X. Again, we will
now consider X to be connected. The surjective span o* (X), the semispan
0o (X), and the surjective semispan of (X) are defined as above, except we
change conditions (o) to the following (see [4]):

Gl p1(Ca) = p2(Ca) = X,
(o0)’ P1(Ca) € p2(Ca),
(05’ p1(Ca) € p2(Ca) = X.

We note that, for a compact space X, C in the first set of definitions and
C,, in the second set can be considered to be closed. The following inequalities
follow immediately from the definitions.

0 < o%(X) < o(X) < o0p(X) < diam X,

0 < o*(X) < oi(X) < oo(X) < diam X.

It can easily be shown that, if J is an arc then o (J) = 0o (J) = 0* (J) =
of (J) = 0. A simple consequence of this is that when X is a simple closed
curve, 0 (X) = 0* (X) and oo (X) = 0§ (X).

We utilize the following theorem from [2, section 7).
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THEOREM 2.1. If Y is a closed subset of the Hilbert cube I¥ and
f Y — S s an essential mapping of Y into the circumference S, then

inf p (f71(s), f 7 (=) <o (V).

To simplify our exposition, we define and use the following notation. Let
W be a subset of either R? or R3. Let

Ry ={w e W |pi (w) >0} and
Ly ={weW |p(w) <0}.

Let W be a subset of R? and let w € W. We use C,, to denote the circle in
R? generated by w when W is rotated about the y-axis. We let D,, represent
the disc corresponding to C,,. Let J be an arc in the plane such that J and
the x-axis intersect in a single point, w. By J_s we denote the arc generated
by rotating J about the y-axis, which is the copy of J that goes through
the point —s where s € C,, and —s is the point on C\, antipodal to s. By
cl (W) we mean the closure of W in the space under consideration. We let 6
represent the origin either in R? or R3. Let W be a subset of R? (or R?) such
that R? — W (R3 — W) consists of two components. Let H (W) represent the
closure of the bounded component in R? (or R3), if there is one. For points
a,bin R? (or R?) we let ab represent the line connecting these two points.

3. MAIN RESULTS

Let f be a concave upward function where f : [0,p] — [0, ¢] and f (0) = ¢
and f (p) = 0. Let G denote the graph of f in R?. Let G, denote the surface
generated by rotating G about the y-axis. Let P = (p,0) and Q = (0,q). Let
G denote the copy of G in G, through the point s, where s € Cp.

THEOREM 3.1. Let Gy be as defined above. Then o (G) = oo (Gy) = 2p.

PRrROOF. Let C = {(s,—s) | s € Cp}. The set C is connected, p; (C) =
p2 (C), and d(s,—s) = 2p for each s € Cp. So, o (Gy) > 2p. Suppose D C
G, x G, is a closed connected set such that p;(D) C pa(D). Let p: R® — R?
be defined by p(x,y,z) = (0,y,0). So, pop1(D) C {0} x [0,q] x {0}.

Since D is closed and connected, pop; and pops are continuous functions,
{0} %[0, ¢] x {0} is an arc, and the semi span of an arc is zero, there isa d’ € D
such that popy(d') = popa(d'). So, p1(d') and py(d’) are both elements of Cy
for some p’ € G, where p’ = (:c’,y,,z’). Hence d(p1(d’), pg(d,)) < 27" < 2p.
So, 2p < 0 (Gy) < 09 (Gy) < 2p, and hence o (Gy) = 09 (Gy) = 2p. O

Let C(r,h) denote the right circular cone, where r is the radius of the
base and h is the height.

COROLLARY 3.2. For the right circular cone C(r,h), o(C(r,h)) =
oo(C(r,h)) = 2r.
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THEOREM 3.3. Let G, be as given above, then
0" (Gy) = 05(Gy) = d(—-P,G).
PROOF. Let
D= U ({-s} xGs)U(Gs x{-s}).

seCp
Clearly, D is connected, p1(D) = p2(D) = G, and for all (z,y) € D d(z,y) >
d(—=P,S) = d(—P,Q), where S € G such that d(—P,S) = d(—P,G). Hence,
o*(Gy) > d(—P,G).
Suppose f,g: C — G, are continuous functions from a connected set C'
into Gy, such that f(C) C g(C) = G, and for each ¢ € C d(f(c),g(c)) >
05(G). Let p: R® — R3 be given by p(z,y, 2) = (0,y,0). Let

r:{0} x[0,q] x {0} — Gp
1:{0} x[0,q] x {0} = G_p

be defined by r(0,y,0) = (x,y, z) where (z,y, 2) is the corresponding point
on Gp and 1 (0,y,0) = (z,y,2) where (x,y, z) is the corresponding point on
G_p.

Let m : C — R be defined by m(c) = m(ropo g(c),l opo f(c)) where
m(q1,qz) is the slope of the line segment between q; and g2 in R2. Clearly,
the line segment between ropog(c) and lopo f(c) is never vertical. This line
segment is never degenerate since the only way this could be the case is if ropo
g(c) = lopof(c) = Q for some ¢ € C. But, then g(c) = f(c) and d(f(c),g(c)) =
0 < 0§(Gy) which is contrary to our assumption that d(f(c), g(c)) > o§(Gy)
since 0§ (Gy) > 0*(Gy) > d(—P,G) > 0. Consequently, m is a well defined
function. There is a ¢/ € C such that g(¢’) = Q =pog(c) =ropog(c). So,
m(ropog(c),lopo f(c)) > m(—P,S), since G_p lies “below” the line in
R? through Q of slope m(—P, S). Also, there is a ¢’ € C such that g(c”’) = P,
pog(c)=0,ropog(c”) = P. In this case m(ropog(c”’),lopo f(c")) <O0.
Since C' is connected, [m(c”), m(c’)] € m(C). Hence, there is a ¢* € C such
that m(c*) = m(ropog(c*),lopo f(c*)) =m(—P,S). Let ropog(c*) =q1
and [ opo f(c*) = ga2. Since m(q1,q2) = m(—F,S), d(q1,q2) < d(—P,S),
because of the construction of G. Hence, g(c*) € Cy,, and f(c*) € Cy,, and
d(g(c*), f(c*)) < d(=P,S). Since d(—P,S) < 0*(Gy) < 0{(Gy) < d(—P,S),
we see that 0*(Gy) = 0§(Gy) = d(—P,S). O

COROLLARY 3.4. For the right circular cone C(r,h), when h <,

a*(C(r,h)) = o3 (C(r,h)) = V/r2 + h?
and when h >,

2rh

o*(C(r,h)) = oo(C(r, h)) = \/ﬁ
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THEOREM 3.5. For the space G, U Dp defined above,
0(GyUDp) =09(GyUDp) = 2p.
PROOF. Same as proof of Theorem 3.1. O
THEOREM 3.6. For the space G, U Dp defined above,
0"(Gy U Dp) = 03(Gy U Dp) = max{min{q, d(—p, G)}, p}.
PRrROOF. We consider two cases.
Case 1: ¢<p

Let
C=({-P}xRy)U(Lg x{P}HU{(-s,9)|s€Cp}
U (R x {=P})U({P} x L),
where H = G, UDp. The set C' is connected, p1 (C) = p2 (C) = G,UDp, and
for all (z,y) € C, d(z,y) > p. So, c* (G, UDp) > p. Also, for all z € Gy,
d(z,0) < p. So, 0§ (G, UDp) < p. Note that in this case ¢ < p < d(—P, Q).
SO, p = max {I’nll’l {qa d(_P7 G)} ap}'

CASE 2: ¢>p
Let
C= Y (({s}xG-)U(G—s x{s})) U({Q} x Dp) U (Dp x {Q}).

The set C' is connected, p1 (C') = p2 (C) = G, U Dp, and for all (z,y) € C,
d(z,y) > min{q,d(—p,G)}. Hence, c* (G, U Dp) > min{q,d(—P,G)}.

It can be shown that 0§ (G, U Dp) < d(—P, G) by a proof almost identical
to the proof in Theorem 3.3 showing that of (G,) < d(—P,G). Also, for
all z € Gy UDp, d(z,0) < ¢q. So, o5 (GyUDp) < min{q,d(—P,G)} =
max{min{q, d(—P, G)}, p}, and

0" (Gy U Dp) = 03(Gy U Dp) = max{min{q,d(—P, G)},p}.

O
THEOREM 3.7. For the space H(Gy, U Dp),
o(H(GyUDp)) =09(H(Gy,UDp)) =2p.
PROOF. Same as proof of Theorem 3.1. O

THEOREM 3.8. For the space H(G, U Dp),
o*(H(Gy U Dp)) = o5(H(Gy UDp)) =p
when q < p, and

P+ ¢

o*(H(G, U Dp)) = 03(H(G, U Dp)) = min{ ,d(—P,G)}
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when q > p.

PRrROOF. We consider two cases. Let H = H(G, U Dp).
CASE 1: ¢<p

Let
C=({-P}xRy)U(Ly x{P})U{(-s,s)|se€ Cp}
U(Rg x {—P}HU{P}xLu).
The set C' is connected, p1 (C') = p2 (C) = H(G,UDp), and for all (z,y) €
d(z,y) > p. Hence o*(H(Gy, U Dp)) > p. Clearly, of (H(G, U Dp)) < p.
Since for all z € H(Gy, U Dp), d(x,0) < p. Hence o*(H(G, U Dp)) =
o5 (H(G, U Dp)) = p.

C,
p

CASE 2: ¢>p
Let
C= ({-P}x{(x,y,2) €ERpg|y> %})
U({-P} xGp)
U(G-p x {P})

U({(z,,2) € Ly | y > T35} x {P})
U{(s,—5) | s € Cp}

U(Gp x {—P})

U {P} XG,p)

U({P} x {(z,,2) € L | y > T52°})

(
( 2 2

({(w9,2) € Rur |y = L2} x {~P})
(

(

-

2 2

V{Q} x{(z,y,2) € H |y < +5F-})

2 2

U{(z,y,2) € H | y < 5} x {Q}).
The set C is closed, p1 (C) = p2(C) = H(G, U Dp), and for all
(@) € C, d(z,y) > min{ZEL d(~P,G)}. So, o* (H(G,UDp)) >
. 2, 2 2 2 2,2
min{Z ;;q ,d(—P,G)}. For all2x f H(Gy U Dp), d(z, (0, 45-,0)) < %.
Hence, 0§ (H (Gy,UDp)) < 1 ;:1’7 . By a proof similar to the one in Theo-
rem 3.3 showing that o (G,) < d(—P,G), we can see that o (H(Gy, U Dp)) <
d(~P,G). Hence, 0*(H(G, U Dp)) = o3(H(Gy U Dp)) < min{ZHL,
. N N . 2 2
d(—P,G)}. In this case, 0*(H(Gy U Dp)) = o3(H(Gy UDp)) = mln{%,

d(-P,G)}.

THEOREM 3.9. Let X = GpUG_p U P(—P), then
0(X) = 00(X) = 0*(X) = 0¢(X) = min{g, d(-P, G)}.
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PROOF. Let
C={-P}xGpU(P(-P)xQ)U(PxG_p)U(Gp x {—P})

U@ x PCP)U(G_p x {P)).

The set C' is closed, connected, p; (C') = p2 (C) = X, and for all (z,y) € C,
d(z,y) > min{q,d(—P,G)}. Hence, c* (X) > min{q,d (- P, G)}.

Let D C X x X be connected and closed, such that P (D) C Py(D) = X.
Let p : R?> — [-P,P] be given by p(x,y) = x. So there is a d’ € D
such that popi(d) =popa(d) =2, pr1(d) = (&',11), p2(d) = (2',92),
d(p1(d'), p2(d’)) = ly1 — 2| < ¢

Let L be the line through the origin O which is perpendicular to the line
segment joining — P and S. Note that L is not the y-axis, since P # S. Let p :
X — L be the continuous function that projects points of X perpendicularly
onto L. Now , consider popy, pops : D — L. Consider the ordering on L given
by (z1,y1) < (w2, y2) if and only if 21 < xe, for any (x1,y1), (z2,y2) € L. Let
A={teD|popi(t) <popa(t)} and B = {t € Dlpopi(t) = popa(t)}.
Since, D = AU B, D is connected, A and B are both closed, it must be that
AN B # 0. So, there is a ¢ € D such that p o py(t') = popa(t') and p; (')
and ps(t') must both be on a line segment S* which is perpendicular to L and
parallel to (—P)S. Hence, the length of S* < d(—P,S). So, 0 (X) =0c*(X) =
o0 (X) = o} (X) = min{q,d(—P, S)}. O

THEOREM 3.10. Let Y be a continuum such that Y C H (X) and X =

GpUG_pUP(=P). Then, 7(Y) < 7(X), where 7 = 0,00,0*, 0.

PROOF. Similar to the second part of the proof of Theorem 3.9. O
THEOREM 3.11. Let X be as defined above. Then
o(H(X)) = oo(H(X)) = min{q, d(=P,5)}.
PROOF. Similar to the proof of Theorem 3.9. O
THEOREM 3.12. Let X be as defined above. When p > q,
0" (H(X)) = oo (H(X)) = g.
When p < q,
o (H(X))=03(H(X)) = min{%, d(—P,G)}.

ProoF. We consider two cases. Let H = H(X).
CASE 1: p>¢q
Let
D= ({=P} x Ru) U (L x {P}) U{Q} x (-P)P
U{P} x Ly)U(Ryg x {—P}).
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The set D is closed, connected, p; (D) = pa(D) = H(X), and for all
(x,y) € D, d(x,y) > q. Hence, o* (H(X)) > q. Suppose D C H(X) x H(X)
is a closed, connected set, such that pi(D) C pa(D) = H(X). Consider the
sets popy (D) and pops(D) where p(z,y) = x. They are closed, connected sub-
sets such that pop1(D) Cpops(D) =J C [—P, P]. So, there exists a d’ € D

such that popi(d') = popa(d’). So, p1(d’) = (z',y1) and pa(d ) = (2',2) and
d(pl (dl)7p2(d )) - d((xlayl)u (xlu y?)) S d(ylu y?) S q.
CASE 2: p<gq

Let
> ¢-p’ )
{(=P}xGp)U(G-p x{P})
{(2,9,2) € Lu |y > 32 }X{P})
{Q} x{(z,y,2) e H(X )|y<q 2})
{(z,y,2) € H(X) )
u({(z,y, )ERH|y>q 2 }X{ P})
VP x{(2,y,2) € L | y> 2 })

The set C is closed, connected, P (C) =p2(C) = H(X), and for all ( ) €
C, d(z,y) > min{d(~P,G), T4}, So, o*H (X) zmin{d( P,G), L2 }

For all (x,y) € H(X), d((gc,y),(O, 227;’ ) < %. So, o} (H(X)) <
ng; iy By a proof similar to the one given in Theorem 3.9, we can show
that o} (H(X)) < d(—P,G). Consequently, o*(H(X)) = oi(H(X)) =
min{ 2 d(—P,G)}. O

C= ({_P} X {(x,y,z)

U

-

-

(
(
U
(
(

THEOREM 3.13. Let X = GpUG_pUP(—P). LetY be a plane separating
continuum such that X C clB where B is a bounded component of R?> —Y,
then o(Y) >o(X).

PRrOOF. To simplify the proof, consider that X and Y have been trans-
lated into the plane by the translation ¢ where ¢t : R? — R? is given by
t(x,y) = (z,y — 4). Clearly, the spans of X and Y are not affected by ¢. Let

—
0’ be the acute angle formed by the positive z-azis and the ray 0t(P). Let
0 <& < min{42E P} Tet ¢ € (0, min{Z, %}) such that the portion of X

—
contained in the wedge of angle 20 formed by these pairs of rays, fe*(3—9)

and 0ei(510) gei(m+0'=0) and Geilm+0'+0) (ei(2m—=0"=0) 41 Gei(2m—0"+0) ig Jegs
than 5.

Let ¢ : Y — S* be given by ¢ (re”) = e™7. Since Y is a plane separating
continuum and @ is in a bounded component of R? — Y (this is true since we
are considering Y in its new position under the translation t), g is an essential
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map. Let U be the unbounded component of R? — X (where X in its new
position under the translation ¢). We partition cl (U) into six sets as follows:
A={re ccdU)|n/2—-0<a<n/2+06},
B ={re ecd(U)|n/2+0<a<n+60 -0},

C:{remecl U)|7r+e’—9gagw+a’+9},

(

(
A ={re*eccdU)|n+0 +0<a<2r—0 -0},
B:{reiO‘ECI(U)|27r—9/—9§a§277—9’+9}, and
(

C':{reio‘ecl U)|27r—0'—|—9§a§2ﬂ'07‘0§a§g—9}.
If £ € Aand y € A then d(x,y) > d(Q,P(—P)) —e=q—¢c lfzeB
and y € B’ then d(z,y) > d(P,G_p) —e =d(—P,Gp) —e. If x € C and
y € €’ then d(x,y) > d(—P,G) —e. In each of the three cases d(x,y) >
min{q,d(—P,G)} — .
Let 7 : St — S be a one-to-one continuous function on S* such that:
- (ei(2ﬂ79’+0)) — 0

)

- (ei(fr/2—0)> — (in/3,

, (ei(fr/2+9)) — ei2T/3,
, (ei(ﬂe’fe)) — eim

r (ei(w+0/+0)) — /3,

- (ei(%—e'—e)) — ¢i57/3,

Consider the function rogq:Y — S'. It is an essential map from Y onto
S1 such that inSf1 {d ((r oq) " (s), (rog™) (—s))} > min{q, d(—P,G)} —¢.
se

Consequently, by Theorem 2.1, o (Y') > min{q, d(—P,G)} — €. Since € was
arbitrary, we see that o (Y) > min{q,d(—P,G)} = o (X). O

REFERENCES

[1] H. Cook, W. T. Ingram and A. Lelek, A list of problems known as Houston Problem
Book, Continua with the Houston Problem Book, Lecture notes in pure and applied
mathematics (H. Cook, W. T. Ingram, K.T. Kuperberg, A. Lelek, P. Mino, editors),
Marcel Dekker, (1995), 365-398.

[2] A. Lelek, Disjoint mappings and the span of spaces, Fund. Math. 55 (1964), 199-214.

[3] A. Lelek, An example of a simple triod with surjective span smaller than span, Pacific
J. Math. 64 (1976), 207-215.



392
(4]
(5]
(6]
[7]

(8]

T. WEST

A. Lelek, On the surjective span and semispan of conmected metric spaces, Colloq.
Math. 37 (1977), 35-45.

A. Lelek, Continua of constant distances related to the spans, Topology Proc. 9
(1984), 193-196.

A. Lelek, Continua of constant distances in span theory, Pacific J. Math. 123 (1986),
161-171.

K. Tkaczyriska, The span and semispan of some simple closed curves, Proc. Amer.
Math. Soc. 111 (1991), 247-253.

K. Tkaczynska, On the span of simple closed curves, Houston J. Math. 20 (1994),
507-528.

T. West, Spans of an odd triod, Topology Proc. 8 (1983), 347-353.

T. West, Spans of simple closed curves, Glasnik Matematicki 24 (44) (1989), 405-415.
T. West, Relating spans of some continua homeomorphic to S™, Proc. Amer. Math.
Soc. 112 (1991), 1185-1191.

T. West, The relationships of spans of convex continua in R™, Proc. Amer. Math.
Soc. 111 (1991), 261-265.

T. West, Concerning the spans of certain plane separating continua, Houston J. Math.
25 (1999), 697-708.

T. West, A bound for the span of certain plane separating continua, Glasnik Mate-
maticki 32 (52) (1997), 291-300.

Department of Mathematics
University of Louisiana - Lafayette
LA 70504, USA

Received: 12.07.2000.
Revised: 12.10.2001.



